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Abstract. We recall definitions and assertions concerning the spaces
noted in the title. Various classes of nonlinear problems can be studied
within these spaces appropriate for the analysis of different kinds of
singularities. Especially, we explain in this paper the notion of the
generalized analytic wave front set.

1. Introduction

Generalized function algebras of Colombeau type contain Schwartz’s dis-
tribution spaces so that all the linear operations for distributions hold; more-
over, the product of smooth functions is preserved. The main advantage of
generalized function algebras is that various classes of nonlinear problems
can be studied in these frames as well as linear problems with different kinds
of singularities. As one can expect, for the purpose of local and microlocal
analysis, one needs to study classical function spaces within these algebras.
Our aim in this note is to recall basic definitions and assertions concern-
ing the spaces noted in the title. These spaces, in the frame of Colombeau
algebra of generalized functions are studied by M. Oberguggenberger, D.
Scarpalezos, V. Valmorin and the author. Especially we explain the notion
of the generalized analytic wave front set.

All the presented results are published or will be published in the papers
quoted at the beginning of the paragraphs.
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2. Definitions

We refer to [4], [5], [6], [12] and [28], [35] for the theory of Colombeau
generalized functions and their use in various classes of equations. We re-
fer to [9], [10], [11] and [16] for the local and microlocal G∞-properties of
Colombeau-type generalized functions.

2.1. Definitions. We recall the main definitions ([6], [12], [28]). Let ω be
an open set in Rd and E(ω) be the space of smooth functions with the

sequence of seminorms µν(ϕ) = sup{|ϕ(α)(x)|;α ≤ ν, x ∈ Kν}, ν ∈ N0,
where (Kν)ν is an increasing sequence of compact sets exhausting ω. Then
the set of moderate nets EM (ω), respectively of null nets N (ω), consists of

nets (fε)ε ∈ E(ω)(0,1) with the properties

(∀n ∈ N) (∃a ∈ R) (µn(fε) = O(εa)),

respectively, (∀n ∈ N) (∀b ∈ R) (µn(fε) = O(εb))

(O is the Landau symbol “big O”). Both spaces are algebras and the latter
is an ideal of the former. Putting vn(rε) = sup{a; µn(rε) = O(εa)} and
en((rε)ε, (sε)ε) = exp(−vn(rε − sε)), n ∈ N, we obtain (en)n, a sequence
of ultra-pseudometrics on EM (E) defining the ultra-metric topology (sharp
topology) on G(E). The simplified Colombeau algebra G(ω) is defined as
the quotient G(ω) = EM (ω)/N (ω). This is also a differential algebra. If
the nets (fε)ε consist of constant functions on ω (i.e. the seminorms µn
reduce to the absolute value), then one obtains the corresponding spaces
of nets of complex (or real) numbers EM and N0. They are algebras, N0

is an ideal in EM and, as a quotient, one obtains the Colombeau algebra
of generalized complex numbers C̄ = EM/N0 (or R̄). It is a ring, not a

field. The sharp topology in C̄ is defined as above. Note, a ball B̃(x0, r),
where x0 = [(x0,ε)ε] ∈ C̄ and r > 0, in the sharp topology is given by

B̃(x0, r) = {[(xε)ε]; |x0,ε − xε| = O(ε− ln r)}.
The embedding of Schwartz distributions in E ′(ω) is realized through the

sheaf homomorphism E ′(ω) ∋ f 7→ [(f ∗ ϕε|ω)ε] ∈ G(ω), where the fixed net
of mollifiers (ϕε)ε is defined by ϕε = ε−dϕ(·/ε), ε < 1, where ϕ ∈ S(Rd)
satisfies ∫

ϕ(t)dt = 1,

∫
tmϕ(t)dt = 0,m ∈ Nn

0 , |m| > 0.

(tm = tm1
1 , . . . , tmn

n and |m| = m1+ · · ·+mn). E ′(ω) is embedded into Gc(Ω)
of compactly supported generalized functions and the sheaf homomorphism,
extended onto D′, gives the embedding of D′(ω) into G(ω).

The generalized algebra Gc(ω) consists of elements in G(ω) which are
compactly supported while G∞(ω) is defined in [28] as the quotient of E∞

M (ω)
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and N (ω), where E∞
M (ω) consists of nets (fε)ε ∈ E(ω)(0,1) with the property

(∀K ⊂⊂ ω)(∃a ∈ R)(∀n ∈ N)(| sup
x∈K

f (n)ε (x)| = O(εa)),

Note that G∞ is a subsheaf of G.
Concerning generalized points ([29], [12]), Colombeau extensions can be

carried out for any metric space (A, d):
A net (xε)ε in A is called moderate, if

(∃N ∈ N)(∃x ∈ A)(d(x, xε) = O(ε−N ))

and an equivalence relation in A(0,1] is introduced by

(xε)ε ∼ (yε)ε ⇔ (∀p ≥ 0)(d(xε, yε) = O(εp)).

