SARAJEVO JOURNAL OF MATHEMATICS DOI: 10.5644/SIM.16.02.07
Vol.16 (29), No.2, (2020), 207 226

OSCILLATORY BEHAVIOR OF SECOND ORDER
INTEGRO-DYNAMIC EQUATIONS WITH MAXIMA AND
SUPERLINEAR OR SUBLINEAR NEUTRAL TERMS

H. A. AGWA, H. M. ARAFA, G. E. CHATZARAKIS*, AND M. A. A. NABY

ABSTRACT. In this work, we present some new criteria for the oscillatory and
the asymptotic behavior of the solutions of the following second-order mixed
nonlinear integro-dynamic equations with maxima and superlinear or sublinear
neutral terms on time scales

(OO + [ales) s x)As+ Tai) _ mas  17(5) =0,
) S s &)

where
2(£) = x(t) + p1 (XM (M1 (£)) + p2 (X2 (M2 (1)1 € [0, +20) .
The obtained results are new for both the discrete and continuous cases. Further-

more, our results extend known ones in the literature. An example is presented
to illustrate the relevance of the results.

1. INTRODUCTION

This paper deals with the oscillatory and the asymptotic behavior of the solutions
of the integro-dynamic equations with superlinear or sublinear neutral terms and
with maxima of the form:

(r() (22 (1)) + /a(t,s)f(s,x(s))As+ iqi(t) se[rl.l@?)émxa(s) =0, (1.1
0 = S

with

2(6) = x(t) + pr ()M (1 (£)) + pa () (M2 (£)), £ € [0, 420) . (1.2)
We take T C R to be an arbitrary time scale with 0 € T and supT = 4. Byt > s
we mean as usual ¢ € [s,00) N T.
We assume the following conditions:
(Hy) M;,T;,&; : T — T are rd-continuous functions such that n;(¢) <7 < (2),
T,'(f) <t< &i(f), = 1,2, e n and Zimt%#;oonl(t) = o0 = limt*)+ooﬂci(t).
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(H) pi1,pa2,q; and r are non-negative rd-continuous functions on an arbitrary time

scale T such that »(¢) > 0, i = 1,2, ...,n and moreover, either
t

As
Zimt%+wL(t7t0) = / T = ~+oo, (13)
o 77(s)
or
limy s+ oo L(2,t0) < +oo. (1.4)

(H3) a(t,s): T x R — R is ard-continuous function such that
a(t,s) >0, a(t,s) <0 fort>s.

(Hy) f€C(T xR,R) such that, x(¢) f(¢,x(¢)) > m(t)|x(t)|P*' >0, x # 0, where
m(t) : T — (0,4-o0) is a positive increasing rd-continuous function and 3 is a quo-
tient of odd positive integers.

(Hs) o and yare quotients of odd positive integers.

By a solution of (1.1), we mean a nontrivial real valued A- differentiable function
x(t) satisfying (1.1) for ¢ € T.

Definition 1.1. A solution x(t) of (1.1) is called oscillatory if it is neither eventually
positive nor eventually negative, otherwise, it is called nonoscillatory. Eq. (1.1) is
said to be oscillatory if all of its solutions are oscillatory.

The qualitative theory of differential equations with ’maxima” has received very
little attention, even though such equations are often used in the problem of auto-
matic regulation and automatic control of various systems. These equations arise
when the law of regulation depends on maximum values of some regulated state
parameters over certain time intervals, see [5] and reference cited therein. In addi-
tion, the theory of integro-dynamic equations is limited due to the lack of available
techniques.

In [8] and [4] the authors established oscillation results for the following second
order neutral delay differential equations with “maxima”

(r(®)(x(8) + p(1)x(2(1)))")" + q(r) max x%(s) =0

(r()(x(t) + p()x((2))")") +q(t) max x*(s) =0, (1.5)

s€o(t) ]

and

respectively. They obtained sufficient conditions for the solutions of these equati-
ons to oscillate or tend to zero as ¢ — oo.

In [9], some oscillation criteria were introduced for (1.5) when taking y = o.
Also, in [7], Grace et al., studied the asymptotic behavior of non-oscillatory solu-
tions of the following second order integro-dynamic equation

(O (1) + / a(t,s) f(s,x(s))As = 0. (1.6)
0
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In 2014, Agarwal et al. [2], studied the oscillatory and asymptotic behavior of the
following second order integro-dynamic equation
t

(H(O) (A (1)) + / a(t,s) f(s,x(s))As = 0. (1.7)
0

Note that Egs.(1.6) and (1.7) are special cases of our Eq. (1.1) when taking ¢;(¢) =
0 = p1(¢) = p2(t). Thus, the results of [2] and [9] can’t be applied to Eq. (1.1).
Note also that (1.5) is a special case of (1.1) when taking p,(¢) =0=a(t,s), A; = 1
and ¢;(1)=0,i=2,3,...n.

