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ON THE NORM OF A MULTIDIMENSIONAL

HILBERT-TYPE OPERATOR

Y. BICHENG AND M. KRNIĆ

Abstract. In this paper we consider multidimensional Hilbert-type in-
tegral inequalities with non-conjugate exponents and homogeneous ker-
nels of negative degree. As an application, we define related Hilbert-type
integral operators and consider their norms. The problem of determin-
ing the norm of such operators is equivalent to the problem of the best
possible constant factors involved in the right-hand sides of related in-
equalities. In such a way, we obtain the norms and the best possible
constant factors in some general settings with conjugate exponents. In
particular, we obtain generalizations of some recent results from the
literature.

1. Introduction and preliminaries

Let | · |α denote a α−norm of the vector x = (x1, x2, . . . , xn) ∈ Rn+, that
is

|x|α =

( n∑
i=1

xi
α

) 1
α

, α > 0. (1.1)

Let ϕ, ψ : Rn+ → R be non-negative measurable power functions defined by

ϕ(x) = |x|α
p
(
n
q
− s
r1

)
and ψ(y) = |y|α

q
(
n
p
− s
r2

)
, where s > 0 and 1

p +
1
q = 1,

1
r1
+ 1
r2

= 1, with p, r1 > 1. Further, let || · ||LrΩ(Rn+) denote the norm of a non-

negative measurable function f : Rn+ → R, with respect to a non-negative
measurable weight function Ω : Rn+ → R, that is

||f ||LrΩ(Rn+) =

[ ∫
Rn+

Ω(x)|f(x)|rdx
] 1
r

. (1.2)
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In relation (1.2), LrΩ(Rn+) denotes the measure space

LrΩ(Rn+) =
{
f : Rn+ → R; ||f ||LrΩ(Rn+) <∞

}
, (1.3)

and dx is a Lebesgue measure.
The Hilbert-type integral operator Ts : Lpϕ(R

n
+) → Lp

ψ1−p(Rn+) is defined

by

(Tsf) (y) =
∫
Rn+
ks (|x|α, |y|α) f(x)dx, y ∈ Rn+, (1.4)

where ks : R2
+ → R is non-negative measurable homogeneous function of

degree −s, s > 0, that is ks(tu, tv) = t−sks(u, v) for all t, u, v ≥ 0.
In [7], Y. Bicheng obtained that the norm of the operator Ts is

||Ts|| =
Γn

(
1
α

)
αn−1Γ

(
n
α

) ∫ ∞

0
ks(t, 1)t

s
r1

−1
dt, (1.5)

where Γ denotes the usual Gamma function under the assumption that the
integral in formula (1.5) converges. Here, we assume that the norm of the
operator Ts is defined as

||Ts|| = sup
f∈Lpϕ(R

n
+),f ̸=0

||Tsf ||Lp
ψ1−p (Rn+)

||f ||Lpϕ(Rn+)

. (1.6)

The obtained norm is established by means of two equivalent inequalities∫
Rn+

∫
Rn+
ks (|x|α, |y|α) f(x)g(y)dxdy ≤ ||Ts|| · ||f ||Lpϕ(Rn+) · ||g||Lpψ(Rn+) (1.7)

and{∫
Rn+

|y|α
ps
r2

−n
[ ∫

Rn+
ks (|x|α, |y|α) f(x)dx

]p
dy

} 1
p

≤ ||Ts|| · ||f ||Lpϕ(Rn+),

(1.8)
which hold for conjugate exponents p and q, that is 1

p +
1
q = 1, with p > 1,

and for non-negative measurable functions f, g : Rn+ → R. In [7], it is verified
that the constant factor ||Ts|| is the best possible in both inequalities (1.7)
and (1.8), which is equivalent that the norm of operator Ts is given by (1.5).

Inequality (1.7) is a generalization of the classical Hilbert inequality, and
will be referred to as a Hilbert-type inequality. On the other hand, inequality
(1.8) will be referred to as a Hardy-Hilbert type inequality.

If 0 < p < 1 then the signs of inequality in (1.7) and (1.8) are reversed.
Also, equalities in (1.7) and (1.8) hold if and only if f = 0 or g = 0 a.e. on
Rn+.
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Previous results are some extensions of papers [5], [11] and [18]. Further,
if n = 1 and ks(x, y) = (x+ y)−s, inequality (1.7) reduces to∫ ∞

0

∫ ∞

0

f(x)g(y)

(x+ y)s
dxdy

≤ B

(
s

r1
,
s

r2

)[∫ ∞

0
x
p
(

1
q
− s
r1

)
fp(x)dx

] 1
p
[∫ ∞

0
y
q
(

1
p
− s
r2

)
gq(y)dy

] 1
q

, (1.9)

where B is the usual Beta function (see [2], [12], and [13]). Clearly, for
p = q = r1 = r2 = 2 and s = 1, inequality (1.9) reduces to a classical
Hilbert integral inequality, which is one of the most important inequalities
in analysis and its applications (see [6], [10] and [16]). In recent years, some
authors also studied a few kinds of Hilbert-type operators and their relating
inequalities (see [1], [2], [3] and [4]).

The main objective of this paper is a generalization of a Hilbert-type
operator (1.4) and related inequalities (1.7) and (1.8). More precisely, such
operators and inequalities can be treated in a more general setting with
non-conjugate exponents and with more general weight functions.