Ã = A/ ∼ is called the set of generalized points in A, and as before,with

valuations, we can define an ultra-metric in Ã (one usually calls the topology
determined in that way the sharp topology). If A = Ω is an opens subset

of Rd, then Ω̃ = Ω/ ∼ is the set of generalized points. Note that C̃ = C̄
(R̃ = R̄).

An element x̃ ∈ Ω̃ is called compactly supported if xε lies in a compact
set for ε < ε0 for some ε0 ∈ (0, 1). The set of compactly supported points x̃

(∈ Ω̃) is denoted by Ω̃c. By the functoriality of the Colombeau extension it
follows that the evaluation map

(G(Ω)× Ω̃c) → K̃, (f, x̃) 7→ f(x̃) := [(fε(xε))ε]

is well defined and that x̃ 7→ f(x̃) as well as f 7→ f(x̃) are both continuous
with respect to sharp topologies.

Compactly supported generalized points have been introduced by Ober-
guggenberger and Kunzinger in [29], where it is shown that elements of the
special algebra can be determined uniquely by evaluation at these general-
ized points (whereas evaluation at standard points does not suffice for the
determination of elements in G(Ω)). Moreover, it has been shown in [21] that
near standard points are also sufficient for the point-value description in the

special algebra. We recall that near standard points are elements x̃ ∈ Ω̃c

with limit in Ω that is, that there exists x ∈ Ω such that for a representative

(xε)ε, xε → x, as ε → 0, holds. We denote by Ω̃ns the set of near standard
points of Ω.

3. Holomorphic generalized functions [31]

We denote by O(Ω) the space of holomorphic functions on Ω, where Ω is
an open subset of R2 = C; D(z0, r) denotes a disc with the center z0 and
radius r > 0.
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Definition 1. A generalized function f = [(fε)ε] ∈ G(Ω) is said to be holo-

morphic if ∂f
∂z̄ = 0 in G(Ω).

The set of holomorphic generalized functions is denoted by GH(Ω). We
recall the following local result, due to Colombeau-Galé [7]:

Theorem 1. f ∈ GH(Ω) if and only if for every relatively compact open
set Ω′ in Ω, f admits a representative (fε)ε ∈ EM (Ω′) with fε ∈ O(Ω′),
ε ∈ (0, 1].

We have the following characterizations.

Theorem 2. Let (fε)ε ∈ E(Ω)(0,1] and suppose that for every point z0 ∈ Ω
there exist rε > 0, 0 < ε ≤ 1 such that

(i) ∂̄fε|D(z0,rε) = 0, 0 < ε ≤ 1, i.e. the restrictions to the discs vanish.

(ii) ∃η > 0,∃a > 0,∃ε0 ∈ (0, 1], |f (n)ε (z0)| ≤ ηn+1n!ε−a, n ∈ N, ε ∈
(0, ε0).

Then (fε)ε ∈ EM (Ω) and [(fε)ε] ∈ GH(Ω).

This leads to the straightforward result that GH(Ω) ⊂ G∞(Ω).
We refer to [28] for the definition of G∞(Ω). Note that Colombeau and

Galé had mentioned in [7] that GH(Ω)∩D′(Ω) = O(Ω). We collect properties
of holomorphic generalized functions in the next theorem.

Theorem 3. Let g ∈ GH(Ω).

(i) g admits a representative (gε)ε such that gε ∈ O(Ω), ε ∈ (0, 1].
(ii) g = 0 if and only if for any open set Ω′ ⊂⊂ Ω there exists a repre-

sentative (gε)ε ∈ O(Ω′)(0,1) such that

∀z0 ∈ Ω′,∀a > 0,∃η > 0,∃ε0 ∈ (0, 1], ∃C > 0,

|g(n)ε (z0)| ≤ ηn+1n!εa, n ∈ N, ε ∈ (0, ε0). (3.1)

(iii) Let z0 ∈ Ω, η > 0. Then f vanishes in the disc V = D(z0,
1
η ) if and

only if there exists a representative (gε)ε of f |V in O(V )(0,1] such
that

∀a > 0,∃ε0 ∈ (0, 1] : |g(n)ε (z0)| ≤ ηn+1n!εa; n ∈ N, ε ∈ (0, ε0).