In 2019, Agwa et al. [3], studied the oscillatory behavior of Eq. (1.1) when taking
M=Ah=1

In this work we generalize the previous work in [3] by studying the same equation
with superlinear and sublinear terms, considering the following cases

1) 0 <Ay <1andA; > 1 (neutral equation with superlinear and sublinear neutral
terms)

2) 0 <Ay < 1andA; > 1 (neutral equation with superlinear and sublinear neutral
terms)

3) 0<A; <1land0 <A, <1 (neutral equation with sublinear neutral terms)

4) A; > 1 and A, > 1 (neutral equation with superlinear neutral terms).

Therefore the obtained results in this paper extend and complement the results
obtained in [2, 3, 4, 8, 9].
2. BASIC LEMMAS

In this section, we state some lemmas that are essential to establishing our results.

Lemma 2.1. [I] If X and Y are nonnegative real numbers, then
, X+ (A= DY =Xy >0 for A > 1
an
X — (1 =M Xy 1 <0forh < 1,
with equality holding if and only if X =Y or A= 1.

Lemma 2.2. If f(s) and a(u,s) are rd-continuous functions, then
t u t

/ / a(,s)f(s)AsAu = / (ta(t,s) — o(s)a(o(s),s)) f(s)As

th 1o ) ¢ u

—/G(u)/aA”(u,s)f(s)AsAu. (2.1)

to fo
Proof. Let F(u):=[a(u,s)f(s)As, and g(u) :=u, then Theorem 5.37 in [?], leads to
to u
FAu) = a(o(u),u) f(u) + [ a*(u,s) f(s)As.
to
Now by using, Fg” = [Fg]® — F2g®, we see that (2.1) holds. O
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Lemma 2.3. /6] (Gronwall’s Inequality) Let p € RY. Also, assume that y and
S€Ca lf

VA0 < p()y(0) + f(¢) forall teT,

then
t

(1) <y(to)ey(t,to) +tfep(t,<5(‘c))f(r)A‘c forall t,ty € T.

Lemma 2.4. Assume (1.3) and conditions H\-Hs hold. Let x be a non-oscillatory
solution of Eq. (1.1) on [ty,>)r and z be the function defined by Eq. (1.2). Then
there exists ty > to sufficiently large such that

Z(¢) > 0, 22(t) > 0 and (r(t) (2 (1))V)* < 0 for t € [tg, +oo)T. (2.2)

1
Moreover, there exist suitable constants by > 0 and by := L?t(ftl) +r1(1)22(13) > 0,
such that

by <z(t) < boL(t,53). (2.3)

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Then, we may assume
that there exists #; > 7o such that x(¢) > 0 for all # > ¢; and t, > #; +max{n;,7;,i =
1,2,...,n}, such that x(n;(¢)) > 0 and x(7;(¢)) > 0 for all t > ;. Now from (1.1)
and (1.2), we have z(¢) > 0 and

a(t,s) f(s,x(s))As — D qi(t) _max )]x“(S)
i=1 se(T;(t),Cil

— Y gi(t) max x%(s), (2.4)
,-:zl ) sefu(t) &(0)] )
for ¢ € [ty,00)7. Choosing #;3 > ¢, sufficiently large, then from Hy, we can find & > 0

such that
[5)

k= /a(t,s)f(s,x(s))AS-l—/a(t,s)m(s)xB(S)As.
0 B
So (2.4) can be written as
(OO <~ [ alt9) 5.5~ [ aleim©xP(5)as

5]

[=]

t
n

—/dmvwmmm—;%mﬂgﬁwx@

4]
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t
:—k—/at,s 5,x(s))As — (t) max  x%(s
/ (t,5)f(s,x(s)) Z{q()se[r,-(t)@(t)] (s)
t

n

<—/dmvwwmm—;%mm£%mﬂ@<o 2.5)