The paper is organized in the following way: After this Introduction, in
Section 2 we introduce a unified treatment of the Hilbert and Hardy-Hilbert
type inequalities with non-conjugate exponents, developed in a recent paper
[9]. In Section 3 we obtain a pair of equivalent inequalities which extend
the inequalities (1.7) and (1.8) to the case of non-conjugate exponents and
with more general power weights. Further, we define a related Hilbert-type
operator and, as a consequence, we obtain the upper bound for its norm.
In Section 4 we restrict obtained results to a conjugate setting and analyze
the conditions which yield the best possible constant factors in obtained
inequalities and the norm of the related operator. Section 5 is dedicated
to Hardy-type operators, deduced from the defined Hilbert-type operator.
Finally, in the last section we apply derived results to some special homoge-
neous kernels and compare our results with some previously known results
from the literature.

Conventions. Throughout this paper, let r′ be the conjugate exponent to
a positive real number r ̸= 1, that is, 1

r + 1
r′ = 1, or r′ = r

r−1 . A weight
function is assumed to be any non-negative measurable function. Further,
definitions (1.1), (1.2), and (1.3) of the norms | · |α, || · ||LrΩ(Rn+), and the

measure space LrΩ(Rn+) will be valid throughout the whole paper. Similarly,
the norm of the operator between two measure spaces is defined according
to definition (1.6). In addition, all functions are assumed to be non-negative
and measurable. Expressions of the form 0 · ∞, 0

∞ , ∞
∞ , and 0

0 are taken to
be equal to zero.
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Techniques that will be used in the proofs are mainly based on classical
real analysis. So, before we state and prove our main results, we have to
introduce an extension of the Hilbert-type inequalities to the case of non-
conjugate exponents.

2. An unified treatment of Hilbert-type inequalities with
non-conjugate exponents

Suppose p and q are real parameters, such that

p > 1, q > 1,
1

p
+

1

q
≥ 1, (2.1)

and let p′ = p
p−1 and q′ = q

q−1 respectively be their conjugate exponents,

that is, 1
p +

1
p′ = 1 and 1

q +
1
q′ = 1. Further, define

λ =
1

p′
+

1

q′
(2.2)

and observe that 0 < λ ≤ 1 holds for all p and q as in (2.1). In particular,
equality λ = 1 holds in (2.2) if and only if q = p′, that is, only if p and q are
mutually conjugate. Otherwise, we have 0 < λ < 1, and such parameters p
and q will be referred to as non-conjugate exponents.

Considering p, q, and λ as in (2.1) and (2.2), Hardy, Littlewood, and
Pólya, [10], obtained an extension of the classical Hilbert inequality to
the case of non-conjugate exponents. A more simple proof of that exten-
sion, based on a single application of the Hölder inequality, was given by
F. F. Bonsall, [8] later.

Very recently, A. Čižmešija et. al. developed in paper [9] a unified treat-
ment of the general Hilbert-type inequalities extended to the case of non-
conjugate exponents. Their main result, based on one Bonsall’s idea from
paper [8], is the following.

Theorem 2.1. Let real parameters p, q, and λ be as in (2.1) and (2.2), and
let X and Y be measure spaces with positive σ-finite measures µ1 and µ2
respectively. Let K be a non-negative measurable function on X × Y , φ a
measurable, a.e. positive function on X, and ψ a measurable, a.e. positive
function on Y . If the functions F on X and G on Y are defined by

F (x) =

[∫
Y
K(x, y)ψ−q′(y) dµ2(y)

] 1
q′

, x ∈ X, (2.3)

and

G(y) =

[∫
X
K(x, y)φ−p′(x) dµ1(x)

] 1
p′

, y ∈ Y, (2.4)
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then for all non-negative measurable functions f on X and g on Y the
inequalities∫

X

∫
Y
Kλ(x, y)f(x)g(y) dµ1(x)dµ2(y) ≤ ∥φFf∥Lp(µ1)∥ψGg∥Lq(µ2) (2.5)

and{∫
Y

[
(ψG)−1(y)

∫
X
Kλ(x, y)f(x) dµ1(x)

]q′
dµ2(y)

} 1
q′

≤ ∥φFf∥Lp(µ1)

(2.6)
hold and are equivalent. Here, Lp(µ) denotes the measure space Lp(X;µ)

and ||f ||Lp(µ) =
[∫
X f

p(x)dµ(x)
] 1
p is the corresponding norm.

Clearly, inequalities (2.5) and (2.6) are generalizations of the classical
Hilbert and Hardy inequalities. So, inequalities deduced from (2.5) will be
referred to as the Hilbert-type inequalities and inequalities deduced from
(2.6), as the Hardy-Hilbert type inequalities.

Further, in paper [9] it was shown that necessary and sufficient conditions
for equalities in (2.5) and (2.6) are described with the relations

f = αφ−p′F
q′
p
−1

a.e. on X and g = βψ−q′G
p′
q
−1

a.e. on Y, (2.7)

and

K = γF q
′
Gp

′
a.e. on X × Y, (2.8)

where α, β and γ are some positive real constants.
The same authors also considered reversed inequalities in (2.5) and (2.6),

these are the inequalities with the reversed sign of inequality. They obtained
that reverse inequalities in (2.5) and (2.6) hold if

p < 0, q ∈ ⟨0, 1⟩, 1

p
+

1

q
≤ 1, (2.9)

p ∈ ⟨0, 1⟩, q < 0,
1

p
+

1

q
≤ 1, (2.10)

or

p ∈ ⟨0, 1⟩, q ∈ ⟨0, 1⟩, (2.11)

since the crucial step in proving Theorem 2.1 was applying the Hölder ine-
quality, and parameters given by (2.9), (2.10) or (2.11) provide the so-called
the reversed Hölder inequality (for details, see e.g. [16, Chapter V]). Note
that in conjugate case, reverse inequalities in (2.5) and (2.6) are achieved if
0 < p < 1 and q < 0.
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3. Basic result and definition of Hilbert-type operator

We proceed with an application of Theorem 2.1 to homogeneous kernels of
negative degree and certain power weights, with respect to Lebesgue measure
in Rn+, n ∈ N. The results will be given in two equivalent forms in non-
conjugate setting, analogous to (2.5) and (2.6). However, the best possible
constants will be obtained only in the conjugate case, since the described
problem in the non-conjugate case seems very difficult and remains open.