As a consequence, we obtain a simple proof of a theorem of Colombeau-
Galé [8].

Theorem 4. Let Ω be connected and let f ∈ GH(Ω). If f vanishes on a
non-void open subset of Ω, then f vanishes on Ω.

Note that the part (i) of Theorem 3 is a special case of the following
theorem on elliptic partial differential operators whose proof, however, relies
on a number of results from operator theory [24], [25].
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Theorem 5. Let Ω be an open subset of Rn and let P be an elliptic partial
differential operator with constant coefficients. Let U ∈ G(Ω) be a solution
to PU = 0 in G(Ω). Then U has a representative (Uε)ε ∈ EM [Ω] such that
PUε = 0, ε ≤ 1.

The existence of global representatives has also been proved for other
types of partial differential operators, for example, for the system of infini-
tesimal generators of the rotation group, see [27].

4. Real analytic generalized functions [33]

Definition 2. Let ω denote an open set in Rd and x0 a point of ω. A
function f ∈ G(ω) is said to be real analytic at x0 if there exist an open ball
B = B(x0, r) in ω containing x0 and (gε)ε ∈ EM (B) such that

(i)

f |B = [(gε)ε] in G(B);

(ii)

(∃η > 0)(∃a > 0)(∃ε0 ∈ (0, 1))

sup
x∈B

|∂αgε(x)| ≤ η|α|+1α!ε−a, 0 < ε < ε0, α ∈ Nd.

It is said that f is real analytic in ω if f is real analytic at each point of ω.
The space of all generalized functions which are real analytic in ω is denoted
by GA(ω).

The analytic singular support, singsupp gaf, is the complement of the set
of points x ∈ ω where f is real analytic.

It follows from the definition that GA is a subsheaf of G.
Using Stirling’s formula it is seen that condition (ii) in Definition 2 is

equivalent to

(iii)

(∃η > 0)(∃a > 0)(∃ε0 ∈ (0, 1))

sup
x∈B

|∂αgε(x0)| ≤ η(η|α|)|α|ε−a, 0 < ε < ε0, α ∈ Nd
0.

The use of Taylor expansion and condition (ii) of Definition 2 imply that
(gε)ε admits a holomorphic extension in a complex ball B = {z ∈ Cd; |z −
x0| < r} which is independent of ε. Consequently we get a holomorphic
extension G of [(gε)ε] and then f |B = G|B. (It is clear from the context
whether B is a complex or real ball.)

In the sequel we will use a multidimensional notation:
α = (α1, . . . , αd) ∈ Nd, α! = α1!...αd!, η

α = ηα1 . . . ηαd(η > 0);
(iy)j = (iy1)

j1 . . . (iyd)
jd , i =

√
−1, y ∈ Rd, j = (j1, . . . , jd) ∈ Nd;
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Let f ∈ GA(Ω). For every compactly supported generalized point x0 =
[(x0,ε)ε] (x0 ∈ ω̃c) and every generalized point x = [(xε)ε] in a sharp neigh-
borhood V of x0 the series FN = [(FN

ε )ε], N ∈ N, converges in the sense of
sharp topology, where

FN
ε (xε) =

N∑
|j|=0

f (j)ε (x0,ε)(xε − x0,ε)
j/j! (ε < ε0).

The existence of a global holomorphic representative of a holomorphic
generalized function in the one dimensional-case given in the previous sec-
tion, implies the following theorem.

Theorem 6. Let f ∈ GA(ω), ω ⊂ R.
(i) f admits a global real analytic representative, that is a representative

(fε)ε such that (i) and (ii) in Definition 1 is satisfied by fε instead
of gε for all x0 ∈ ω and B depending on x0.

(ii) For every open set ω1 ⊂⊂ ω there exist an open set Ω1 such that
Ω1 ∩ Rd = ω1 and a net of holomorphic functions (Fε)ε ∈ EM (Ω1)
such that Fε|ω1 = fε, ε ∈ (0, 1).

(iii) If d = 1 then the assertion in (ii) holds globally, with Ω instead of
Ω1.

The existence of a global holomorphic representative of f ∈ GH(Ω) de-
pends on Ω ⊂ Cd is an open problem. We have such representation for
appropriate domains Ω ⊂ Cn. Also if f ∈ GA(ω), ω ⊂ Rd, the existence of a
global representative is not established yet.