3

Then, r(¢)(z%(¢))" is strictly decreasing on [t3,+0)r. Now we claim that
#()(z2())Y > 0 on [t3, +oo)7. For the sake of contradiction, assume that this is not
true. Then there is ¢ € [t3,+oo)r, such that Gy := () (z(£;))Y < 0. Using the
fact that r(¢)(z*(¢))Y is decreasing, we have

1
G
ri(0)

Integrating from #; to ¢ and using condition (1.3), we get

A1) <

i As
) gz(t§)+c;g/ 2 was o
p (s)
Hence, z(¢) is eventually negative. This is a contradiction. Thus (2.2) holds. Using
the fact that z(¢) is increasing, we have
Z(t) >Z(t3) =by. (2.6)

Now integrating z*(¢) from #3 to ¢ and using (2.2), we obtain
() (A(5)):
5 ris)

where L(t,t3) := fé ~As_hence L(t,3) is a positive increasing function. Choosing
r(s

2(1) = 2() + As < 2(53) + 77 (1) (1)L (1,15,

t4 > t3 sufficiently large, we can write
z(t) < byL(t,t3) for all 1 € [ta,+o0)T, (2.7

z(t3)
L(t4 713)

where b := o (3)z%(t3) . By combining the previous inequality and (2.6),

we get
by SZ(I) < sz(I,t3) fort € [I4,°°)’E.

If x(¢) is an eventually negative solution of Eq. (1.1), then we can see that using
the transformation y(¢) = —x(¢),»(¢) > 0, Eq. (1.1) becomes

A A [a(t,s)f(s,—y(s S 4 min  y%(s) =
(OO - [ a8t S ) iy 70 =0,

where
v(t) = 3(6) + pr Oy (M1(0)) + pa(0)y™2 (Ma(2)).
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Thus,

—
ﬁ
| |

t
[ti(1).&i(1)]
0

[5)

/ats 5,x(s As—i—/ (¢,5)f(s,x(s))As
0 5]

/a f(s,—y(s))As — Zq, m1n ¥*(s)

() min  y%(s). 2.8
Z{q()se[t,()ét()]y 5) @5)

Choosing t4 > t, sufficiently large, and in view of Hs, we can find k; < 0 such that
th n
ky = / alt,s) f(s,x(s))As — / alt,s)m(s)y® (s)As.
0 [5)
Thus, (2.8) can be written as
1%} 14
(AN < [ alts) flsx(s)as— [ ae.om(s) s

0 t
t

- [t Gx DA Ra) _ min 5
; i=1 se(T;(7),Ci(f

t
n
=k +/at75 §, XS As — il min aS
1 ( )f( ( )) 1:21‘] ( )se[‘fi(t)7§i(t)]y ( )

l
<—/ §)As — ; min  y*(s) <O.
(t,5)m( Zq ()ﬁz()}y()

2]

It follows in a similar manner that (2.3) holds for v(¢). This completes the proof.0

Lemma 2.5. Assume that (1.3) and conditions H,-Hs hold. Let x be a non-oscilla-
tory solution of (1.1) on [ty,e)T and z be the function defined by Eq. (1.2). Then,
there exists ty > ty (14 is as given in Lemma 2.4), such that

z(2(1))

z(t)
Proof. Let x(¢) be a non-oscillatory solution of Eq. (1.1). Then, we may as-
sume that there exists #4 > ¢ sufficiently large such that x(¢) > 0, x(1;(¢)) > 0 and

x(t;(t)) > 0 for all ¢ > #4, where t4 is as specified in Lemma 2.4. Integrating z*(¢)
from #4 to ¢ and using the fact that r(¢) (zA (¢))Y is decreasing, we have

t % . t As
z(t) > z(t) — z(ts) :/ r( /l .
rY ri(s)

1y

<(t,ty) forall t> 1. (2.9




OSCILLATORY BEHAVIOR OF SECOND ORDER INTEGRO-DYNAMIC ... 213

Thus 1

1 t
/ A5 - (2.10)
h ri(s)
Integrating z(¢) from ¢ to M»(¢), we get
z(t) 1 n2(2)
(o) == [ 0 Vmsﬁuvw>/ =,
' f rY S ri(s)
ie., L ) ,
— 1 1 N .
2(0) 0 ) e R
Therefore, (2.10) and (2.11) imply
na(t)
t As
Z(‘;é())) <( / l—)(/ Bt Cy(n)  forall 131,
wori(s) g ()
which is the desired inequality. O