At the beginning, we need some auxiliary results. In [7], one can find the
following lemma.

Lemma 3.1. Suppose m ∈ N, α > 0, and R > 0. If Ψ : [0, 1] → R is a
non-negative measurable function, then∫

DmR

Ψ

[ m∑
i=1

(xi
R

)α ]
dx =

RmΓm
(
1
α

)
αmΓ

(
m
α

) ∫ 1

0
Ψ(u)u

m
α
−1du, (3.1)

where Dm
R =

{
x = (x1, x2, . . . , xm) ∈ Rm+ :

∑m
i=1 xi

α ≤ Rα
}

and Γ is the
usual Gamma function.

As a direct consequence of Lemma 3.1 we easily get the following result.

Lemma 3.2. If m ∈ N, α > 0, and ε ≥ 0 then∫
{x∈Rm+ :|x|α≥1}

|x|α−n−εdx =

{
Γm( 1

α)
εαm−1Γ(mα )

, ε > 0,

∞, ε = 0,
(3.2)

where Γ is the usual Gamma function.

Proof. We use Lemma 3.1. Let R > 1. We define Θ : [0, 1] → R as

Θ(u) =

{
0 , 0 ≤ u < R−α,(
Ru

1
α

)−m−ε
, R−α ≤ u ≤ 1.

Now, by using (3.1) and the notation from Lemma 3.1 we have∫
{x∈Rm+ :|x|α≥1}

|x|α−m−εdx = lim
R→∞

∫
DmR

Θ

[ m∑
i=1

(xi
R

)α ]
dx

= lim
R→∞

RmΓm
(
1
α

)
αmΓ

(
m
α

) ∫ 1

0
Θ(u)u

m
α
−1du

=
Γm

(
1
α

)
αmΓ

(
m
α

) lim
R→∞

1

Rε

∫ 1

R−α
u−

ε
α
−1du

=
Γm

(
1
α

)
εαm−1Γ

(
m
α

) lim
R→∞

(
1− 1

Rε

)
,

and the result follows. �



ON THE NORM OF A MULTIDIMENSIONAL HILBERT-TYPE OPERATOR 229

In this paper we assume that ks : R2
+ → R is a non-negative, measurable

homogeneous function of degree −s, s > 0, and we consider the integral

cs(η) =

∫ ∞

0
ks(1, t)t

−ηdt, (3.3)

defined in terms of the function ks. Clearly, the convergence of integral (3.3)
depends on the function ks, so the parameters η are assumed to be chosen
so that integral (3.3) converges.

Further, we consider inequalities related to (1.7) and (1.8) with power
weight functions ΦA : Rm+ → R, ΨA : Rn+ → R defined by

ΦA(x) = |x|α
p(A1−A2)+(n−s) p

q′ and ΨA(y) = |y|β
q(A2−A1)+(m−s) q

p′ ,
(3.4)

where m,n ∈ N and A1, A2 ∈ R.
Now we are ready to state and prove the result that will be the base in

our investigation of Hilbert-type operators and their norms.

Theorem 3.3. Let real parameters p, q, λ be as in (2.1) and (2.2), let
m,n ∈ N, and let α, β > 0. Suppose ks : R2

+ → R is a homogeneous
function of degree −s, s > 0, and A1, A2 are real parameters such that
cs(q

′A2 + 1 − n) < ∞, cs(m + 1 − p′A1 − s) < ∞. If the functions ΦA on
Rm+ and ΨA on Rn+ are defined by (3.4), then the inequalities∫

Rm+

∫
Rn+
ks
λ (|x|α, |y|β) f(x)g(y)dxdy ≤ CA||f ||LpΦA

(Rm+ )||g||LqΨA
(Rn+) (3.5)

and{∫
Rn+

|y|β
q′(A1−A2)+(s−m) q

′
p′

[ ∫
Rm+

ks
λ (|x|α, |y|β) f(x)dx

]q′
dy

} 1
q′

≤ CA||f ||LpΦA
(Rm+ ), (3.6)

where

CA =

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p′
[

Γn
(

1
β

)
βn−1Γ

(
n
β

)] 1
q′

cs
1
q′ (q′A2+1−n)cs

1
p′ (m+1−p′A1−s),

(3.7)
hold for all non-negative measurable functions f : Rm+ → R, g : Rn+ → R and
are equivalent. Equalities in (3.5) and (3.6) hold if and only if f = 0 a.e.
on Rm+ or g = 0 a.e. on Rn+. Moreover, if p and q are as in (2.9), (2.10) or
(2.11), the signs of inequality in (3.5) and (3.6) are reversed.

Proof. We apply Theorem 2.1 to the homogeneous kernel ks : R2
+ → R

and certain power weights. More precisely, we substitute the power weights
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φ(x) = |x|A1 , x ∈ Rm+ and ψ(y) = |y|A2 , y ∈ Rn+, in inequality (2.5). Now,
since

|y|β = R

[ n∑
i=1

(yi
R

)β ] 1
β

, R > 0,

by using the notation from Lemma 3.1, we have

F q
′
(x) = lim

R→∞

∫
DnR

R−q′A2ks

(
|x|α, R

[ n∑
i=1

(yi
R

)β ] 1
β
)[ n∑

i=1

(yi
R

)β ]− q′A2
β

dy,

(3.8)
where the function F : Rm+ → R is defined by (2.3).