It is proved in [19] that a generalized holomorphic function in an open set
Ω ⊂ C is equal to zero if and only if it is equal to zero at every classical point
of Ω. The proof of the first part of the next theorem is a consequence of this
result and the result of [8] and [31], where it is proved that a (p−dimensional)
holomorphic generalized function equals zero in Ω ⊂ Cp, if it equals zero in
an open subset of this set. Actually, the basic assertion which will be used,
is that a generalized function equals zero if and only if it equals zero at every
compactly supported generalized point [29].

Theorem 7. a) Let Ω be an open set in Cp, p > 1 and f = [(fε)ε] ∈ GH(Ω)
such that f(x) = 0 for every x ∈ Ω ((fε(x))ε ∈ N (Ω)). Then f ≡ 0.

b) Let ω be an open set in Rd, d ∈ N and f = [(fε)ε] ∈ GA(ω) such that
f(x) = 0 for every x ∈ ω. Then f ≡ 0.

The next theorem is a consequence of theorems of the next section.

Theorem 8. Let f ∈ E ′(ω) and fε = f ∗ ϕε, ε ∈ (0, 1) be its regularization
by a net ϕε =

1
εϕ(·/ε), ε < 1, where (ϕε)ε is a net of mollifiers. Then

singsupp af = singsupp ga[(fε)ε],
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where the analytic singular support of the distribution f is on the left hand
side.

4.1. Analytic wave front set. We will use the notation ϕ̂ for the Fourier
transformation

F(ϕ)(ξ) = ϕ̂(ξ) =

∫
Rd

e−ixξϕ(x)dx, ξ ∈ Rd, ϕ ∈ L1(Rd).

Definition 3. Let ω denote an open set in Rd. A sequence (un)n in Gc(ω)
will be called bounded if there exists a sequence of representatives (un,ε)ε,
n ∈ N, such that

(∃K ⊂⊂ ω)(∃m ∈ R)(∃b > 0)

supp(un,ε) ⊂⊂ K, ε ∈ (0, 1] and sup
ξ∈Rd

(1 + |ξ|)−m|ûn,ε(ξ)| = O(ε−b).

The following lemma in [15] will be needed in the sequel.

Lemma 1. ([15], Chapter 9, Lemma 22 ) Let K be a compact set of Rd,
r > 0 and Kr = {x : d(x,K) ≤ r}. There exist C > 0 and a sequence of
smooth functions (φn)n, such that:

(1) φn = 1 on K and supp(φn)⊂⊂Kr for all n ∈ N0;

(2) supx∈Rd,|α|≤n |∂αφn(x)| ≤ C(Cn/r)|α|, n ∈ N0.

We have the following characterization of analytic generalized functions:

Theorem 9. Let ω denote an open set in Rd and x0 ∈ ω. A function
f ∈ G(ω) is analytic at x0 if and only if there exist a bounded sequence
(un)n in Gc(ω) and B(x0, r) ⊂ ω such that the following two conditions
hold.

(i) un = f in B(x0, r) for all n ∈ N0;
(ii) A sequence of representatives (un,ε)ε ∈ EM,c(ω), n ∈ N, satisfies

(∃C > 0)(∃a > 0)(∃ε0 ∈ (0, 1])

|ûn,ε(ξ)| ≤ (Cn)n(1 + |ξ|)−nε−a, ξ ∈ Rd, 0 < ε < ε0, n ∈ N0.

Theorem 9 leads to the following definition.

Definition 4. Let f ∈ G(ω). Then, the analytic wave front set of f ,
WFga(f), is the closed subset of ω×Rn \ {0} whose complement consists of
points (x0, ξ0) satisfying the following conditions:

There exist B(x0, r), an open conic neighborhood Γ of ξ0 and a bounded
sequence (un)n in Gc(ω) such that un = f, in B(x0, r), n ∈ N and for each
n, un has a representative (un,ε)ε ∈ EM,c(ω) such that there exist constants
a > 0, ε0 ∈ (0, 1] and C > 0 such that

|ûn,ε(ξ)| ≤ (Cn)n(1 + |ξ|)−nε−a, ξ ∈ Γ, 0 < ε < ε0, n ∈ N.
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We denote by (κn)n a sequence of functions in D(R) with the property
that for every α ∈ N there exists Cα > 0, such that

|κ(α+β)
n (x)| ≤ Cα(Cαn)

β , β ≤ n, n ∈ N.
The existence of such a sequence is proved in [15], Theorem 1.4.2. For this
sequence, in the same way as in [15], Lemma 8.4.4, one can show that the
next definition is equivalent to the previous one.

Definition 5. Let f ∈ G(Ω) and (x0, ξ0) ∈ Ω×R \ {0}. Then we say that f
is g−microanalytic at this point if there is a cone Γξ0 around ξ0 and if there
exist a > 0, C > 0 and ε0 such that

|κ̂nfε(ξ)| ≤ Cε−a(
Cn

1 + |ξ|
)n, n ∈ N, ξ ∈ Γ, ε ∈ (0, ε0).