3. MAIN RESULTS

Theorem 3.1. Assume that (1.3) and conditions H, — Hs hold with 3 > 1,y> 1,
0 <Ay <1 and Ay > 1. Furthermore, suppose that there exist positive rd- con-
tinuous functions N(t) and hy(t) such that for all t4 sufficiently large such that

ty > t3 > ty, we have
u

t

1

lim sup (—/g*(s)As)%Au] < oo, (3.1
t=rtoe ’”(U)t

4 4

then every nonoscillatory solution x(t) of Eq. (1.1) satisfies

\xU)F=OPhqmﬂam)+jéMQOAKVDf00Aﬂ,

where
1
mo:;@Z'®Mdmw@@wwmx
(1 rm5+f “1
@) = 0 )
AR
_B- B = s)m p o min (s
g0 =" 5" [ale )OOV O 0 3 g0 min 070,
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_B-1 tas B(s %Sml%s YA max “(s
0= 5 / )OOV ()mTH (A= Yai) _max | O°(),
g'(1) :=max{g_(1),8+(1),0}

and
00) =11~ #4310 o) 7 (00310 > 0

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Then, we may as-
sume that there exists #4 > ¢ sufficiently large such that x(¢) > 0, x(1;(¢)) > 0 and
x(1;(t)) > 0 for all > #4, where #4 is as specified in Lemma 2.4. From the definition
of z(¢) (see(1.2)) and (2.3), we see that

(6)==2(t) = pr ()M (M1 () = p2(0"2 (M2(1)) = 2(6) = pr ()21 (M1 (1)) = p2 (1) (M2(1))

=2(t) = [P1 ()2 (1 () = (D21 (1))] = ()21 (1)) = p2(0)2 7" (M2(1))z(a (1))

>2(t)=[p1 ()21 (1 (1) = ()20 ()] = I ()21 (6) =p2(6)B52 L7 (M2 6),13)2(ma (1)),
hy

where

=

(¢) is a positive rd-continuous functlon Applying Lemma 2.1, with

A=A, X = (p1)" z(m () and ¥ = [’%}M—l , we have

PO2 () @z () < T 0PI () =g (), (62)

so that

x(6) 2 2(0) = 1 (1) = ()21 (6) = p2 ()65 1127 (Ma(1),13)2(M2 (1))

gi(1) z(m (1)) 1 z(M2(7))
2 (1= 2y~ O= 5= = a8 L al0), ) =5 )0).
Since z(¢) is increasing, (2.3) and (2.9) imply that
x(0) =1 —g;ff) —hi(t) = pa(1)b5 L (na(0), 1) (e, 1)) = Q(1)z(e), (3.3)

where Q(1) := [1 — & — hy (1) — py(0)b5> ' L2~ (a(t),15)W(2,14)] > 0. Then
max x%(s)> max bTO%s) =0y max QO%s). (3.4)
e & g o e = b e @76
For a sufficiently large t4, using Hy in (2.5), we get

t
n

r A< [ alt,s)m(s)xP (s)As — ; max  x%(s).
HOEON* < = [albomeP 68~ Yal) _mas ()

21

Substituting from (3.3) and (3.4) in the previous inequality, we get
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t

(OO < [ale.mE O P A5 Ta)_ max 05). 0.5

Since N(t) is a positive rd-continuous function, (3.5) can be written as
t

OﬂXfUDUAS/d%@QW@W@k@%ﬂM@*@WM

2]
t

. / a(t,s)QB(s)N(s)z(s)As—b‘f‘iqi(t max 0°(5). (30

1y

B
BB-T

Substituting from the previous inequality into (3.6), gives
(OO <g- ()~ [ alt.)QPONE)=(s)As 67

t

g-(t)= _Bl/a(t,s)QB(s)Nﬁﬁl(s)mIIB(S)AS_b?zqi(t) max
BT 4, a7 sem) &)

0%(s).
Integrating (3.7) from #4 to ¢, leads to

(ZA(t))Y§¢——// a(u,5)N )AsAu—i—%/g

Using Lemma 2.2 and taking g* (¢) = max{g_(¢),g+(¢),0}, we have

S%ﬂfz)/g*(s) (lt/ NP ():s)as] s 39)

where ¢4 = r(t4)[z*(t4)]". Using (@ +b)* <a*+b* fora>0,b>0and A < 1,
(3.8) becomes

zA(t)g("“))h(l/ )it (1t/6 N()0 (5)z(s)As) .

r

Iy 14
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Integrating the above inequality from #4 to ¢ and taking 4, as upper bound for

