SARAJEVO JOURNAL OF MATHEMATICS
Vol.8 (20) (2012), 91-100

FURTHER RESULTS ON THE LOGARITHMIC INTEGRAL

BRIAN FISHER, BILJANA JOLEVSKA-TUNESKA AND ARPAD TAKACI

ABSTRACT. The logaritmic integral li(z") and its associated functions
liy(2") and li— (z") are defined as locally summable functions on the real
line. Some convolutions and neutrix convolutions of these functions and
other functions are then found.

1. INTRODUCTION

The logarithmic integral li(z), see Abramowitz and Stegun [1] is defined

by
( Todt
/ —  for |z| < 1,
0 lgfcl|1t|
li(z) = PV ﬂ, for z > 1,
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where PV denotes the Cauchy principal value of the integral. We will there-

fore write
Todt
li(z) = PV/ —_—
o Inft|

2000 Mathematics Subject Classification. 33B10, 46F10.
Key words and phrases. Logarithmic integral, distribution, convolution, neutrix, neu-
trix convolution.

for all values of z.
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More generally, we have

= dt
li(ycr):PV/ T
o Inlt|

and the associated functions liy (z") and li_(z") are now defined by
liy(2") = H(z)li(z"), li_(z") = H(—x)li(z"),

where H(x) denotes Heaviside’s function.

It follows that
x trfldt

li(z") =P _— 1
i) =PV [ Gt 1)
see [4], the distribution "' In~!|z| is then defined by

2" Hn T 2| = [li(z")]

and its associated distributions mﬁ;l In"'z, and 2" 'In"!'z_ are defined
by

2" ity = H(z)2™ n ™t 2| = [lig(27)]
e 'InTle. = H(—z)z" in~t 2| = [li_(27)],

forr=1,2,....
The classical definition of the convolution of two functions f and g is as
follows:

Definition 1. Let f and g be functions. Then the convolution f*g is defined
by

[e.e]
(Fr9)@) = [ ftgla by
for all points x for which the integral exist.

It follows easily from the definition 1 that if f * g exists then g f exists
and

frg=gxf (2)
and if (f xg)" and f * ¢’ (or f'x g) exists, then
(f*x9) =f*g (o f'xg). (3)

Definition 1 can be extended to define the convolution f * g of two distri-
butions f and g in D’ with the following definition, see Gel’fand and Shilov
[7].

Definition 2. Let f and g be distributions in D'. Then the convolution fxg
is defined by the equation

((f = g)(@), o(x)) = (f(y), (9(), 0(z +y)))
for arbitrary ¢ in D, provided f and g satisfy either of the conditions
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(a) either f or g has bounded support,
(b) the supports of f and g are bounded on the same side.

It follows that if the convolution f % g exists by this definition, then
equations (2) and (3) are satisfied.

The above definition of the convolution is rather restrictive and so a neu-
trix convolution was defined in [3]. In order to define the neutrix convolu-
tion, we first of all let 7 be a function in D, see [8], satisfying the following
properties:

(i) 7(z) = 7(=2),

(i) 0<7(z) < 1,
(iii) 7(x) =1 for |z| < 3,
(iv) 7(z) =0 for |z| > 1.

The function 7, is now defined by

1, |z <n,
To(z) = { 7(n"x —n"th, 2 >n,
7(n"r +n"), x < —n,

forn=1,2,....
The following definition of the non-commutative neutrix convolution was
given in [3].

Definition 3. Let f and g be distributions in D' and let f, = fr, for
n=1,2,.... Then the non-commutative neutriz convolution f*) g is defined
as the neutriz limit of the sequence { fn * g}nen, provided the limit h exists
in the sense that

N—lim(f, * g,¢) = (h, ©)

n—oo
for all ¢ in D, where N is the neutriz, see van der Corput [2], having domain
N’ the positive reals and range N" the real numbers, with negligible functions
finite linear sums of the functions

PP, In"n: A>0,r=1,2,...
and all functions which converge to zero in the normal sense as n tends to
infinity.

It is easily seen that any results proved with the original definition of the
convolution hold with the new definition of the neutrix convolution. The
following results proved in [3] hold, first showing that the neutrix convolution
is a generalization of the convolution.

Theorem 1. Let f and g be distributions in D', satisfying either condition
(a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutrix
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convolution f %) g exists and
f®g=[x*g

Theorem 2. Let f and g be distributions in D’ and suppose that the neutriz
convolution f *) g ewists. Then the neutriz convolution f &) ¢ ewxists and

(f®g)'=f®Jd.
If N=lim((f7]) * g, ) exists and equals (h,p) for all p in D, then f" & g
n—oo
exists and

(f®9)=f®g+h.