Further, by using relation (3.1), with Ψ(u)=R−q′A2ks

(
|x|α, Ru

1
β

)
u
− q′A2

β ,

the above formula (3.8) reads

F q
′
(x) =

Γn
(

1
β

)
βnΓ

(
n
β

) lim
R→∞

Rn−q
′A2

∫ 1

0
ks

(
|x|α, Ru

1
β

)
u
n−β−q′A2

β du. (3.9)

Finally, by using substitution Ru
1
β = t|x|α and homogeneity of function ks,

we have

F q
′
(x) =

Γn
(

1
β

)
βn−1Γ

(
n
β

) |x|αn−s−q′A2 lim
R→∞

∫ R|x|−1
α

0
ks(1, t)t

n−1−q′A2dt

=
Γn

(
1
β

)
βn−1Γ

(
n
β

) |x|αn−s−q′A2

∫ ∞

0
ks(1, t)t

n−1−q′A2dt.

Hence,

F (x) =

[
Γn

(
1
β

)
βn−1Γ

(
n
β

)] 1
q′

cs
1
q′ (q′A2 + 1− n)|x|α

n−s
q′ −A2 . (3.10)

In a similar way we obtain

G(y) =

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p′

cs
1
p′ (m+ 1− p′A1 − s)|y|β

m−s
p′ −A1 . (3.11)

Finally, by substituting (3.10) and (3.11) in (2.5) and (2.6) we obtain rela-
tions (3.5) and (3.6).

It remains to investigate the case of equality in the obtained inequalities.
According to conditions (2.7) and (2.8), the necessary condition for equality
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in (3.5) and (3.6) is that the function f has the form

f(x) = ν|x|α−p
′A1+(1−λ)(n−s−q′A2), a.e. on Rm+ , (3.12)

for some positive constant ν. For such a choice of function f , the first integral
on the right-hand side of inequality (3.5) becomes

ν

∫
Rm+

|x|αn−s−p
′A1−q′A2dx,

which clearly diverges. Hence, we came to a contradiction so the equality
in (3.5) and (3.6) holds only if f = 0 a.e. on Rm+ or g = 0 a.e. on Rn+. The
proof is now complete. �
Remark 3.4. If we choose the parameters A1 = 1

p′ (m− s1) and A2 =
1
q′ (n− s2), where s1 + s2 = s, inequalities (3.5) and (3.6) respectively read∫

Rm+

∫
Rn+
ks
λ (|x|α, |y|β) f(x)g(y)dxdy ≤ Cs||f ||LpΦs

(Rm+ )||g||LqΨs
(Rn+) (3.13)

and{∫
Rn+

|y|βλps2−n
[ ∫

Rm+
ks
λ (|x|α, |y|β) f(x)dx

]q′
dy

} 1
q′

≤ Cs||f ||LpΦs
(Rm+ ),

(3.14)
where

Cs =

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p′
[

Γn
(

1
β

)
βn−1Γ

(
n
β

)] 1
q′

cs
λ(1− s2) (3.15)

and

Φs(x) = |x|α
p
(
m
p′−λs1

)
and Ψs(y) = |y|β

q
(
n
q′−λs2

)
. (3.16)

Of course, inequalities (3.13) and (3.14) are valid if cs(1− s2) <∞. Now, if
we substitute s1 =

s
r1

and s2 =
s
r2

in (3.13) and (3.14), where r1, r2 is a pair

of conjugate parameters, these inequalities become (1.7) and (1.8) (in the
conjugate case and for α = β, m = n). Thus, we may regard relations (3.13)
and (3.14) as extensions of relations (1.7) and (1.8), from the Introduction,
to the case of non-conjugate exponents.

On the other hand, if we substitute m = n = α = β = 1 in (3.13), we get
the result from paper [6], also in the conjugate case.

Remark 3.5. In the paper [17], the author obtained the related Hilbert and
Hardy-Hilbert type inequalities for a homogeneous kernel with n variables,
but with the same norms of appropriate vectors. So, we can regard inequal-
ities (3.5) and (3.6) as a slight generalizations of results from [17], for n = 2.
One can obtain the extensions of (3.5) and (3.6) for a homogeneous kernel
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in n variables. Such results are here omitted since we shall investigate the
operators which include the homogeneous kernel in two variables.

The Hardy-Hilbert type inequality (3.6) allows us a precise definition of
the Hilbert-type operator in a non-conjugate setting, and some conclusions
about its norm, as well.

Hence, under the assumptions of Theorem 3.3, we define the Hilbert-type

operator Hs : L
p
ΦA

(Rm+ ) → Lq
′

Ψ1−q′
A

(Rn+) as

(Hsf) (y) =

∫
Rm+

ks
λ (|x|α, |y|β) f(x)dx, y ∈ Rn+. (3.17)

Clearly, the operator Hs is well defined since from inequality (3.6) we con-

clude that Hsf ∈ Lq
′

Ψ1−q′
A

(Rn+). Moreover, inequality (3.6) reads in the oper-

ator form

||Hsf ||Lq′
Ψ
1−q′
A

(Rn+)
≤ CA||f ||LpΦA

(Rm+ ). (3.18)

On the other hand, since the norm of the operator Hs is defined by

||Hs|| = sup
f∈LpΦA

(Rm+ ),f ̸=0

||Hsf ||Lq′
Ψ
1−q′
A

(Rn+)

||f ||LpΦA
(Rm+ )

, (3.19)

inequality (3.18) yields the upper bound for the norm of operator Hs:

||Hs|| ≤ CA. (3.20)

In the next section we shall investigate some general cases in which we can
find the norm of operator Hs. Obviously, that problem is equivalent to the
problem of the best possible constant factors involved in the right-hand sides
of inequalities (3.5) and (3.6).

4. On the best possible constant and norm

As already mentioned, we are not able to find an explicit value for the
norm of the operator (3.17) in a non-conjugate setting.