L e [ewatan

we have

zr>sm+/t<r§j s+ / / (6(5),9)0" (IN()(5)As) A

<1,

Again using Lemma 2.1, with X = ﬁ f o(s)a(o(s),s)OP(s)N(s)z(s)As, A= %
2]

and Y = 1, the previous inequality can be written as

-<\—

() < A+ / (r‘:(—“ / Au+ / S / (6(s),5)N () OB (s)z(s) AsAu

t

SA&/(%)%AHO—

1 1
i / o / o(s)a(0(s), 5)0P (5N (s)z(s) AsAu.

l4
Let u(t) equals the right hand side of the previous inequality. Then, we have
1 1

) T e

C4

/($(s)cz(($(s),S)N(S)QB (8)z(s)As,u(ty) = Ay.

Therefore u(t) is increasing and since z(¢) < u(t), we have
u(e) < f(1) + B(e)u(t),

where f(t) := (‘("t‘))%—k(l—%) andB(t):L

of o(s)a(o(s),s)OP(s)N(s)As. Us-

a&:ﬂ

ing Lemma 2.3, leads to

x(t) <z(t) <u(t) < Arep ) (t,t4) + 0 (t,6(v))f(v)Av.

—

Then, x(¢) = O[AleB(t) (¢,t4) —l—j@B(Z) (2,6(v))f(v)Av)].

If x(¢) is an eventually negative solution of Eq. (1.1), then we can see that using
the transformation y(¢) = —x(¢),y(¢) > 0, Eq. (1.1) becomes

a(t,9) (s, —y(s)As+ Y g min  y%(s) =0,
( )f( y lzq [t;(l),ﬁt(f)]y ( )

—
=N
—
~
~—
—~
<
>
—
~
~—
~—
=2
~—
>
|
O\N

v(t) = y(t) + pr (M (M1 (1) + pa ()™ (a2 (2)).
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Thus, .

A_ |y, 5, — i % (s
(rO0AO = [ ales) 15, —rls)s ~ qu erbor

%) 0 n
— . 1 (03
= O/a(t,s)f(s,x(s))As + /a(t,s)f(s,x(s))As — Z{ qi (t)se[rf(rzl;,%i(t)]y (s). (3.10)
Choosing #4 > 1, sufficiently large, and in view of Hy, we can find k; < 0 such that
t i
k= / alt,s) £ (5.x(s))As — / a(t,s)m(s)y® (s)As.
0 5]
So (3.10) can be written as
t i
(OCA < [ at) flsx(s)as— [ a.mls)P (s)as
5]
n

0
t

~ [aes)flsx6)A = Fa0) _ min ()
t4 i=1 NS R

:k+/at,s s,x(s))As — i(t min e
o+ [ ales)f(s.x(9)As =~ Faile)  min 2(s)

l
< — $)As — i( min  y*(s) < 0.
/ (t,5)m( 26] ()i:(ﬂy()

1y
Similarly, it follows that —x(t) = O[A1ep()(t,1a) + J;, ep)(t,0(v)) f(v)AV]. This
completes the proof. O
Corollary 3.1. Let all assumptions of Theorem 3.1 hold and

t

. 1 Cq 1 1
ltgiip%w/eg()(t o(v ))[(m)y+(l—§)]Av< +oo. (3.11)

Then every nonoscillatory solution of (1.1) satisfies

x(6)] = Olep(r)(t,14))-

Definition 3.1. Let D = {(t,5) € T?> : t > s > ty}. The function H € C,4(D,R")
belongs to the class Q if

(i) H(t,s) >0, onD and lim, . H (t40)

Hitlo) o(1).

Theorem 3.2. Assume(1.3) and conditions H, — Hs hold with 3 > 1,7> 1,0 <
A < 1 and Ay > 1. Also, suppose that there exist a kernel function H(t,s) € Q
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and positive rd- continuous functions N(t) and h(t) such that for all t sufficiently
large (t4 > t3 > ty), the following hold:
(H™(t,5)r(s))®> >0, H(t,s) < 0, (3.12)
t

JUESEr)S — (1= H s ()As <o, (313)

21

1
liminf
i H(t,1s)

t

litnlglfH(im) / H(t,0(s))g_ (s)As = —oo (3.14)
and )
limint /Htcs / (1,u) 0P ()N () AuAs < oo, (3.15)
where
-2 u
()= LH (O (),
A
00): =11~ &) (1)~ po(0 L 0 5)w010)] > 0
and ,
g (0= [ae ) QPN (T ()As b S ) max  0%(s),
Brt J ST el &)

then, every solution of (1.1) is oscillatory.

