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ON WEIGHTED STOLARSKY MEANS

SLAVKO SIMIC

ABSTRACT. In this article we study a weighted variant of the well known
Stolarsky means. Its advantage is the possibility of a simple and natural
extension to the multi-variable case. We also investigate some common
properties of those classes of means.

1. INTRODUCTION AND RESULTS

There are a plenty of papers (cf. [2], [3], [5], [6], [7], [8]) studying different
properties of the so-called Stolarsky (or extended) two-parametric mean
value, defined for positive values of x,y, z # y by the following

(x2S —uys 1/(s—r)
(7885,7;;) , rs(r—s) #0
oL Sz
Braa,y) =4 (e \Ie
" (s(logm—ylogy)> ) § 7& 0,7 =0
/2y, r=s=0,
xz, y=x > 0.

In this form it was introduced by K. Stolarsky in [1].
Most of the classical two variable means are special cases of the class

E. For example, F1o = %ﬁ is the arithmetic mean, Foo = E_11 = /Ty

is the geometric mean, Ey; = m is the logarithmic mean, E;; =
a1

(% /yY)==v /e is the identric mean, etc. More generally, the r-th power
‘s s 1/T

mean % is equal to Ej ;.

An attempt to define a class of “weighted” extended mean values as a
ratio of two Stolarsky means with additional parameters has been given
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by A. Witkowski ([15], [16]). In this article we shall stick to more stan-
dard definitions of weighted means. For this cause, we need notions of the
weighted arithmetic mean A = A(p,q;x,y) and weighted geometric mean
G = G(p, ¢; 7,y), given by

A=pr+qy; Gi=a"yl,
where

gz, y ERy; prg=1
Note that A > G for x # y.

1. 2. In[12] and [13] we introduced a class W of weighted two parameters
means which includes the Stolarsky class F as a particular case. Namely,
for p,q,z,y e Ry, p+q=1, rs(r —s)(z —y) # 0 we define

— (TP A gt yt) — Glp g et y®)\ Vs
- r,s(p7qa$7y)'_ 2 A cxt oyt — G <t r)
s Ap,q;2",y") — G(p,q: 2",y
B (7‘2 pxs + qy® — xPSy?® ) 1/(s—r)
T \g2 pa’ + qyt — TPrydr :

(1)

Various identities concerning the means W can be established; some of
them are the following

W,s(p, ¢z, y) = W (p,q;2,y)
Wrs(D, s 2,9) = Wes(q, 23y, ); Wes(p, g3y, 2) = 2yWis(p, ;27 y™h);

Waras (0, @ ,9) = Wrs(p, ;2% y") /", a # 0. ®)
Note that
12 % 4 y? — 2(/zy) 2\ 1/2(—7)
War2s(1/2,1/2: 2, y) = (?2 x4y — 2(\/@)”>
r2 (x5 — ys)2 1/2(s—r)
GE - pen

Hence E C W.
The weighted means from the class W can be extended continuously to
the domain

D = {(T787x7y)‘r75 S R7 T,y € R+}
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This extension is given by

Wr,s(pa q; T, y)
s s S,,98 1/(S_T)
2 + — PS4
(rom=ms) rs(r—s)(@—y) #0
1/s
prS+qys —zPsyds _ _
(2 pgs? log®(x/y) ) ’ s(@—y) #0,r=0
= ) s log 2+qy® log y—(plog z+qlog y)aP*y9°
exp( 2 + ORI LIS ) s(n —y) 0,7 = 5
x(p+1)/3y(Q+1)/37 xT 7é Yy, r =8 = 0
x, Y= .

Especially interesting is studying of the shifted Stolarsky means E*, de-
fined by
E:,s(xa y) = lim WT,S(p7 q; T, y)
p—0t

Their analytic continuation to the whole (7, s) plane is given by

Ers(x,y)

r2 (x5 —y*®(1+slog(z ) 1/(s=r) .
(sQEfo?;’"ElJrrloiExéz;;)) ) TS(T - 3)(33 - y) 7& 0;
S ]og z/y ’ ) )
= — z®—y®) log x—sy° log y log(x
eXp(% + ( Zf’cs)—ygs(l-&—glog(gzg}y)%( /y)>7 8($ - y) 7& 0,r =s;
x /323, r=s5=0;
T, Tr=uy.

1. 3. Several papers are recently produced aiming to define an extension
of the class E to n, n > 2 variables (cf [4], [5], [9]).

In [12] we give another attempt to generalize Stolarsky means to the
multi-variable case in a simple and applicable way. The proposed task can
be accomplished by the formula (1), wherefrom the mentioned generalization
follows naturally.

Therefore, taking the means A and G in their multi-variable forms, we
get from (1):

Wi s(p; x)

(S perg— ([ o)) ) V) rs(s — 1) #0;

s2(X Y paxl —([T7 = H)7) ’ )
(2 Sz ety )1/5 r=0,5# 0;
= 52 31 pilog® @i — (3271 pilog z;)? ’ b ’ ’

n n n
exp( =2 + 2y piwploszi—(3 0y pilog ) (1 2,°)° . r=s#0;
$ 5 >0 piﬂﬁf—(l_[% ;')
n n
p;log® x;— (37 pi log x;) )

€x L rTr =8 =

p(a@?mlog2xi—(zzlpilogm)?) ’
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where x = (21, %2,...,2,) € R}, n > 2 and p is an arbitrary positive weight
sequence associated with x. Also W, 4(p;x0)=a for xo=(a,a,...,a),a > 0.

The above formulae are obtained by an appropriate limit process, imply-
ing continuity. For instance W s(p, x) = lim,_,s W, s(p,x) and Wy o(p,x) =
lim, 0 Wos(P, x).

