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COMPLEXIFIED LIE ALGEBROIDS FROM A
GENERALIZED STIELTJES ACTION APPROACH TO THE
CALCULUS OF VARIATIONS

AHMAD RAMI EL-NABULSI, MUBASHER JAMIL AND GUO-CHENG WU

ABSTRACT. In this work, we communicate the issue of Lie algebroids.
More precisely, we discuss the subject based on the generalized Stielt-
jes fractal-like approach of the calculus of variations. We derived the
corresponding Euler-Lagrange, geodesics and Wongs equations and we
illustrate then, by discussing, the resulted dynamics of a colored particle
in Yang-Mills. Many motivating consequences are explored in particu-
lar, the emergence of complexified Lie algebroids with its corresponding
complexified Lagrangian and Hamiltonian dynamics from the fractal ap-
proach.

1. INTRODUCTION

Currently, it is recognized that for nonconservative dynamical systems,
traditional Lagrangian and Hamiltonian mechanics based on the calculus of
variations do not hold and do not succeed to describe correctly the decaying
behavior. In recent years numerous works have been dedicated to this prob-
lem. One potential approach is based on the fractional calculus of variations
(FCOV) [1,2]. This approach deals in fact with Riemann-Liouville fractional
derivatives, in some cases with Caputo or Riesz derivatives [3,4,5,6,7,8] and
more recently with the Riemann-Liouville fractional integral, entitled “Frac-
tional ActionLike Variational Approach (FALVA)” [9,10]. Depending on
the type of fractional functional being considered, different fractional Euler-
Lagrange type equations are obtained. The FCOV was proved recently to
be a practical device for portrayal of weak dissipative and nonconservative
dynamical systems. In fact, fractional calculus is an interdisciplinary area
of applied mathematics, with many applications in several fields of science
and engineering, ranging from hydrology to viscoelastivity, heat conduction,
polymer physics, chaos and fractals, control theory, plasma physics, wave
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propagation in complex and porous media, astrophysics, cosmology, quan-
tum field theory, potential theory, etc. [11-17].

Despite the success of the new formalism, the formulation of the fractional
problems of the calculus of variations still needs more amplification as the
problem is deeply related to the fractional quantization procedure and to
the presence of non-local fractional differential operators. More recently, we
proposed a new kind of functional based on a generalized fractal version
of the FALVA, namely the generalized singletime Stieltjes fractal-fractional
action [18,19]. The new class of generalized fractional Hamiltonian systems
obtained has two parameters and is wider than the standard class of Hamil-
tonian dynamical systems. Our main aim in this work is to address the new
fractal version for Lie algebroids which was proved to be a powerful tool in
the investigation of many fundamental and elementary properties in applied
mathematics, dynamical systems and differential geometry.

The paper is organized as follows: In Section 2, we review the basic con-
cepts of the generalized fractal actionlike variational approach. In Section
3, we introduce the Lagrangian concepts on Lie algebroids. The resulting
Fuler-Lagrange, geodesics and Wong’s equations are discussed in the same
section. In Section 4 we initiate the Hamiltonian formalism on Lie alge-
broids. Conclusions and perspectives are discussed in Section 5.

2. GENERALIZED FRACTAL ACTION-LIKE VARIATIONAL APPROACH

In this section, we review the basic Lagrangian and Hamiltonian concepts
of the generalized fractal version of the fractional actionlike integral ap-
proach, namely the generalized single-time Stieltjes fractal-fractional action
[18,19]. Usually, the standard single-time Stieltjes action is defined for two
given functions f : R — R and g : RxRY — R by S-f = [ f(t)dg-(t) with
g(t,7) = g-(t), 7 > 0. The following three cases are interesting:

g Rx Rt 5 R, g, (t) LU= vty Jo FO(r =) at
=[r*— (7 —t)*]/T(1+ ), a € (0,1] fractional Riemann-Liouville integral
LU= g e "

g:RXRT =R, g, (t) =—e /7 is used in economics when we speak
about discounted f(t) at rate 7