In spite of that, we can solve the mentioned problem in some general
settings with conjugate exponents. Hence, in this section parameters p and
q are assumed to be conjugate, that is, when p = q′, q = p′ and λ = 1. We
consider constant factor CA involved in the right-hand sides of inequalities
(3.5) and (3.6). Of course, it is enough to investigate the problem for the
Hilbert-type inequality (3.5) since we have pair of equivalent inequalities.

The main idea in obtaining the best possible constant factor is a reduction
of the constant CA, defined by (3.7), in the form without some exponents,
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by the appropriate choice of parameters A1 and A2. Thus, it is natural to
set the condition

qA1 + pA2 = m+ n− s, (4.1)

where p and q are conjugate exponents, since cs(pA2 + 1− n) = cs(m+ 1−
qA1 − s) in that case.

Under condition (4.1) in the conjugate case, the constant factor (3.7)
becomes

CA =

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
q

[
Γn

(
1
β

)
βn−1Γ

(
n
β

)] 1
p

cs(pA2 + 1− n). (4.2)

Further, if the constraint (4.1) is satisfied, inequalities (3.5) and (3.6) from
Theorem 3.3 become respectively∫

Rm+

∫
Rn+
ks (|x|α, |y|β) f(x)g(y)dxdy ≤ CA||f ||Lp

ΦA
(Rm+ )||g||Lq

ΨA
(Rn+) (4.3)

and{∫
Rn+

|y|βpqA1+p(s−m)−n
[ ∫

Rm+
ks (|x|α, |y|β) f(x)dx

]p
dy

} 1
p

≤ CA||f ||Lp
ΦA

(Rm+ ), (4.4)

where CA is defined by (4.2) and

ΦA(x) = |x|αpqA1−m and ΨA(y) = |y|βpqA2−n. (4.5)

Clearly, if 0 < p < 1 and q < 0, then the reverse inequalities in (4.3) and
(4.4) hold.

The following result provides the best possible constant factors in inequal-
ities (4.3) and (4.4).

Theorem 4.1. Suppose p and q are conjugate exponents, A1 and A2 are real
parameters satisfying constraint (4.1), and suppose there exist δ > 0 such
that cs(η) < ∞ for η ∈ [pA2 + 1− n− δ, pA2 + 1− n] . Then the constant
factor CA is the best possible in both inequalities (4.3) and (4.4).

Proof. We consider two cases depending on whether p > 1 or 0 < p < 1.
If p > 1 then q > 1. Suppose the constant factor CA, defined by (4.2),

is not the best possible in inequality (4.3). That implies that there exists a
constant factor K, smaller than CA, such that the inequality (4.3) is still
valid if we replace CA with K.
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Let ε > 0. We substitute functions fε : Rm+ → R and gε : Rn+ → R defined
by

fε(x) =

{
0 , 0 < |x|α < 1,

|x|α−qA1− ε
p , |x|α ≥ 1

and

gε(x) =

{
0 , 0 < |y|β < 1,

|y|β−pA2− ε
q , |y|β ≥ 1

.

in inequality (4.3), with the constant factorK instead of CA. Then, by using
relation (3.2) from Lemma 3.2, the right-hand side of (4.3) becomes

Rε =
K

ε

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p

[
Γn

(
1
β

)
βn−1Γ

(
n
β

)] 1
q

. (4.6)

Now we compute the left-hand side Lε of inequality (4.3) for the above choice
of functions fε : Rm+ → R and gε : Rn+ → R. We have

Lε=

∫
{x∈Rm+ :|x|α≥1}

|x|α−qA1− ε
p

[ ∫
{y∈Rn+:|y|β≥1}

ks (|x|α, |y|β) |y|β−pA2− ε
q

]
dx.

(4.7)
Clearly,∫

{y∈Rn+:|y|β≥1}
ks (|x|α, |y|β) |y|β−pA2− ε

q dy

=

∫
Rn+
ks (|x|α, |y|β) |y|β−pA2− ε

q dy−
∫
{y∈Rn+:|y|β≤1}

ks (|x|α, |y|β) |y|β−pA2− ε
q dy,

(4.8)

since the set {y ∈ Rn+ : |y|β = 1} has measure 0. On the other hand, by using
relation (3.1), we have∫

DnR

ks (|x|α, |y|β) |y|β−pA2− ε
q dy

= |x|αn−pA2−s− ε
q

Γn
(

1
β

)
βn−1Γ

(
n
β

) ∫ R|x|−1
α

0
ks(1, t)t

n−pA2−1− ε
q dt, (4.9)
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where the set Dn
R is defined in a statement of Lemma 3.1. Hence, if we

substitute R = 1 and R = ∞ in (4.9), then from (4.8) we get∫
{y∈Rn+:|y|β≥1}

ks (|x|α, |y|β) |y|β−pA2− ε
q dy

= |x|αn−pA2−s− ε
q

Γn
(

1
β

)
βn−1Γ

(
n
β

) ∫ ∞

|x|−1
α

ks(1, t)t
n−pA2−1− ε

q dt. (4.10)

Further, if we substitute (4.10) in (4.7) we get

Lε =
Γn

(
1
β

)
βn−1Γ

(
n
β

) ∫
{x∈Rm+ :|x|α≥1}

|x|α−m−ε
[ ∫ ∞

|x|−1
α

ks(1, t)t
n−pA2−1− ε

q dt

]
dx.