Then, the analytic wave front set, WFgaf is the complement of the set of
points where f is g-microanalytic.

The next theorem corresponds to Hörmander’s Theorem 8.4.5 in [15], and
it is already proved in [22]. In fact in [22] the wave front which corresponds
to a general sequence (Lk) is considered; in our case Lk = k or in the
notation for ultradifferentiable functions Mk = k!, k ∈ N0.

Theorem 10. Let f ∈ G(Ω). Then pr1WFgaf = singsupp gaf.

The next theorem also can be proved in a more general case but since we
are dealing with the analytic class, we will present it in our context.

Theorem 11. Let f ∈ E ′(Ω) and fε = f ∗ ϕε|ω, ε ∈ (0, 1) be the represen-
tative of embedded distribution ((ϕε)ε is a net of mollifiers described in the
introduction). Then, with F = [(fε)ε],

WF af = WFgaF,

where the analytic wave front set of the distribution f is on the left side.

5. Harmonic generalized function [34]

The term “real valued generalized function” refers to elements having a
representative net whose elements are smooth real valued functions. We
denote by Har(Ω) the space of harmonic functions in Ω.

Definition 6. We call a generalized function G ∈ G(Ω) a harmonic gen-
eralized function, if ∆G = 0 holds in G(Ω). The linear space of harmonic
generalized functions in Ω is denoted by GHar(Ω).

As ∆ is a continuous linear mapping, it induces a C̃-linear continuous
mapping on Colombeau extensions; we can immediately conclude that GHar

is a closed subsheaf of the sheaf of C̃-modules G.
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By the use of the last theorem of Section 3 we have, with P (D) = ∆:
that every harmonic generalized function G ∈ G(Ω) admits a harmonic rep-
resentative (Gε)ε, that is, for each ε ≤ 1, Gε is harmonic.

We call (Gε)ε a global harmonic representative of G. Also, by the functo-
riality we could have defined harmonic generalized functions. We derive the
same objects since there is a canonic embedding

κ : G[Har(Ω)] = E [Har(Ω)]
N [Har(Ω)]

→ G(Ω) and κ(G[Har(Ω)]) = GHar(Ω).

We establish below the relation of harmonic generalized functions and
analytic generalized functions.

Clearly, Ω → GA(Ω) is a subsheaf of the sheaf of algebras G∞.
The additional prescribed growth-property in the smoothing parameter

in the definition of analyticity in G(Ω) is natural. Indeed, every generalized
function locally admits a real analytic representative.

Recall, the Poisson kernel for the ball B(0, R) and its boundary SR =
∂B(0, R) is given by

PR(x, t) =
R2 − |x|2

dωdR|x− t|d
, x ∈ B(0, R) t ∈ SR,

where ωd = 2πd/2/(dΓ(d/2)) is the volume of the unit ball; the volume of the
ball B(0, R) is Rdωd and the surface area of SR equals dωdR

d−1.We will use
the normalized surface measure denoted by σR so that σ(SR) = 1; if R = 1,
then we write σ for σ1 as well as P for PR. Thus, dωdR

n−1dσR = dsR, where
dsR is the d− 1 dimensional area element of BR. In our notation the mean
value theorem and the Poisson formula for the ball B(0, R) are given by

u(x) =

∫
SR

u(t)dσR(t), PR[u](x)

= Rn−2

∫
SR

R2 − |x|2

|x− t|d
u(t)dσR(t), x ∈ B(0, R).

As one can expect:

Proposition 1. Every harmonic generalized function is a real analytic gen-
eralized function.

Having shown that GHar(Ω) is a submodule of GA(Ω) the following con-
sequence is immediate (cf. [33]).

Theorem 12. Let Ω be a connected open subset of Rd and f ∈ GHar(Ω).
If there exists A ⊂ Ω of positive Lebesgue measure (µ(A) > 0) such that
f(x) = 0 for every x ∈ A, then f ≡ 0.
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Recall the definition of a heavy set ([19]). Let Ã ⊂ Ω̃c. A bounded net

(Vε)ε of open sets in Ω is said to be absorbing for Ã if for every generalized

point ã ∈ Ã and its every representative (aε)ε there exists ε0 such that

aε ∈ Vε, ε < ε0. A sharply bounded set Ã of generalized points is said to

be heavy set in Ω̃c if there exists some positive constant c such that for all

bounded nets (Vε)ε absorbing for Ã the following holds: lim supµ(Vε) > c. It
is proved in [19] that if a holomorphic generalized function in Ω ⊂ Cn ≡ R2d,
takes zero values in all generalized points of a heavy set, then it is equal to
zero in Ω. This result can be transferred to real analytic generalized function
and thus to harmonic generalized functions.