In the following, we need to extend our set of negligible functions to
include finite linear sums of the functions n®li(n") and n*In""n, (n > 1)
fors=0,1,2,...and r=1,2,....

2. MAIN RESULTS

The following lemmas were proved in [4].

Lemma 1. »
nh_)rrgo - Tn(t)1i(t)(z —t)" dt =0 (4)
forr=1,2,.... !
Lemma 2.
N;lim li[(z+n)"] =0, (5)
BL—jloiOI;Onr lif(x +n)] =0 (6)
forr=1,2,....

We now prove a number of results involving the convolution. First of all
we have

Theorem 3. The convolutions li (x*) 2", and xi_l In~' 2y * 2", exist and

e s D0l (M [V HE e A
=0

.
e i ey ka2l = Z (:) (=) at liy (2" (8)
i=0

forr=0,1,2,... and s =1,2,....
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Proof. 1t is obvious that liy (z°) x 2", =0 if < 0.
When z > 0, we have
t ’U,Sild’u,

lip (2%) x 2, = PV/O (x — t)r/o nu
T us—l T
:PV/ / (x —t)" dtdu
0 Inu u

R (T [Tt
— PV -1 r—i+1,.% / d
r+1 Z( ) v < { > o Inu "

dt

=0
1 r+1 (T‘ + 1> . ' ‘
— Z . (_1)r71+1x1 li(errsferl),
r+1 P 1

on using equation (1) and equation (7) is proved.
Now, using equation (3) and (7), we get
a:i_l Int oy x2” = rlis(zf) a:’jr_l

r
— <:> (_1)r—ixi li+($r+8_i),
i=0

proving equation (8). O
Corollary 1. The convolutions li_(z*)xx" and 25 In"tz_ xa2" exist and

r+1

i) et =3 (T ey, )
T 1
=0

T

sl =lo 4o — T\ (Zqyr—itlgiyy (prts—i 10
x_nx*x_zi() 931(93 ) ()

i=0
forr=0,1,2,..., and s=1,2,....

Proof. Equations (9) and (10) follow on replacing x by —z in equation (7)
and (8). O

Theorem 4. The neutriz convolutions liy (z°) ® 2" and 2° ' In"'z, ® 2"
ezrist and

Iy (%) ® 2" =0, (1)
rnte, ®a" =0 (12)

forr=0,1,2,..., and s=1,2,....
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Proof. We put [lig (z°)],, = lit-(®)7,,(x). Then the convolution [liy(x*)],*z"
exists by definition 1 and

n+n="

iy (%)) %27 = /0 Y (= 1) dt + / () (@ — )7 dt, (13)

where

n t s—ldu
/Oh( Nx —1t)" dt = PV/ (x —1) /0 o dt

—PV/ / (x —t)"dtdu
Inu

r+1

1 i r 41 n ur+s—z _ nr+s—i
— PV —1)" i+1, .4 / d
r+1 ZZ;( ) v ( i ) 0 Inu “
r+1
_ j_ - Z (T + 1) (_1)r—i+1xi[h(nr+s—i+1) o nr+s—i+1 li(n)].
r 7
=0

Thus from Lemma 1 we have

n

N-lim [ Li(t)(z — )" dt = 0. (14)

n—oo 0

Equation (11) now follows using Lemma 1, equations (13) and (14).
Differentiating equation (11) and using Theorem 2 we get

e InTl 2, ® 2" = N-lim[li, (2°)7) (x)] * 2" (15)
n—oo

where, on integration by parts we have
n+n="
i (2°)7),(z)] x 2" = / 7 () 1i(t%) (z — )" dt
n
n+n=—"
= i) (@ —n) — / BV (1) (2 — £ () dt

—n

o [ )@ - 0 (16)

It is clear that

n+n="

lim 5 T () (z — )" (t) dt =0 (17)

n—oo n

and now equation (12) follows from lemma 1 and equations (15), (16) and
(17). O
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Corollary 2. The neutriz convolutions li_(z*) ® " and z* ' In"'z_ ® 2"
exist and

li_(z®)®a" =0, (18)
2 'Inle. ®a" =0 (19)

forr=0,1,2,..., ands=1,2,....
Proof. Equations (18) and (19) on replacing by —z in equation(11) and
(12). O

Corollary 3. The neutriz convolutions li(z®) ® z" and z*~'In~! |z| ® 2"
exist and

li(z%) ® 2" =0, (20)
25 inz|® 2" =0 (21)
forr=0,1,2,..., ands=1,2,....