(4.11)
Now, we separate the inner integral in (4.11) into two integrals over the
intervals ⟨|x|−1

α , 1⟩ and ⟨1,∞⟩. Clearly, by using the Fubini theorem and
substitution variable theorem, with x = t−1z, we get∫

{x∈Rm+ :|x|α≥1}
|x|α−m−ε

[ ∫ 1

|x|−1
α

ks(1, t)t
n−pA2−1− ε

q dt

]
dx

=

∫ 1

0
ks(1, t)t

n−pA2−1− ε
q

[ ∫
{x∈Rm+ :|x|α≥t−1}

|x|α−m−εdx

]
dt

=

∫ 1

0
ks(1, t)t

n−pA2−1+ ε
p

[ ∫
{z∈Rm+ :|z|α≥1}

|z|α−m−εdz

]
dt. (4.12)

Finally, (3.2), (4.11) and (4.12) yield

Lε =
1

ε
·

Γm
(
1
α

)
αm−1Γ

(
m
α

) ·
Γn

(
1
β

)
βn−1Γ

(
n
β

)
·
[ ∫ 1

0
ks(1, t)t

n−pA2−1+ ε
p +

∫ ∞

1
ks(1, t)t

n−pA2−1− ε
q

]
. (4.13)

If p > 1, then the estimates

t
n−pA2−1+ ε

p ≤ tn−pA2−1, t ∈ ⟨0, 1⟩

t
n−pA2−1− ε

q ≤ tn−pA2−1, t ∈ ⟨1,∞⟩

are obviously valid, so∫ 1

0
ks(1, t)t

n−pA2−1+ ε
p +

∫ ∞

1
ks(1, t)t

n−pA2−1− ε
q ≤ cs(pA2 + 1− n) <∞.
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Thus, according to the Lebesgue control convergent theorem (see [15]) we
have∫ 1

0
ks(1, t)t

n−pA2−1+ ε
p +

∫ ∞

1
ks(1, t)t

n−pA2−1− ε
q = cs(pA2 + 1− n) + o(1).

(4.14)
Finally, since Lε ≤ Rε, by using (4.6), (4.13) and (4.14) we have

1

ε
·

Γm
(
1
α

)
αm−1Γ

(
m
α

) ·
Γn

(
1
β

)
βn−1Γ

(
n
β

) · cs(pA2 + 1− n) (1 + o(1))

≤ K

ε

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p

[
Γn

(
1
β

)
βn−1Γ

(
n
β

)] 1
q

,

that is CA(1 + o(1)) ≤ K. Now, by letting ε ↘ 0 we get CA ≤ K, which
contradicts the fact thatK is smaller than CA. Thus, CA is the best possible
constant factor in (4.3), for p > 1.

It remains to cover the case when 0 < p < 1 and q < 0. In that setting
we have the reverse inequality in (4.3). We consider the same functions
fε : Rm+ → R and gε : Rn+ → R as in the case when p > 1, and substitute
them in the reverse of (4.3). Now, for ε < −δq, the obvious estimate

t
n−pA2−1− ε

q ≤ tn−pA2−1+δ, t ∈ ⟨1,∞⟩

implies that∫ 1

0
ks(1, t)t

n−pA2−1+ ε
p +

∫ ∞

1
ks(1, t)t

n−pA2−1− ε
q

≤ cs(pA2 + 1− n) + cs(pA2 + 1− n− δ) <∞,

so the relation (4.14) holds in the reverse case, as well. That means that
we obtain the same expressions for the left-hand side and right-hand side of
the reverse in (4.14), as in the previous case.

Now, suppose CA is not the best possible constant in the reverse case.
That means that there exist a constant M > CA such that the reverse
inequality in (4.3) holds if we replace CA with M . Similarly as in the first
case, that is when p > 1, we get CA(1 + o(1)) ≥ M , which implies that
CA ≥M . Hence, we get a contradiction and the proof is now complete. �

Remark 4.2. Note that the constraint cs(η) < ∞, η ∈ [pA2 + 1 − n − δ,
pA2+1−n] in the statement of Theorem 4.1 is necessary only in the reverse
case, that is when 0 < p < 1. If p > 1, it is enough to set condition
cs(pA2 + 1− n) <∞.
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Remark 4.3. Let m = n and α = β. We consider the parameters A1 =
1
q

(
n− s

r1

)
and A2 =

1
p

(
n− s

r2

)
, where p, q and r1, r2 are two pairs of conjugate

exponents. Clearly, A1 and A2 satisfy relation (4.1). Now, if we substitute
these parameters in (4.3) and (4.4), we get inequalities (1.7) and (1.8) from
Introduction. Thus, relations (4.3) and (4.4) are generalizations of (1.7) and
(1.8), with the best possible constant factors.

Remark 4.4. It is easy to see that the parameters A1 and A2, defined
in Remark 3.4, satisfy relation (4.1). Thus, the constants involved in the
right-hand sides of inequalities (3.13) and (3.14) are the best possible in the
conjugate case.

According to the discussion in Section 3, Theorem 4.1 also provides the
norm of the operator Hs, defined by (3.17), in the case of conjugate expo-
nents.

Corollary 4.5. Let p and q be conjugate exponents, let the parameters A1

and A2 satisfy relation (4.1), and let there exist δ > 0 such that cs(η) < ∞
for η ∈ [pA2 + 1− n− δ, pA2 + 1− n]. Then the norm of the operator Hs :
Lp
ΦA

(Rm+ ) → Lp
Ψ

1−p
A

(Rn+), defined by

(
Hsf

)
(y) =

∫
Rm+

ks (|x|α, |y|β) f(x)dx , y ∈ Rn+,

is ||Hs|| = CA. Here, the weight functions ΦA : Rm+ → R, ΨA : Rn+ → R
are defined by (4.5) and the constant CA by (4.2).