Theorem 13. Let Ω be a connected open subset of Rd, A be a bounded heavy

set of Ω̃c and f ∈ GHar(Ω). If g(x̃) = 0 for every x̃ ∈ A, then f = 0 in Ω.

5.1. The main theorems for harmonic generalized functions. Let K

be a compact set of Ω, x̃0 ∈ Ω̃c be supported byK and let r > 0 be such that
K + B(0, r) ⊂⊂ Ω. With such an x̃0, we denote by B(x̃0, r) the following

subset of Ω̃c

B(x̃0, r) = {t̃ = [(tε)ε] ∈ Ω̃c; |x0,ε − tε| ≤ r, ε ≤ 1}. (5.2)

We call the set B(x̃0, r) ⊆ Ω̃c a semi-ball in Ω. Note that by now we

distinguish between balls B(x0, r) ⊂ K, balls B̃(x̃0, r) in K̃ and semi-balls
B(x̃0, r).

Theorem 14. (Maximum principle) Let G be a real-valued harmonic gen-
eralized function in an open set Ω. Then the following holds:

(1) Let r > 0 and x̃0 ∈ Ω̃c with representative (x0,ε)ε be given so that

B(x0,ε, 2r) ⊂⊂ Ω, ε ≤ 1 (that is the semi-ball B(x̃0, 2r) ⊂ Ω̃c).

Suppose G(x̃0) ≥ G(t̃) for each t̃ ∈ B(x̃0, r). Then G is a constant
generalized function in B(x̃0, r).

(2) Let Ω be connected. If there exists a compactly supported point x̃0 ∈
Ω̃c such that G(x̃0) ≥ G(t̃), t̃ ∈ Ω̃c, then G is a constant generalized
function in Ω.

Proposition 2. Let G = [(Gε)ε] ∈ G(Ω) such that for every x̃ = [(xε)ε] ∈ Ω̃c

and every R > 0 such that the semi-ball B̃(x̃, R) ⊂ Ω̃c,

[(Gε(x̃))ε] =
[( 1

VR

∫
B(xε,R)

Gε(t)dt
)
ε

]
. (5.3)

Then G ∈ GHar(Ω).

Theorem 15. Let Ω be connected.
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(i) With the assumptions of Theorem 14 (2), G is a constant generalized
function in Ω.

(ii) If there exists a near standard point x̃0 ∈ Ω̃ns such that G(x̃0) ≥ G(t̃)

for each near standard point t̃ ∈ Ω̃ns, then G is a constant generalized
function in Ω.

Corollary 1.

(i) Let u be a complex harmonic generalized function in a connected

open set Ω. If |u| has a maximum M̃ ∈ R̃ at x̃0 ∈ Ω̃c, then u ≡ Ã =

u(x̃0) ∈ C̃, |Ã| = M̃ .
(ii) Let G ∈ GHar(Ω) be a non-constant real valued generalized function.

Then
(1) G does not attain its maximum inside Ω, that is at a generalized

point t̃0 ∈ Ω̃c.
(2) Let Ω′ ⊂⊂ Ω be open. Then the maximum of G in Ω′ is attained

at a generalized point supported by the boundary of Ω′.

Now we will present generalizations of Liouville’s theorem for harmonic
functions. First, we present a list of different positivity notions for general-
ized functions (cf. [30], [23]).

Let u ∈ G(Rd). We call u:

(i) non-negative, if for each compact set K there exists a representative
(uε)ε of u such that for each ε > 0, infx∈K uε(x) ≥ 0.

(ii) strictly positive, if for each representative (uε)ε of u and for each
compact set K there exists constants m and ε0 such that for each
ε < ε0, infx∈K uε(x) ≥ εm.

(iii) A harmonic generalized function u is said to be globally non-negative,
if it admits a global harmonic representative (Gε)ε so that Gε is non-
negative for each ε ≤ 1.