Proof. Let x(¢) be a non-oscillatory solution of Eq. (1.1). Then, we may assume
that there exists #; > 7o such that x(¢) > 0 for all # > ¢; and t, > #; +max{n;,7;,i =
1,2,...,n}, such that x(1; (z)) > 0 and x(7;(¢)) > 0 for all # > ,. We choose #4 > t,
and proceed as in the proof of Theorem 3. 1 untill we get (3.7). Then we can write

g (0= (rl +/ ()PFONE)8s. (316

Multiplying (3.16) by H(¢,0(s)), and integrating from #4 to ¢, we obtain

t

[ H(t.0()g-(5)5 > / H(1,0(5))(r(5) (24 (5))") s

1y

+/Ht6 / (t,u) OP ()N (u)z(u)Auhs.  (3.17)
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Using integration by parts and lemma 2.1, we get

/H (t,0(s ($))) 2 As = H (t,t)r(t) (2 (£))Y — H(t,ta)r(t4) (2% (t4))
- / HS (1,5)r(s) (2 (5))TAs
S H(t, ta)r{1a) (2 (02)) T — / HS(2,5)r(s)[(22 (5)) =22 (s)) As — / HM(2,5)r(s)2 (5)As

> ~H(tt)r(6) & 0) = (L= [ H@9r0)as = [ H@9r(s)2 ()as

l‘4 14

> —H(t,t4)r(ta) (2 (1)) — (1 = y)y™ Y/HA (t,5)r(s)As — H™ (¢,0)r(t)z(t)
HD (1 1)1zt +/HA (1,5)r(s))>=(0(s))As
> —H (b, t)r(15) (1)) — (1 =9y / H(t,5)r(s)As -+ H (1,14)r(13)2(t

+ / (HD (£, 5)7(s)) > 2(0(s))As.

Since z(¢) is increasing, we have that

t
/Htcs ())V)2As > A(t,14) +z(o( /HAts YW As (3.18)
21
where
t
At ta) = HY (2, 13)r{12)2(ta) — H (1, 12)r(1a) (2 e /

Substituting from (3.18) into (3.17), we obtain

/H (1,6(5))g_ (s)As > A(t,12) +2(o(t ))/(HA‘(t )r(s))™ As
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Since z2(¢) > 0, we have
t

/Hto (s)As > A(1,1a) + (ot ))/(HAs(z §)r(s))> As

2ty /Htc / (¢,4) 0P ()N () AuAs.

Multiplying both sides of the previous inequality by m, then taking the lower
limits we obtain a contradiction. This completes the proof. [l

Theorem 3.3. Assume all conditions of Theorem 3.2 hold with \ > 1 and
0<A <l Let

Q) =1~ gj% = PO LT M (0).13) — (1) w(e.13)] > 0,

where [ VA

&(1) :=—=hy* " ()p, * (1)

A

and hy(t) is a positive rd-continuous function. Then, every solution of (1.1) is
oscillatory.
Proof. The proof is similar to that of Theorem 3.2, so it is omitted. 0
Theorem 3.4. Assume all conditions of Theorem 3.2 hold with 0 < A; < 1 and
0<M<1. Let

o) =1 - 810F&O 4y w(e)] >0,

bl
where |
—M M =3
gl(t)— S h T (Opy (),
Ml
N 1
o) = x/ W (0 (0
S

and hy(t),h;(t) are positive rd-continuous functions. Then, every solution of (1.1)
is oscillatory.

Proof. The proof is similar to that of Theorem 3.2, so it is omitted. (|

Theorem 3.5. Assume all conditions of Theorem 3.2 hold with Ay > 1 and Ay > 1.
Let

(1) = [1= pr()by' ™' L~ (M1 (0),83) — pa ()b ' 1727 (Ma(0),3)w(1,13)] > 0.
Then, every solution of (1.1) is oscillatory.
Proof. The proof is similar to that of Theorem 3.2, so it is omitted. O
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Theorem 3.6. Let condition (1.4) holds. Assume that all the assumptions of Theo-
rem 3.2 hold except condition (1.3). If for all sufficiently large t4,

oo

Lofs (s) max  O%u)A%(u)—c(s)a(o(s),s)m(s) 0> (s) 4P (s)As] ¥ Av=oco
t4/r#<v>[t4/,-_21"l( ). max | O%(w)A% (1) ~0(s)al(o(s),5)m(s)0P ()4P ()] =,

. (3.19)
0.()=[1= £ i P - st po) >0
and e
1
A(t) == —Av,
[

then every solution of (1.1) is oscillatory.