5. The related Hardy-type operators

We can also generate some interesting Hardy-type operators, deduced
from homogeneous kernels of negative degree. More precisely, if ks : R2

+ → R
is a non-negative measurable homogeneous function of degree −s, s > 0,
then the function k̂s : R2

+ → R, defined by

k̂s(u, v) = ks(u, v)χu≤v(u, v) =

{
ks(u, v), u ≤ v,
0, u > v,

(5.1)

is also homogeneous of degree −s. Further, since

cs(η) =

∫ ∞

0
k̂s(1, t)t

−ηdt =

∫ ∞

1
ks(1, t)t

−ηdt,

we define

ĉs(η) =

∫ ∞

1
ks(1, t)t

−ηdt. (5.2)

Now, by inserting the homogeneous kernel (5.1) in inequalities (3.5) and
(3.6) we have
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Corollary 5.1. Suppose p, q, λ are as in (2.1) and (2.2), m,n ∈ N, and
α, β > 0. Let ks : R2

+ → R be homogeneous function of degree −s, s > 0,
and let A1, A2 be real parameters such that ĉs(q

′A2 + 1 − n) < ∞ and
ĉs(m+ 1 − p′A1 − s) < ∞. If the functions ΦA on Rm+ and ΨA on Rn+ are
defined by (3.4), then the inequalities∫

Rm+

∫
{y∈Rn+:|y|β≥|x|α}

ks
λ (|x|α, |y|β) f(x)g(y)dxdy

≤ ĈA||f ||LpΦA
(Rm+ )||g||LqΨA

(Rn+) (5.3)

and{∫
Rn+
|y|β

q′(A1−A2)+(s−m) q
′
p′

[ ∫
{x∈Rm+ :|x|α≤|y|β}

ks
λ (|x|α, |y|β) f(x)dx

]q′
dy

}1
q′

≤ ĈA||f ||LpΦA
(Rm+ ), (5.4)

where

ĈA =

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p′
[

Γn
(

1
β

)
βn−1Γ

(
n
β

)] 1
q′

ĉ
1
q′
s (q′A2+1−n)ĉ

1
p′
s (m+1−p′A1−s),

(5.5)
hold for all non-negative measurable functions f : Rm+ → R, g : Rn+ → R and
are equivalent. Equalities in (5.3) and (5.4) hold if and only if f = 0 a.e.
on Rm+ or g = 0 a.e. on Rn+. Further, reverse inequalities in (5.3) and (5.4)
hold if p and q are as in (2.9), (2.10) or (2.11).

On the other hand, we define the dual Hardy-type kernel deduced from the
homogeneous kernel ks : R2

+ → R. More precisely, we define ǩs : R2
+ → R,

by

ǩs(u, v) = ks(u, v)χu≥v(u, v) =

{
0, u < v,
ks(u, v), u ≥ v.

(5.6)

Clearly, ǩs is a homogeneous function of degree −s, so if we denote

čs(η) =

∫ 1

0
ks(1, t)t

−ηdt, (5.7)

Theorem 3.3 takes the following form.

Corollary 5.2. Let p, q, λ be as in (2.1) and (2.2), let m,n ∈ N, and let
α, β > 0. Suppose ks : R2

+ → R is the homogeneous function of degree −s,
s > 0, and A1, A2 are real parameters such that čs(q

′A2 + 1− n) < ∞ and
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čs(m+ 1 − p′A1 − s) < ∞. If the functions ΦA on Rm+ and ΨA on Rn+ are
defined by (3.4). Then the inequalities∫

Rm+

∫
{y∈Rn+:|y|β≤|x|α}

ks
λ (|x|α, |y|β) f(x)g(y)dxdy

≤ ČA||f ||LpΦA
(Rm+ )||g||LqΨA

(Rn+) (5.8)

and{∫
Rn+
|y|β

q′(A1−A2)+(s−m) q
′
p′

[ ∫
{x∈Rm+ :|x|α≥|y|β}

ks
λ (|x|α, |y|β) f(x)dx

]q′
dy

} 1
q′

≤ ČA||f ||LpΦA
(Rm+ ), (5.9)

where

ČA =

[
Γm

(
1
α

)
αm−1Γ

(
m
α

)] 1
p′
[

Γn
(

1
β

)
βn−1Γ

(
n
β

)] 1
q′

č
1
q′
s (q′A2+1−n)č

1
p′
s (m+1−p′A1−s),

(5.10)
hold for all non-negative measurable functions f : Rm+ → R, g : Rn+ → R and
are equivalent. Equalities in (5.8) and (5.9) hold if and only if f = 0 a.e.
on Rm+ or g = 0 a.e. on Rn+. Moreover, if p and q are as in (2.9), (2.10) or
(2.11), the signs of inequality in (5.8) and (5.9) are reversed.

Corollaries 5.1 and 5.2 determine the Hardy-type operators Ĥs : L
p
ΦA

(Rm+ )

→ Lp
Ψ1−p

A

(Rn+) and Ȟs : L
p
ΦA

(Rm+ ) → Lp
Ψ1−p

A

(Rn+) defined by(
Ĥsf

)
(y) =

∫
{x∈Rm+ :|x|α≤|y|β}

ks
λ (|x|α, |y|β) f(x)dx, y ∈ Rn+ (5.11)

and(
Ȟsf

)
(y) =

∫
{x∈Rm+ :|x|α≥|y|β}

ks
λ (|x|α, |y|β) f(x)dx, y ∈ Rn+. (5.12)

Remark 5.3. Similarly as in Section 3, inequalities (5.4) and (5.9) yield
the upper bounds for the norms of operators (5.11) and (5.12):

||Ĥs|| ≤ ĈA and ||Ȟs|| ≤ ČA. (5.13)

Moreover, Corollary 4.5 implies that, in the case of conjugate exponents p
and q and under condition (4.1), the norms of Hardy-type operators are

||Ĥs|| = ĈA and ||Ȟs|| = ČA. (5.14)
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Clearly, expressions for the constants ĈA and ČA simplify in the conjugate
case according to condition (4.1), similarly as the constant CA becomes CA

(see Section 4).