Proof. Equation (20) follows on adding equation (18) and (11) and equation
(21) follows on adding equations (12) and (19). O

Corollary 4. The neutriz convolutions liy(z*)®a", li_(z*)®a7, 25 ' In~!
L ®az" and 2 TIn"lz_ ® xly, exist and
r+1

1uu%®xi=ri1§§(?ly—WfHAﬂ“ﬁ“x (22)

s . 1 St il i (orbs—itl
i) @ = o3 (T e e, e
r i
i=0

xi_l Intr,®a" = Z (:) (=1)'z liy (27570, (24)

=0
T
i ntrl ®al = Z (7’) (=1) 1zl (27T, (25)
i
i=0
forr=0,1,2,..., and s=1,2,....

Proof. Noting that " = 2", + (—1)"2" and the fact that the neutrix convo-
lution product is distributive with respect to addition, we have

lip(2®) ®a" =l (%) * 2’ 4+ (1) iy (%) ® 2’
Equation (22) follows from equations (7) and (11). Equation (23) follows on
replacing x by —z in equation (22).
Equation (24) follows from equations (8) and (12) and equation (25) fol-
lows on replacing z by —z in equation (24). O
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Theorem 5. The neutriz convolutions x” ®) liy(x®) and " ® :L'f:l In~lx,
exist and

2 @iy (a) = 0, (26)
2" ®as ' InT ey =0 (27)
forr=0,1,2,..., and s=1,2,....
Proof. We put ("), = z"7m,(z) for r = 0,1,2,.... Then the convolution
(z")p * liy (2®) exists by Definition 1 and
z+n z+n+n—"
(") xlip (2°) = / Li(¢%) (z—t)" dt+/ Tn(x —t) 1i(t%) (x — t)" dt,
0 +n
(28)
where
z+n T+n t,s—1
/ li(t5)(z — t)" dt = PV/ (z — t)T/ wdu g,
0 0 0 hlu
z+n us—l z+n
:PV/ / (x —t)"dtdu
0 Inu J,

1 r+1 ) r 41 T+n , r+s—i
— PV -1 r—i+1, 1 / d
r+1 Z( ) g < ? > 0 nu

=0
B PV(_n)r—‘rl /z+n us—ldu
r+1 Jg Inu
1L+ r—itl iy rpsmiv1y () s
:r—i-lZ( . >(—1) ' li[(x + n) ]—ﬁh((:ﬂ—l—n)).
i=0
Thus, on using Lemma 2, we have
+n
anléom ; li(t*)(x — )" dt = 0. (29)
Further, using lemma 2 it is easily seen that
z+n+n="
lim To(x — ) i(t*)(z —t)"dt =0 (30)
n—oo z+n
and equation (26) follows from equations (28), (29) and (30).
Differentiating equation (26) gives equation (27). O

Corollary 5. The neutriz convolutions " ®li_(x*) and 2" ® z° 1 In"Lz_
exist and

" ®li_(2°) =0, (31)
@z n e =0 (32)
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forr=0,1,2,..., and s=1,2,....

Proof. Equations (31) and (32) follow on replacing by —x in equations
(26) and (27). O

Corollary 6. The neutriz convolutions =" ® li(z®) and 2" ® =5~ In~!|z|
exist and

" ®li(x%) =0, (33)
" @z InTz| =0 (34)
forr=0,1,2,..., and s=1,2,....

Proof. Equation (33) follows on adding equation (31) and (26) and equation
(34) follows on adding equations (27) and (32). O

Corollary 7. The neutriz convolutions x” ¥ liy (), !, ®1li_(z%), 2 ®
e ' int oy and 2, ® 2 In o exist and

r+1

1 +1 iy (orts—itl
o @iy (2*) = r+1§ 2. )(—1>wh+<x T
L r+1

on ) i,

%

<
-
<

" ® xjfl In~ta,
,

x:_@xi—l ln_l B lz T> z+1 i 7(.%.7”—1—5—1‘) (38)

0

r+

forr=0,1,2,..., ands=1,2,....
Proof. Equation (35) follows from equations (7) and (26) on noting that
" ® iy (2%) = 27 iy (2%) + (=1)"2" ® liy(z%).

Equation (36) follows on replacing x by —z in equation (35). Equation
(37) follows from equations (8) and (27) and equation (38) follows on re-
placing = by —x in equation (37). O

For further results involving the convolution see [5] and [6].
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