Proof. Let x(¢) be a non-oscillatory solution of Eq. (1.1). Then, we may assume
that there exists #; > 7 such that x(¢) > 0 for all # > ¢; and t, > #; +max{n;,7;,i =
1,2,...,n}, such that x(n;(¢)) > 0 and x(7;(¢)) > 0 for all # > #,. In view of Eq.
(1.2) and (2.5), we have z(¢) > 0 for ¢ € [£2,°°) and moreover

t
n

(r(t) (P ()N < —/a(t,s)f(s,x(s))As— Y qi(t) max x%(s) <0. (3.20)

Pt s€[Ti(1),&i(1)]
4]

Then, 7()(z2(¢)) is strictly decreasing on [f3,+eo)T, and there exists #5 € [t3,%0)T
such that:
A(t) >0 or 22(t) <0 for ¢ € [t5,00)7.

We consider each of the following two cases separately.
Case 1.2%(t) > 0 for ¢ € [t5,o0)T.

This case is similar to the proof of Theorem 3.2 and thus, is omitted.
Case 2.2%(t) < 0 for ¢ € [t5,o0)T.

In this case, we have

limy_ez(t) =1, 1 >0.

Since 7(¢)(z%(¢))Y is strictly decreasing, then

ZA(S) < r (t)ZA(t)

; Jdfors >1t.
ri(s)

Integrating from ¢ to s and letting s — oo, we have

Z_H%)@M@ I A(t), (3.21)
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where k3 = - (t5)z%(ts) > 0 and A(¢) = [ 2. On the other hand, from (3.21),
t rv(s)
it follows that .
t 1(0)A(1)22(¢) +z(t
A(r) r1(1)A()A(o(r))

Using the fact that z(¢) is decreasing, we obtain

z(t) < z(ts) := b3, t > ts.
Using the above inequality and substituting (3.21) and (3.22) into (1.2), we get
x(1) = 2(6) = p1 ()7 (N1 (1)) = pa (£)272 (Na (1))

>z2(0)=p1 ()2 (M1(1) = p2(1)22 (2 (1))
=2(0)~[p1 (2 (1(6) =h1 ()z(n1 ()] = A1 ()21 (1)) = p2 (1) (M2 (1)) (M2 (1))
>2(t) = [pr (M (M1 (1) = ()2(01 ()] =k (0)2(01 (1)) =53 pa(0)2(a2 (1)),

where /1 (¢) is a positive rd-continuous function. Applying Lemma 2.1, with

>",_

A=, X = (p1)h2(m(¢) and ¥ = [h'pllk]%llfl,wehave
PO M(0) =) < ST 0p T 0 =), 323
AT
Thus 1
X(0) > 2(0) — 1 (6) ~ by (0204 (0)) — B pal0)z(na(0)
1= S0 0 ) 0]2(0) = 0.(0:00) 2 Q. ()40,

(3.24)

where Q.(¢) = [1 — gl(()) — Iy (1) A (t())) — b2 ' py(1)]. Now substituting from

(3.24) into (3.20), we obtain

OO > [aom@BON A8+ 45 3 ) max O%(s)%()

a(t,s)m(s Es B(s S ; max *($)A% (s
> a0+ T ae)_max | 0040

ts

where C = min{kg ,k$}. Integrating the previous inequality from #5 to ¢ and using
Lemma 2.2, we obtain
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r(2)( Y>C/2’q, [max O%(u)A*(u +C// u,s)m(s) 0P (s)4P (s) AsAu
uelti(s),&(
t5 15

u€[ti($),Gi(s)]

> C/ i max 0% (u)A%(u) —G(S)a(G(S),S)m(S)QE(S)AB(S)]AS,

S (s) max  O%u)A%(u)—o(s)a(o(s),s)m(s)0% (5)4B(s)As|
20 1< S 00 e @t -oio gk

Again integrating the previous inequality from #5 to ¢, we get

2(0) <2(15) - / / Sais)  max | OwA"w)

(V) )&
—o(s)a(o(s),s>m<s>QE<s>AB<s>As]%Av,

which means that lim,_,.,z(¢#) = —eo. This is a contradiction. O

Theorem 3.7. Assume that all assumptions of Theorem 3.3 hold except condition
(1.3). Let conditions (1.4) and (3.19) hold with

0.(0:=1— £ _prop (2 MOD) 750

k3A(t) A(1)
Then every solution of (1.1) is oscillatory.
Proof. The proof is similar to that of Theorem 3.6, so it is omitted. (|

Theorem 3.8. Assume that all assumptions of Theorem 3.4 hold except condition
(1.3). Let conditions (1.4) and (3.19) hold with

g1()+&) ( )A(ﬂl(f)

W(t) =1 — —hy(t)] > 0.