6. Applications

The last section is dedicated to some special homogeneous functions and
some special choices of parameters A1 and A2 from Theorem 3.3. Namely,
we consider related Hilbert-type operators in such settings. According to
Corollary 4.5, we shall find explicit formulas for the norms of operators in
the conjugate case.

Example 6.1. If we consider the homogeneous function ks : R2
+ → R,

defined by

ks(u, v) =
1

(u+ v)s
, s > 0, (6.1)

then the constant CA, from Theorem 3.3, is expressed in terms of the usual
Beta and Gamma functions since

cs(η) =

∫ ∞

0
k(1, t)t−ηdt =

∫ ∞

0

t−η

(1 + t)s
dt = B(1−η, η+s−1), 1−s < η < 1.

In papers [2], [9], [12], [13] one can find the Hilbert and Hardy-Hilbert type
inequalities involving the homogeneous function (6.1). Moreover, the same
homogeneous function is considered in papers [11] and [17], in multidimen-
sional settings. Of course, our Theorem 3.3 generalizes all those results.

For example, let m = 2, n = 1, α = β = 1 and let parameters A1, A2 be
defined by A1 =

1
p′

(
2− s

r1

)
and A2 =

1
q′

(
1− s

r2

)
, where r1, r2 > 1 is a pair of

conjugate exponents. For these parameters and homogeneous kernel (6.1),
inequality (3.6) reads{∫

R+

y
λ ps
r2

−1
[ ∫

R2
+

1

(x1 + x2 + y)λs
f(x1, x2)dx1dx2

]q′
dy

} 1
q′

≤ Bλ

(
s

r1
,
s

r2

)
||f ||Lp

ϕ̃s
(R2

+), (6.2)

where ϕ̃s(x1, x2) = (x1+x2)
p
(

2
p′−

λs
r1

)
. Note that the inequality (6.2) is closely

related to inequality (1.9) from the Introduction. Namely, (6.2) represents
non-conjugate Hardy-Hilbert type extension of (1.9) on R2

+ ×R+. Now, we

define the Hilbert-type operator Ls : Lp
ϕ̃s
(R2

+) → Lq
′

ψ̃1−q′
s

(R+), as

(Lsf) (y) =
∫
R2
+

1

(x1 + x2 + y)λs
f(x1, x2)dx1dx2, y ∈ R+, (6.3)
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where ψ̃s(y) = y
q
(

1
q′−

λs
r2

)
.Having in mind the discussion at the end of Section

3, we conclude that the constant Bλ
(
s
r1
, sr2

)
represents the upper bound for

the norm of operator Ls. On the other hand, the defined parameters A1 and
A2 satisfy relation (4.1) in the conjugate case. Thus, according to Corollary
4.5 we get that

||Ls|| = B

(
s

r1
,
s

r2

)
, (6.4)

in the conjugate case, since λ = 1.

We conclude this paper with an example in which we shall be able to
find the norm of a Hilbert-type operator and related Hardy-type operators,
defined in Section 5, as well.

Example 6.2. Let m = 2, n = 1, α = β = 1 and let s = s1 + s2, where
s > 0. We consider homogeneous function ks : R2

+ → R defined by

ks(u, v) =
[min{u, v}]γ

[max{u, v}]s+γ
, (6.5)

where γ > −min{s1, s2}. Hence, in this setting, with parameters A1 =
1
p′ (2− s1) and A2 =

1
q′ (1− s2), inequality (3.6) takes the form{∫

R+

yλps2−1

[ ∫
R2
+

[min{x1 + x2, y}]λγ

[max{x1 + x2, y}]λ(s+γ)
f(x1, x2)dx1dx2

]q′
dy

} 1
q′

≤
[

2γ + s

(γ + s1)(γ + s2)

]λ
||f ||Lp

Φ̃s
(R2

+), (6.6)

where Φ̃s(x1, x2) = (x1+x2)
p
(

2
p′−λs1

)
. Now, we define the Hilbert-type ope-

rator Ms : L
p

Φ̃s
(R2

+) → Lq
′

Ψ̃1−q′
s

(R+), as

(Msf) (y) =

∫
R2
+

[min{x1 + x2, y}]λγ

[max{x1 + x2, y}]λ(s+γ)
f(x1, x2)dx1dx2, y ∈ R+, (6.7)

where Ψ̃s(y) = y
q
(

1
q′−λs2

)
. As we have already concluded in Section 3, in-

equality (6.6) provides the upper bound for the norm of operator Ms. Fur-
ther, since the defined parameters A1 and A2 satisfy relation (4.1) in the
conjugate case, we get the norm of Ms in that setting (λ = 1):

||Ms|| =
2γ + s

(γ + s1)(γ + s2)
. (6.8)

On the other hand, Corollaries 5.1 and 5.2 provide definitions of Hardy-type

operators M̂s,M̌s : Lp
Φ̃s
(R2

+) → Lq
′

Ψ̃1−q′
s

(R+), deduced from the definition
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of operator Ms. More precisely, operators M̂s and M̌s are defined by the
formula (6.7), where the set of integration R2

+ is respectively replaced with
[0, y]× [0, y] and [y,∞]× [y,∞]. Of course, the same sets of integration are
also replaced in inequality (6.6). Finally, by using definitions (5.2), (5.7),

and Remark 5.3, we easily get the norms of operators M̂s and M̌s in the
conjugate case:

||M̂s|| =
1

γ + s1
and ||M̌s|| =

1

γ + s2
. (6.9)
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Faculty of Electrical Engineering and Computing
Unska 3, 10000 Zagreb, Croatia
E–mail: mario.krnic@fer.hr