L[f] =[5 f(t)t7"1dt is a fractional
integral used in fractal action.

g:RxRt R, g, (t)=t"/7

In [35], we introduced a more generalized 4th case in the following form:

7_d/2a€7b2/7'

gT(t) = T, b,d S R,O& € (0,1],
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from which resulted the following generalized fractal action:

Ilf :R—=R]= “Lexp(—7(t** +b?))dt. (1)

1 T d
I(d/20)1(d/2) | 50

Here 7 can be a real or a complex parameter. The following problem was
proposed:

Problem 2.1. For a smooth Lagrangian function L(-,-,-) € C([0,7] x
R2;R), find the stationary points of the functional

IIL: L(-,-,-) € C*([0,7] x R*%R)]

T

/L(Q(t), q(t), )t exp(—7(t** 4 b?))dt — min, (2)
0

1
" T(d/2a)0(d/2)

where ¢ = dq/dt and T" is the Fuler gamma function.

Theorem 2.1. (The generalized Euler-Lagrange equation) If ¢(-) is a local
minimizer of Problem 2.1, then q(-) satisfies the following Fuler-Lagrange

equation:
— —— =)= |— = 2a7t* | —.
dq  dt (aq) [ ¢ ar By (3)

Proof. In fact, we may write q(t) = ¢°(t) + o (t) where ¢°(¢) is the minimum
solution and o(7) describes the deviation of gi(¢) for the minimum path
¢°(t). By substitution into equation (2) we have:

1 T . ) )
:WW/O L@ (16 (1), g(t)+o (1), )t exp(=r(**+7))dt

and performing Taylor expansions of the first order in 6(t) and o(t), yields

1[L]

1

" T(d/20)T(d/2)

X /OT {L(qo(t),q(t),t) + gsé(t) + (Zsa(t)}td—l exp(—7 (2% + b?))dt.

Integrating the term in o(t) by parts gives without difficulty:

- F(d/ml)r(d/z) /OT {L(q’o(t),q(t),t)td_l exp(—7 (% + b2))}dt

1 T ~ N d /0L
T T(d/20)T(d)2) /0 o(t) [td exp(—r(t* + bg”%(afq)

oL

+ (d — 1)t Zexp(—7 (12> + bz))aa—L— 2a7t2 L exp(—7 (12 + b?)) =~

q 0q

1[L]

17}
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Ol 4 (2 32
8qt exp(—7(t** + b%))| dt,

and we get the required result. O

Remark 2.1. a) For o = 1/2 and b = 0 the integral fractal functional

L) = rmarars [, M Oa00e ep(-rde (@)

(d/2a)
and accordingly, the associated Euler-Lagrange equation is
oL d /0L d—1 oL
a0~ aiap) =15 1%
b) For @ =1 and b = 0, the integral fractal functional is

1L = S [, MO0 (=i, (6)

()

and therefore, the associated Euler-Lagrange equation is
oL d (8L> B [d -1

dq  dt\dq t

These special cases may have interesting consequences when applied to
dynamical systems, in particular the Bateman-Feshbach-Tikochinsky har-
monic oscillator and the inverted Caldirola-Kanai oscillator which has been
explored largely in literature to comprehend dissipation in quantum dynam-
ical systems [20].

The corresponding Hamiltonian formalism was introduced mainly by let-
ting

. 2757] 7. (7)

N
F(qapa Q7p7 t) = Zkak - H(QJPat)7 (8)
k=1

where ¢, p, ¢, p are four sets of independent variables. By usually requiring
that

5{N¢@JEWWD%TL@m@mJﬁ*4mMﬂ#a+§»ﬁ}=o, 9)

and varying the variables q; and p, independently, we get the generalized
canonical equations 6F'/dq; = 0 and §F/dp,, = 0 or more explicitly:

. O0H d—1 o

PL = —a—qk — [T — 2a1t? 1}pk, (10)
OH

dk (11)