Remark 1. Analogously to the former considerations, one can define a class
of Stolarsky means in n variables E, s(x;n) as

Eﬁs(x; n) = Wnr,ns(p07 X)?

where pg = {1/n}}.
Therefore,

_1

)n(S_T), rs(r—s) # 0.

2 n _ns n
r Lz —nlljz

S
~ i
s2 2yt —nlli =}

Its extension over the (r, s) plane and other properties are left to the readers.

Ers(x;n) = (

The following basic theorems are of importance.

Theorem 1. ([13]) The expressions Wy s(p;x) are actually means i.e. for
arbitrary weight sequence p we have

min{zi, z2,...,2n} < Wy s(p;x) < max{zy,z2,...,2n}.

Theorem 2. ([12]) The means W, s(p;X) are monotone increasing in either
T oors.

1. 4. In this paper we shall investigate further common properties of
the means W, (p,q;z,y) and the class of Stolarsky means i.e. the case
p = q=1/2. Our results are contained in the next

Theorem 3. The means W, s(p,q;x,y) are

a. symmetric in x,y, W,p,q¢;z,y) = W,s(p,q¢;y,x) if and only if
p=q orx =1y. Moreover, it can be proved that

(r—q)(x —y) W, s(p, ¢ 2, y) — Wis(p, 459, 7)) > 0;

homogenous of order one, W; s(p,q; Az, \y) = AW, s(p, ¢; x,y);
monotone increasing in both variables x and y;

monotone increasing in both variables r and s;

logarithmically convex (concave) for r,s € I C R if and only if
p=q=1/2.

From this theorem one can see that the properties a. and e. exclusively
belong to the class E of Stolarsky means, while other properties are in
common for the wider class W of weighted Stolarsky means.

o0 T
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2. PROOFS

Proof of Theorem 3. Proofs of the parts a. and b. are left to the readers.

c. We shall prove monotonicity in x. Because W, s(p,q;z,y) = W,
(¢,p;y, ), the same is valid for the variable y. Note that the property (2)
allows us to assume that s > r. Now in the case s > r, an easy proof can
be produced applying the following (cf [14]).

Proposition 1. Let f,g : [a,b] = R be two continuous and differentiable
functions. Further, let g # 0 on (a,b). If f'/q’ is increasing (decreasing) on

(a,b), then the functions (f(x)—f(a))/(g9(x)—g(a)) and (f(x)—-f(b))/(9(x)—

g(b)) are also increasing (resp. decreasing) on (a,b).
Let fo(z) := (pa® — xP*y?%)/s%, s # 0. We have
! qs _ 498
fs(x) _ xp(s—r)T €z Yy _ a(x)b(x),

fi (@) s " — ytr
. _ qs _q95
with a(z) := 2P~7); b(x) := %iqr—ZW'
Now a(z) is evidently increasing in = and b(z) is also increasing by the
well known property of Stolarsky means ([1], [2]). Since

fs(@) = fs(y) _ r?pa® +qy® — aPy®
fr(@) = frly)  s?px+qy" — 2Py
by Proposition 1 we conclude that the required monotonicity property holds
true for « > y. That it also holds for y > x follows from the other part of
Proposition 1, and the proof is done.
The same argument is valid if r vV s = 0.
In the case r = s # 0, we have to prove that the function
pr*logz + qylogy — (plogx + qlog y)aP*y*
Fy(p,q3z,y) = PR S————
pr® + qy® — xPoyd
is, for fixed p, ¢, s, y, monotone increasing in x € R...
For this purpose we need the following

Lemma 1. For each real s # 0,p # 1, the function

u® log u
U(p,s;u) = v — s
s monotone increasing in u € R4 .
Indeed, since
uqs—l
U, =——=(u?—1-—gslogu),

SENCTEE

with ¢ = 1 — p, the proof of lemma follows.
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Denoting

f(x) = f(p,q,s:x) := prlogx — (plog x + qlogy)xP*y?*;
g9(x) = g(p,q, s;x) := px® — aPy?,

we have
f'(@) _ p(sloga + 1)a*~ —p(1 + s(plogx + qlogy))z">~ 1y
g'(z) ps(ws=1 — aps—1yas)
Lo logy +plog & + N
= — O O p— — O .
5 Tlogy+plog +a o log

1
= tlogy+plogu+qU(p,s;u),

where u := x/y. Since,

fx) = f(y)
9(x) —g(y)
applying Proposition 1 with Lemma 1, it follows that Fs(p, ¢; x,y) is mono-

tone increasing in x, as required.
Finally, the case r = s = 0 is trivial.

= Fi(p,q;x,y),

d. The proof of this assertion for the means W, ¢(p;x) is given in [12],
applying the method originated from [11].

e. Suppose that r,s € I, where I is some sub-interval of R. Then there
exist r # 0,a > 0 such that r,r £ a € I. If the means W, s(p,¢q; z,y) are
log-convex (log-concave) for all r, s € I, then the expression

A=W, ¢; 2, Y)Weria(p, @ 2,y) — Wi (D, ¢ 2, )2

should be of constant sign for all values of x,y € RT. Putting there y =
1, 2 = €', r/a = b, the form A reduces to an equivalent form B,

. (b — 1>2pe(b+1)t +q— ep(b+1)t (74 N 2pt(6bt _ epbt)>
- b+1 pe(b_l)t +q— ep(b_l)t exp b pebt +q— epbt )

Developing in ¢t € R, somewhat laborious calculation gives

B= %(p —2)(p+1)(2p — 1)t2 + O(th).

Therefore the form B (hence A) can be of constant sign for sufficiently
small ¢ € R only if p = 1/2(= ¢). In this case i.e. the case of Stolarsky
means, the famous Feng Qi theorem [10] asserts that those means are log-
concave for 7, s € RT and log-convex for r,s € R™. O
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