(iv) We call a harmonic generalized function u H-non-negative (and write
u ≥H 0), if it admits a global harmonic representative (Gε)ε with
the following property:

(∀m > 0)(∀a > 0)(∃εa,m ∈ (0, 1])(∀ε < εa,m)(∀ t : |t| < 1

εm
)(uε(t) + εa ≥ 0)

(5.4)

Furthermore, a harmonic generalized function u is said to be H-bounded

from above (resp. below) by c̃ ∈ R̃, if for a representative (cε)ε of c̃, the
global harmonic representative (Gε)ε − (cε)ε satisfies condition (5.4). A
harmonic generalized function u is said to be H-bounded if it is H-bounded
from above and from below.
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Definition 7. We mention the following implications: u globally non-nega-
tive harmonic ⇒ u is H-non-negative; u is H-non-negative harmonic ; u
globally non-negative harmonic.

Remark 1.

(i) Note, that a harmonic generalized function u in Rd, with a global
harmonic representative (Gε)ε that is globally bounded from below
by a net (Cε)ε of real numbers, is simply constant. This follows by
applying Liouville’s theorem on Gε for each ε.

(ii) However, if u is just bounded from below (we use here part (i) of
the above definition), the above conclusion does not hold. Consider,
for instance, uε(x, y) = (x + 1/ε) + (y + 1/ε), (x, y) ∈ R2, ε ≤ 1.
Then the corresponding u is a harmonic generalized function and
bounded from below. But u is not constant. Note, however, that u
is not globally bounded.

Theorem 16. A harmonic generalized function u in Rd which is H-bounded
from below is a constant.

A direct consequence of this theorem is that every H-bounded harmonic
generalized function u ∈ G(Rd) is a constant.

Now we give the definition of an isolated singularity of a harmonic gener-
alized function, and show that such singularities can be removed. To begin
with, we start with basic observations.

Example 1. (1) Let G ∈ G(Ω). If there exists a representative (Gε)ε such
that for all ε ≤ 1, Gε is harmonic in Ω\{x0}, thenG is a harmonic generalized
function. In fact, we know that for all ε ≤ 1, ∆Gε = mε, wheremε is smooth
and mε = 0 whenever x ̸= x0. By continuity, mε = 0, ε ≤ 1, also at x0, and
therefore, ∆G = 0 in G(Ω).

(2) Let G ∈ G(Ω) and G|Ω\{x0} ∈ GH(Ω \ {x0}). Then G need not be
a harmonic generalized function in Ω. Assume for the sake of simplicity
that Ω = Rd. Take ρ ∈ D(Rd) so that

∫
ρ(t)dt = 1 and set u = [(ρε)ε]

(ρε = ε−dρ(·/ε)). Then for each a > 0, ∆ρε = mε, ε ≤ 1, with (mε)ε
negligible in {x : |x| > a}, but ∆u ̸= 0 in G(Rd).

Thus one has to find an appropriate way to find conditions which allow
removing “singularities”.

Definition 8. Let Ω be an open set in Rd and x0 ∈ Ω. A generalized function
G ∈ G(Ω\{x0)} (resp. G ∈ GHar(Ω\{x0)}) is said to have an isolated (resp.
isolated harmonic) singularity at x0. Moreover, if there exists F ∈ G(Ω)
(resp. F ∈ GHar(Ω)) such that F |Ω\{x0} = G, then we say that G has a
removable (resp. harmonic removable) singularity.
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Example 2. We give an example of a generalized function in GH(Ω \ {x0})
which can be extended in Ω as a generalized function but which does not
have a harmonic extension in Ω. Let ψ ∈ C∞((0,∞)) be such that ψ ≡ 0
in the interval (0, 1/4) and ψ ≡ 1 in the interval (1/3,∞). Consider in Rd,
d > 2, a net

gε(x) = |x|2−dψ(|x|/ε), x ∈ B(0, 1), ε ≤ 1.

Let K ⊂⊂ B(0, 1) and 0 ∈ K. Then, there exists ε0 such that for ε ≤ ε0,

sup
x∈K

|gε(x)| = sup
x∈K

|x|>ε/4

|gε(x)| ≤ (4/ε)d−2 sup
x∈K

|x|>ε/4

ψ(|x|/ε) ≤ Cε2−d.

If K ⊂⊂ B(0, 1) and 0 /∈ K, then for ε ≤ ε0,

sup
x∈K

|gε(x)| = sup
x∈K

|x|2−d.

The derivatives of gε can be estimated in the same way. Thus (gε)ε de-
termines a harmonic generalized function in B(0, 1) \ {0}. Furthermore it
can be extended to a generalized function in B(0, 1) by merely choosing the
same representative (gε)ε. But as a harmonic generalized function, it has
a harmonic singularity which cannot be removed. To see this, one has to
consider the ball B(0, 1/2) ⊂ Rd.

Theorem 17 below states assertions on harmonic generalized functions in
pierced domains. First we need a definition of H-boundedness in a neigh-
borhood of x0 which corresponds to H-boundedness at infinity.