"o
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The second term on the RHS of equation (11) may be identified to exter-
nal forces violating the Lie algebra conditions and verify instead the Lie-
admissible algebra. The following table summarizes some particular dy-
namics obtained for different values of the parameter o and in particular for

k=1:

a=1/2 p:—%—(%—f)p
a=-1/2|p=-GL - (%)p

a=-1 |p-—%- (B -F)

Remarkably for « = 1/2 , p is dominated by the second “constant” term
inside the bracket at very large times, while for « = 1, p is dominated
by the second constant “increasing” term inside the bracket at very large
times. Accordingly, the new formalism introduced here may be used to
model dynamical systems not only exhibiting dissipative behavior but also
revealing opposite behavior, e.g. increasing mass and energy.

3. GENERALIZED LAGRANGIAN ON LIE ALGEBROIDS

To define a variational problem on Lie algebroids, we have to specify an
infinite-dimensional manifold M of paths whose tangent space (T'M, 7, M)
represents all possible variations and an action functional on M. Then we
have to choose a submanifold of admissible paths and a set of admissible
variations of admissible path. In fact, given a vector bundle 7 : E — M and
a smooth Lagrangian function L : E — R. A Lie algebroid given by a vector
bundle morphism p : E — T'M over the identity in M, is called the anchor
map, jointly with the Lie algebra structure on the space C°°(M)— module
of sections of E determined by the Lie bracket. In its turn the Lie bracket
induces a Lie algebra homomorphism p of C*°(M) from Sec(E) — x(M) by
the anchor p: E — T'M given by:

o € Sec(E) — p(o)(q) € x(M), plo)(q) = p(s(q)), Vg€ M
satisfying the Leibniz compatibility identity [21,22,23,24]:
[0, fnle = (p(o) f)n+ flo,nle, Vf € CF(M), o,n € Sec(E).  (12)

We also have the relation [p(o), p(n)|g = p([o,n]E) and [0, [, &]|E+ [0, [§, o]]
+[&, [o,n]] =0, & 0,n€ Sec(E).

Definition 3.1. A wvector bundle (E,&, M) endowed with a Lie algebroid
structure ([-,+|g,p) is called a Lie algebroid on M and is denoted by the

triple (E, [, g, p).
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Given local coordinates (¢°) in the base manifold M and a local basis of
the section {e,} of the bundle E, the local coordinates of a point a € E are
(¢*,y™) where a = y"e,(m(a)) in the given base. The anchor and the bracket
are locally determined by the structure functions

p;'yv Cikj € C*(M) of (E,[,"]E,p),
which contain the local information of the Lie algebroid structure with
_ . 0
e = lon = 2 (e} = O

which satisfies the following relations resulting from the Leibniz identity and
the Jacobi identity (usually called the structure equations):

nap? 7]8/)?

PiTw—Pgaqn:P%CZ, n=1LN, i=1N (13)
act,
S (i) <o w

cyclic(i,j,k)

This new formalism was proved in recent years to be a powerful tool for
exploring many intrinsic properties of a given dynamical systems. FALVA
was recently defined on Lie algebroids [25] and it was conjectured so that
the set of admissible curves on a Lie algebroid with fixed endpoints can be
endowed with a structure of a Banach manifold, the fractional action integral
in FALVA is continuously differentiable and so that the equations for the
critical points are precisely those of the fractional Euler-Lagrange equations
obtained from FALVA for the given Lagrange system. We consider now the
space of E-paths on the Lie algebroid denoted by P(J, E), J = [a, b], which
is a differentiable Banach manifold [25].

Remark 3.1. In fact, since a Lie algebroid is a notion which merely uni-
fies tangent bundles and Lie algebras, one can expect their relation to La-
grangian and Hamiltonian classical mechanics [26].

