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THE NUMBER OF IDEMPOTENTS IN COMMUTATIVE
GROUP RINGS OF PRIME CHARACTERISTIC

P. V. DANCHEV

ABSTRACT. Suppose R is a commutative unitary ring of prime charac-
teristic p and G is a multiplicative abelian group. The cardinality of the
set id(RG) consisting of all idempotent elements in the group ring RG,
is explicitly calculated only in terms associated with R and G or their
sections.

1. INTRODUCTION

Throughout this brief paper, we will assume that R is a commutative uni-
tary ring (i.e., a commutative ring containing an identity element 1) of prime
characteristic, for instance p, and G is an abelian group written multiplica-
tively as is customary when studying group rings. As usual, RG denotes
the group ring of G over R, Gy = ]_[p G, denotes the torsion subgroup of G
with p-primary component G, and, for any natural number £, (3, denotes the
primitive kth root of unity. Likewise, under the ordinary algebraic opera-
tions, R[(] designates the free R-module over R, generated algebraically as a
ring (namely as an overring of R) by (i, with dimension equal to [R[(x] : R].
All other unexplained notions and notations are standard and follow those
from [3].

Traditionally, we put id(R) and id(RG) to be the sets of all idempotents
in R and RG, respectively. Since 0 and 1 are trivial examples of such
elements, the inequalities |id(RG)| > |id(R)| > 2 hold taking into account
that id(R) C id(RG). A question which naturally arises in some aspects
of commutative group rings theory (see, e.g., [1] and [2]) is to compute in
an explicit form the cardinality |id(RG)| (in other words, the number of all
idempotents being finite or infinite) in a commutative group ring RG.

For an arbitrary commutative unitary ring L, it was proved in [4] that
|id(LG)| = 2 if, and only if, |id(L)| = 2 and supp(G) Ninv(L) = @, where
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supp(G) = {p: Gp # 1} and inv(L) = {p : p.1 € L*} and L* denotes the
unit group of L (that is the set of all invertible elements in L). However,
the mentioned paper does not give any strategy for computing |id(LG)| in
the non-trivial case.

So, the purpose of the present short article is to do that but only for
rings of prime characteristic. Our computations will mainly depend upon
on id(R), of course, as well as on Gy and its sections.

2. THE MAIN RESULT

We begin with some preliminaries. The first statement appeared in both
[1] and [2].

Lemma 2.1. ([1], [2]) Let L be a commutative unitary ring. Then L =
@1<i<nLi, where each L; is an indecomposable unitary subring of L, if and
only if |id(L)| = 2™.

Theorem 2.2. ([5]) Let P be a commutative indecomposable unitary ring
and let F be a finite abelian group of exp(F') € P*. Then

PF = ®q/cap(r) Da(a) PlCal,

where a(d) = HQGF[:;EZEZ(D‘?:dH, and 3 g jeap(ry A(d)[P[Ca] : P] = [F].

Proposition 2.3. ([6]) Let P be a commutative indecomposable unitary ring
and k > 1. Then P[Cx] is also a commutative indecomposable unitary ring.

We now have all the machinery needed to prove the following.

Theorem 2.4. Suppose R is a commutative unitary ring of prime charac-
teristic p and G is an abelian group. Then the following hold:

(1) Hd(RG)| = [id(R)| if Go = Gp;
(2) [id(RG)| = |id(R)|.|Go/G,| if either |id(R)| > Ro or |Go/Gyp| > Ro;

(3) |id(1|%G)/| :’ 9%/ ean(Go/Gp) Lsistonliar) %@ it porn |id(R)| < Ro
and |Gy Gp < Ny,

where a;(d) = I{geGo[/g;Eg}“i;:](QFd}l with R; = Re; and {e;}1<i<n the system

of primitive idempotents of R; n = loga|id(R)|.

Proof. Letting e € id(RG), we have e € KG for some finitely generated
subring K of R. Thus K = Ry x --- x R,, for some indecomposable subrings
R; of R with 1 <4 < n, and hence KG = R1G x --- X R,G. One may
observe that id(KG) = id(R1G) x --- x id(R,G) in a set-theoretic sense.
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That is why, furthermore, we may assume that R is finitely generated and
even indecomposable.

Now, taking into account [4], every idempotent e from RG is either an
idempotent from R, i.e. belongs to id(R), or is non-trivial and lies in
R([1,, Gq) provided id(R) = {0,1}. In fact, there are idempotents of the
form e = ﬁ >cec € where C <[], Gq < Gp is a finite subgroup such
that |C| inverts in R.

If now G is p-mixed, that is Gy = G, it is readily seen that supp(G) N
inv(R) = ) since inv(R) contains all primes but p. Consequently, applying
the aforementioned result of [4], the only idempotents in RG are those from
R and we are finished in that case.

Next, if one of id(R) or Go/Gjp =[], G is infinite, we observe via the
above that |id(RG)| > Ny. Notice that id(RG) = id(RGy) since supp(G) =
supp(Go). But RGo = R([],, G¢)Gp and hence as in the previous para-
graph id(RGo) = id(R([],.,Gq)) = id(R(Go/Gp)). Therefore, we have
|id(RG)| = max(|id(R)|, |M|), where M is the set of all finite subgroups F'
of [1,2,Gq- But [, Gg = Urem I and, if Go/G), is infinite, this ensures
that [[], ., Gq| = [M]. Moreover, if id(R) is infinite, R contains an infinite
number of indecomposable subrings which number equals to |id(R)|. So, we
are done in this case.

Let us assume now that both id(R) and Go/G), = [],, G4 are finite.
Since Hq?ép Gy is pure in Gg being its direct factor and Gy is pure in G, it
follows that [, ., Gq is pure in G. So, one may write G = (][, ,, Qq) X
M = (Go/Gp) x M for some subgroup M = G/[],,,Gq of G which is
obviously p-mixed because Mo = (G/]l, ., Gglo = Go/ 1,2, Gq = Gp.
Therefore RG = (R(Go/Gp))M and from point (a) it is easily verified that
d(RG) = 1d(R(Go/Gp)) = id(R(] 14, Ga))-

On the other hand, since id(R) is finite, R can be decomposed as follows:

R = ®1<i<n R,

where each R; is indecomposable with the same characteristic p and 1 <4 <
n = log, | id(R)| by Lemma 2.1. Furthermore, we deduce that

R( H Gq) S Dr<i<nl ( H Gq).
q7#p q7#p

Since ]_Lﬁép G, is of finite exponent which inverts in R, according to Theo-
rem 2.2, we have

R; ( 1T Gq) = Bd/eap(Go/Gy) Pai(a) RilCd]

q#p
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where ai(d) = (b
extensions R;[(,4] are also indecomposable and their number is ), Jeap(Go)/Gy)
a;(d). That is why

R( H Gq) = Di<i<n Dd/exp(Go/Gp) 69a,i(d)Ri[Cd]
a#p
= Bd/exp(Go/Cp) P1<i<n Da,(d)Li[Ca-
Thus we conclude that the number of all irreducible summands equals to
Zd/exp(G()/Gp) > 1<i<logs|id(r)| @i(d). Finally, we apply Lemma 2.1 again to
obtain the desired equality, as asserted. O

. But due to Proposition 2.3, the ring

A question which immediately arises is the following.

Problem. For any commutative unitary ring L and any abelian group G
calculate id(LG).
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