0.0 =1 - 08 ey o)

Then every solution of (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 3.6, so it is omitted. (|

Theorem 3.9. Assume that all assumptions of Theorem 3.5 hold except condition
(1.3). Let conditions (1.4) and (3.19) hold with

0.(0):=1 —b?”pl(r)AT&Y) — 03 pa ()] > 0.

Then every solution of (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 3.6, so it is omitted. O



224 H. A. AGWA, H. M. ARAFA, G. E. CHATZARAKIS, AND M. A. A. NABY

4. EXAMPLE

To illustrate our results, we provide an example of a second order neutral integro-
dynamic equation with maxima. Note that this equation cannot be studied using
the existing results in literature.

Example 4.1. Let t € [ty,+oo) with t3 = 2,t4 = 4, and take T = R. Consider the
following neutral integro dynamic equation with maxima

t—2
b2 Do (20, 13) (1 1)

t

* / %f(s,x(s))mw3 max x%(s)=0. (4.1

>
~ |

[tbx(e) + —Lx2 (ny (1)) + 2 (20))4)°

seltt+1]
0
%
_ 71 t—2 _ 1 —_
Here, r(t) =t, pi(t) = 7, pa(t) = — EPTRWRE a(t,s) = 55, n=1,
Tl(t):t> &1()_1‘_‘_1 T‘l()S o=1, B:2> Yy=1, M :%7 A >1, ql(t):tS

and m(t) =t. Hence

t t
. As As
llmt*)+ooL(t,t0) = / T = /— — oo
o T1(s) s
0

to

which means that (1.3) holds. Taking H(t,s) = % it is easy to show that conditions
(3.12) and (3.13) hold, and

}\’ 1 2
mm-pﬁum%hﬂ.

Ny 4hy
1
Letting h)(t) = 1 , we get
by by
1) = = —
&(t) 4% 2t
and thus
1 e 1 =2 1
00)=11-E (0o 0 2 (o) w )= 1 -2 =1 >0

By taking N(t) = 1, we obtain
B _

L
B

/ B % = o ) o
/ (,5) 0P (NPT (5)m™F (5)As bl;ql(z)ue[t{;&%(mg (u)

g-(t)=

1 51 3 2
——=8 ds— byt - = —[-—+=— =] —bit". 4.2
4/ 253 ST ué?,?—l)fl} 20[45t2 t7] ! (4.2)
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Moreover,
t
B-1 BN (o1 i o o
g4 (1) =" /a(r,s)Q (O)NFT(s)m™P (s)As — b Y qi(t) min  O%u)
BT 4, A7 uem) &)
1.1 1 3
=0l A T 43
20[45z2 ﬂ] P (4.3)
Now,
L A0t 1.1 1
o _ L, B )
liminf 7o /H(rvcs(s))g_(s) ~liminf G L e
! t s
liminf /HtG / (¢, )QB() N(u)A As—ﬁminfﬂ/f/LiAAs
I[Iggl 7 4) " “ B f—roo t Ky t2u3 u2 U
4 . 4 4
1 11 1.1 Ins
_h’rgg’lftz / s dut 4As_ hmmf /s[si5 a E}Aszhzrgg}fﬁu 7t 44]
4

Thus, condltlons (3.14) and (3.15) hold. Now using Theorem 3.2, we conclude
that every solution of Eq. (4.1) is oscillatory.

Remark 4.1. The results of [4], [8] and [9] can’t be applied to (4.1) as po(¢) # 0 #
a(t,s), M # 1 # Ay. The results of [7] too cannot be applied to (4.1) as p;(¢) #
0 # po(t) # qi(t). But according to Theorem 3.2, we obtain that every solution of
(4.1) is oscillatory.

Remark 4.2. The results of [3] can’t be applied to (4.1) as A; # 1 # A,. But ac-
cording to Theorem 3.2, we obtain that every solution of (4.1) is oscillatory. So
our work generalize and extend some recent published results in 2019 see [3].
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