Theorem 3.1. Let the manifold M be the space of all C' paths [0,7] — E
in E and L : E — R be a smooth reqular and non-degenerate Lagrangian
function on the Lie manifold E(L € C*°(FE)) with admissible curve q in E
and with two end fized points

A,B e M C P(J,E)E = {P(J, E)|r(q(a)) = A and m(q(b)) = B}.

Let 11, = (OL/0y")dy® in local coordinates. The critical points of the frac-
tional action integral I : P(J, E) — R defined by equation (2) on the Banach
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manifold P(J, E)5 of P(J, E) are precisely those elements of that space that
satisfy the following Fuler-Lagrange equation:

(VL(q‘(t)? Q(t)7 t) =0,
where

< 8"L(4(t), q(t), t) >=< dL(q(1),q(t), 1), Y (o) >

q

d d—1 2a—1
— = < TL(t),at)t) 9T > _[T_2a7—t } <TL(D$’ﬂq(t),t)oq’U>'

dt
(15)
Proof. Let q € P(J, E)%, the tangent space on P(J, E)& is the set of vector

fields along ¢ are of the form: Z,(o) : 0 € Sec(F)/o(a) = o(b) = 0.
The action (2) is smooth, so then:

- 1 4 . - _
0=<dS,Ey(fo) > = F(d/%z)l“(d/Q)/O < dL(4,q,t),Z,(fo) >t}
exp(—7(t** + b%))dt = m([) [f(t) < dL(4,q,t),=2¢(0) >

d

5 <TLog¢o> exp(—7 (£ + b%)) + 4 t Y exp(—7(t2* + b?)))

dt(
<Tpoq,o> |dt+ f(t) < 1poq,0 >t Lexp(—T(t* + bz))]6>. (16)

Using the fact that
f Z dt CI’

we obtain after simple algebraic mampulatlon

<dS,Z4(fo) > / f(t) <d"L(q,q,t),o(t) > dt.

Here v = p(q) is the actual velocity and doy /d7 is the Riemann-Liouville
fractional derivative of the canonical vertical lift of o. This equation is
satisfied for every f € C°°(R) and every section o € Sec(F). Thus the
critical points are satisfied by 6"L(q, q,t) = 0. O

Corollary 3.1. The Euler-Lagrange equation in local coordinates is:

L d OL oL
n n iy L 9F ¢
pzan(az,x,) dtayl(x7z’) O C’
d—1 2a-11 9L ., _ n_ 4@ _ g
[T 2ert et =00 =T =l a7
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Remark 3.2. If for instance 7 = a +tc € C,v = v—1,a = Rr,c = 7
and b = 0 for mathematical simplicity, then the Euler-Lagrange equation in
complexified coordinates is complexified as follows:

oL d 0L oL
U U U
Pl g (B0 = G gy (107 0) = 5 5 Cly
_ [T —2a(a + et }@(x ,x,t) =0, (18)

whereas the action is complexified as:

I[f] = F(d/2al)1“@l/2) /OTL(:J'C",JC”,t) exp (—at®®) {cos(ctQa) — Lsin(ctQO‘)}dt
1 T . X
= T |, M0 e (et ot

-
—/ L(&", 2", t) exp (—at>®) sin(ct%‘)dt}
0
(19)
The complex part of the action integral may conduct to an exotic-type
dynamics which may differ completely from the classical mechanics resulting

from the states being complexified. For this, we let 27 = 2] + 1] and
y" = y{ + 1yg. Similarly the Lagrangian L : E — C takes the special form:

Lz + 128) = Li(z] + 1x]) + «L(x] + wzd), (20)
with o 1,0 0
=== = 21
oz 2 (81‘1 L@ajg)’ (21)
0 1, 0 0
. a——— 22
oyt 2 <8y1 8y2> (22)

For that case

2005 L 9p7 8p] 8pZ _ ok ok
L R
= o}, (9‘{[01]3]1 —J[CH ) = i CY (23)

where B
Ol = R[CE] — I[Ch . 29

Lemma 3.1. The Euler-Lagrange equation in complexified coordinates is
split into two parts:

OLi 0L\ d (OLy  OLa\ _ ( joar (o
<8x1+8:pg> dt(ayzl'""ay%) (91%[0 1+ 0 [C])
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0Ly 0Ly j & ok <8L2 8L1>
-t 3 RICF], — o/ T[CF vl v 925
g (01/1 "9 ’“) " <y2 ik =l ”]2> ok~ oy (25)
[ ] (P O et (U2 O
t oy} oy’ ayh Oyt
o7 —77)— — (fRICH], — yiafck
pi <8x717 8x727> dt <8yi + 8y§> (me[Cl]]l y1J[CU]2)
8L1 8L2> j k ~ & (‘3L2 8L1
*\axtax)~ yi)%[C 1+ [C o (26)
(5t + 5f) ~ 0 BICHL) (54 ~ 58
_ [d—l _ 2aatza1] <6ng - 8Li1> © paate] ((?L; . aLi) o
t oy} oys oyt B

As an exemplification, we will treat the geodesics for Lie algebroids. In
complexified coordinates, the complexified Lagrangian L=(1/2)g;;(z)y'y’ =
L; + ¢Ls is expected to induce an isomorphism of the vector (dual E*)
bundles § : E — E*. Here the metric g = g;;(z)e’ ® €/ is complexified, i.e.
g = g1 + tg2. The Euler-Lagrange equations (25) and (26) read:

% [(gij)ly{(j:na 27, t) — (gij) 25 (37, 27, t)] = [d;l - 20“”52(1_1]
% | (g (@, 27, 8) = (9i)aph (@, 2", )]
+ 20at®* ™! [(gij)lyé(in,x",t) + (gij)2v] (&7, 9077775)]
(O )+ 31CK o + 3ol (20 4 202
X (@7, 2", Oyl (@7, 2", 8) = (7, a7, Oy (@, 27, 1))
ij 0 ij
— (SCHta)s —CK atas + o (22 - 20
X (7,7, (a7, 27, 1) + yh (3", 2", Oyl (7,27, ) (27)
4 [@ndnan 0 = gudenan o] = |95 - 200

% | (gu)1vh (@, a7, 1) = (9i)ayi (@, 2", )]
+ 20087 (931 (8", 27, ) = (g1 )2wd (@7, 2" )]

+ (SR[ij]l(gsj)l + 3[05}2(953')2 + ipz <8(89;717)1 + 8%];27)2))
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X (yl(x” z",t)y,, (xn x"t) —l—yQ(m" x" t)y{(a:n x"t))
1 9ij)2  O(gijh
k ~1k iJ i
(802 — 91CH g + o (202 — 2
< (@, 07, 9] (87,7, 8) — (@, 27, (a7, a1, (28)

and these are the complexified geodesics equations. Another illustration
concerns the Wong’s equations which arise in the dynamics of a colored
particle in the Yang-Mills field and on the falling cat theorem [27, 28]. The
complexified Lagrangian and Hamiltonian of the theory on the Lie algebroid
E are given by:

4 |
Mﬁ@mﬁﬁz—%ﬁw+§%w%ﬁ
meﬁ—@@>hﬂﬁ@+%ﬁ»
+ ZKh’zlj(’Ul'l_}% + 1757){) +h; (1111)1 - U2U2))]
1

g T — ) = g2, 5 + )