Definition 9. Let G ∈ GHar(Ω \ {x0}) and let B(x0, R) ⊂ Ω. We say that
it is H−bounded in a neighborhood of x0 if there exists M = [(Mε)ε] > 0
and a global harmonic representative (Gε)ε in Ω \ {x0} such that for every
m ∈ N there exists εm ∈ (0, 1] such that

|Gε(x)| < Mε, x ∈ {εm < |x− x0| < R, ε < εm}.

Theorem 17. Let G ∈ GHar(Ω \ {x0}). The following holds:

(1) Assume additionally that G ∈ G(Ω), and that for every sharp neigh-
borhood V of x0 G has a representative (Gε)ε so that for every ε ≤ 1,
Gε is harmonic outside Vε, where V = [(Vε)ε]. Then G ∈ GHar(Ω).

(2) If G is H−bounded at x0, then G extends uniquely to an element of
GHar(Ω).

As an application of our theory in a new setting we provide a solution to
the Dirichlet problem for the Laplace equation in the unit ball.

Given E = C(S1), the space of continuous functions in the unit sphere in
Rd, with sup-norm ||·||S1 , G[E] = G[C(S1)] denotes the Colombeau extension
of E.
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Theorem 18. Let f ∈ G[C(S1)] and (fε)ε be its representative. Then there
exists a generalized function G with a global harmonic representative (Gε)ε
in B(0, 1), such that:

(1) for each ε ≤ 1, Gε can be continuously extended to f in S1;
(2) the construction of G is independent of the choice of a representative

(fε)ε of f .

Suppose that u ∈ G[Cb(Rd−1 ×{0})], where Cb is the space of continuous
and bounded functions(with the sup-norm) and that (uε)ε is its represen-
tative. Then there exists a generalized function G ∈ G(H) with a global
harmonic representative (Gε)ε in H, such that:

(1) for each ε ≤ 1, Gε can be continuously extended to uε in Rd−1×{0};
(2) the construction of G is independent of the choice of representative

(uε)ε of u.

Let Ω be a bounded open set in Rd with a C2− boundary.

Theorem 19. Let Fn, F ∈ G[C(∂Ω)], n ∈ N. There exist harmonic general-
ized functions Gn, n ∈ N and G in Ω such that Gn|∂Ω = Fn and G|∂Ω = F .
If Fn → F , as n→ ∞, in the sense of the sharp topology of G[C(∂Ω)], then
Gn → G in the sense of the sharp topology of GHar(Ω) as well as of G[C(Ω)].
Remark 2. There exists a solution u to a Dirichlet problem (in B(0, 1))
∆u = 0 u|S1

= f ∈ G[C(∂Ω)], obtained by the Poisson formula (cf. Theorem

18) so that for a given generalized point x̃ ∈ S̃1 and a sequence of generalized

points (ỹn)n in Ω̃ which converges sharply to x̃ in Ω̃, (u(ỹn))n does not
converge sharply to f(x̃).

In order to obtain the continuity in the sense of sharp topology we have
to assume a stronger condition on f .

Let G[C0,α(SR)] be the Colombeau extension of the Hölder space C0,α

(SR), α ∈ (0, 1). So (Fε)ε is a representative of some element in G[C0,α(SR)]
if there exist C > 0,M > 0 and ε0 ∈ (0, 1] such that

sup
t,s∈SR

|Fε(t)− Fε(s)

(t− s)α
| ≤ Cε−M , ε ≤ ε0. (5.5)

We have the following theorem.

Theorem 20. Let F ∈ G[C0,α(SR)]. Then there exists a unique G ∈
GHar(B(0, R)) ∩ G[C(B(0, R))] and so that ∆G = 0 in B(0, R), G|SR

= F

so that if (ỹn)n → x̃ ∈ S̃R in the sharp topology of B̃(0, R), then G(ỹn)

converges to G(x̃) in the sharp topology of C̃.
Note that if F ∈ G(∂Ω), where ∂Ω is smooth, then the Dirichlet problem is
solvable and the sharp continuity of the solution, up to the boundary, holds.
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Remark 3. As we explained, the elements of algebras of generalized func-
tions are represented by nets (fε)ε of smooth functions, with appropriate
growth as ε → 0, and for the space of smooth functions the corresponding
algebra of smooth generalized functions is G∞ (see [28]). In our further in-
vestigations we find out the conditions with respect to the growth order in ε
which characterize spaces of absolutely continuous functions ACk, Sobolev
spaces W k,p, Zigmund spaces C∗ and Hölder spaces Hk,p.
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