+ilgh, (uiug + uduf) + g2, (uug — udug)]
= Li(h) + L1(g) + i[L2(h) + L2(g)], (29)

where L1 (h)
U

5 (hl;(00] —0503) — W, (Wi o +050])), La(g) = 5(gay (uluf —
ugug) — go, (u (27+U2U1))7 La(h) = l(hl (00 + v507) + b3 (Ulvl - 1)2”2))
and Lg(g) =1 ; (u1u2 +ugu] ) + g2, (uug —ugug)) for 2" = z] +ixl; v’ =
v +ivd;u = u] + dug and

o
1

1. .. 1
H(xnapnaﬁi) = §h”plﬁ] + igno-ﬁ’l]ﬁ07

= Hi(h) + Hi(g) + i[Ha(h) + Ha(g)], (30)
where 1 (k) = 5(13 (719 ~ptp3) — 1 (2175 + 7Ep). Fu(9) = 391" (P -
PiPs) ~ 93 (Pos + ipo)), Ha(h) = 1(h” (b7} + 07;) + hi (PP} —ﬁ?ﬁ?))
and Ha(g) = 5(9{" (ByPy + Pybs) — 95° (DyPo — pnpg)) for 27 = af + iz}
and p' = pi + ipy where u = &, (27,27, 0%) = (2] + izl @] + 2], v% + ivh)
is the corresponding dual fibered complexified coordinate on 7'Q)/G and
(2", py, 0i) = (2] +ix], py +ipy, b +ip;) is the dual complexified coordinate
on T*Q/G, G being a compact Lie group, E = TM x A with dimTM =m
and dimA = n, A being an arbitrary Lie C— algebra of complex dimension
n. h is a metric on A and g is assumed to be Riemannian metric on M.
Both are assumed to be complexified ,i.e. h = hy 4+ the and g = g1 + igs.
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Replacing equation (29) into equations (27) and (28) yields the complexified
Wong’s equation (real and complex parts respectively):

d . q_ 2 _ d. 4 2
dt [h‘lkvé hzkvé] dt [gnpu(lf - gnpUg]
d— _ j o o
|:t —2a t2a 1:| [hzkvl + hzkvjl + g'rlypu2 + g'?;pul]
+2a6t2a l[hzk’v2 + hzkv{ + g'rlypug + g%putly]

1, (0" ond o
>_(RIC(hs; )Mifm[cz@higl 1Pk <8$1 + axé )}(v{vgﬂmgz}{)

Z:I:ER (9s5) W2+ Im [C’fj(gsj)Q’l

1 o Gii 1,2 o Gij 2,1 L L
(22 2 200 @ s gl (o)

4. GENERALIZED HAMILTONIAN FOR LIE ALGEBROIDS

Let L(4(t),q(t),t) be a hyperregular Lagrangian on the Lie algebroid E
with admissible curve q in E and with two fixed endpoints

A,B e P(J,E)E = {P(J,E)|n(q(a)) = A and 7(q(b)) = B} (32)

and H : E* — R be the Hamiltonian function defined on the dual bundle
by:

H(Lj(t),p(t), Q(t)7 t) = piyi - L(Q(t)v Q(t)a t)? (33>
where
p = S0 -

is the corresponding Hamiltonian. It is notable that a Lie algebroids struc-
ture on a vector bundle can be viewed as a linear Poisson structure on the
dual bundle. If (g, ¢) is the corresponding minimizer, then dp such that the
generalized Hamiltonian system for Lie algebroids:

xi‘i(tt) =7 Zf (4(1),p(t), q(t), 1), (35)
p;(;) -l gﬁ (4(t), p(t),q(t),t)
[d% — 2art?e ! pi — C; ]pk( )g}i (Q(t), p(t), q(t)7 t). (36)

If F is a standard Lie algebroid 7r¢q : T'Q) — Qone may recover the standard
fractional Hamilton equations [18,19]. Besides, the fractional Lie-Poisson
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equations (when E is a Lie algebra as a Lie algebroid over a one point
manifold on the vector bundle), the fractional Hamilton-Poincare equations
(when FE' is the Atiyah algebroid associated with a principal G-bundle with
bracket induced by the Lie bracket of vector fields), the fractional Lie Poisson
equations on the dual of a semidirect product of Lie algebras (when E is an
action Lie algebroid over a real vector space for a given Lie algebra) are all
recovered [29,30]. If for instance 7 = a +ic € C, i = v/—1, a = Rt, c = I,
then the generalized Hamiltonian system is complexified:

dx;t(t) . [%f;’; N 38;22 (%1;2 - %f;)] (37)
dp;it) __ 1! (?9]: + gfg) - [(i;l — 2a7t2a1} Di
i [m[cw (52 + 22 it (2 - 22
+i [mmza‘lm ~ RCFlpx(t) CZE - %;?)
+3[CFapi(t) ((Z? + g?) 2P (881;2 ?92)]' )

Lemma 4.1. The fractional Hamilton dynamics on the dual bundle E* is
represented by the vector field:

, nO0H 0 d—1 20—1] O OH i OH
D"(z,€) = p! 30 o [ — —2art ]agz (pza n +Cijpk(t)apj>.
(39)
The integral curves of the vector field satisfy in general the fractional Hamil-
ton equations (37) and (38) for H. This vector field is complezified if for

instance T = a+ic € C, i = /=1, a = R7, ¢ = IT and accordingly:

D) [8H1 9 <8H2 ) 8H1> 9 ]
8pj ox] (‘3p31- 8p? Oz
_1 d_l_ 2a—1 0 2a—1 9
2{ — —2art }8&“2 ct ]82
1 8H1+‘9H2 0 1,(0Hy OH\\ 9
2p2 ox] 0zl ) ogt 2 o oz} 0z3 ) O&?
2%[0”]1[(3 Lo )pk <8p} op? )pk ol
Lo (P OH (0l ol 0
27[0”]2(1)'“(319} 3p§> Pk Ip; T op? ) o¢t
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1 0H, 0OH, OH,  0Hy\\ 0
—_ZR[Ck e 2( 222 L) )
37 ”h< (5 L op? > +pk(3p} - 813?))6&2

1 0H, O0OH 0H, OH. 0
sl ()

2 dpj dpj  Ip &}
Al Lp(2 o) 01 0m o) o
(9p ap? ox] 8p Gp? ox]
Lld=1 21| 9 o 201 9
+2[ r 2act }653 2act Del
L (0Hy  OH2\O 1, (OHy  Hi\ O
8:51 ox] ) & 2 i ozl Oxd {3
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One may extend all the previous formalisms for the case of complex Lie
algebroids structures on complex vector bundles [31]. Besides making use of
the extended FALVA formalism [32,33,34,35,36] this is also motivation for
further work in this direction.

5. CONCLUSIONS

To the best of our knowledge, this work represents the first effort to build
the theoretical framework of complex Lie algebroids based on fractal action-
like calculus of variations. That will be the beginning, we believe, of new
exciting investigations. Our contribution is, however, only theoretical and,
in that sense, more modest. The complexified geodesics equations and com-
plexified Wongs equations characterized for some particular values of the pa-
rameter o and in particular for a > 1/2by growing mass/energy could have
interesting consequences on quantum field theory and astrophysics. Accord-
ingly, the new class of generalized Lagrangian and Hamiltonian systems ob-
tained on Lie algebroids is wider than the standard class of Lagrangian and
Hamiltonian dynamical systems. We expect they will open up in the future
a new stimulating research area in different branch of mathematical physics
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and provide us by a potent tool to comprehend many fundamental prob-
lems in the area of complexified dynamical systems. Future research efforts
may be directed towards formulating predictions that can be tracked tested
numerically. De-complexification of the dynamical equations, in particu-
lar the fractional Euler-Lagrange equations, geodesic equations and Wongs
equations could be realized if the generalized fractal action introduced in
the theory is complexified in the theory. From a phenomenological stand-
point, we can go further and construct a fractional Hamiltonian approach
to holomorphic Poisson manifolds and holomorphic Lie algebroids from the
viewpoint of real Poisson geometry [37,38,39,40,41]. Follow-up studies may
be devoted to explore, how fractional derivatives encoded by the fractional
action-like variational approach may be mapped into the Lie algebroids. The
results in this work declare further generalization and recommend additional
study.
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