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ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS OF A CLASS OF
(k+1)-ORDER RATIONAL DIFFERENCE EQUATIONS

SVETLIN G. GEORGIEV

ABSTRACT. In this paper we investigate the solutions of a class of (k—+ 1)-order
rational difference equations. We give conditions for the parameters ensuring
that the considered equation has a unique positive equilibrium point that is lo-
cally asymptotically stable and every positive solution of the considered equa-
tion is bounded and increasing and converges to the unique positive equilibrium
point.

1. INTRODUCTION

In this paper are investigated the solutions of the following rational difference
equation
_a+apx,+- -+ apXp—k

A +A0x,1 +--- —i—Akxn,k
where a, 4, aj, Aj, x_j, j € {0,...,k}, are non-negative numbers such that the
numerator of (1.1) is positive for all n. The global asymptotic analysis of such
equation has been initiated in the reference [13] for £ = 1 and was continued in the
monograph [6] for k = 2. The case k = 1 is different from the case £ > 1 whenever
the right hand side of (1.1) is either increasing in both arguments or decreasing in
x, and increasing in x,_;. This case is covered by the results of Amleh, Ladas and
Camouzis [1,5] and Kulenovi¢ and Merino [12]- [14]. In these cases every solution
breaks into two monotone subsequences and so every bounded solution converges
to either an equilibrium solution, period-two solution or to the singular point on
the boundary. Thus, in this case the main problem is to determine the basins of
attraction of different attractors. This is done in [4] using the results in [12]- [14]
which clearly determine the boundaries of these basins of attraction as the stable
manifolds of some saddle point or non-hyperbolic equilibrium solutions or period-
two solutions.

In this paper we give some conditions for the parameters of (1.1) ensuring that
(1.1) has a unique positive equilibrium point that is locally asymptotically stable

Xn+1 , neNU{0}, (1.1)
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and every positive solutions of (1.1) are bounded and increasing and converge to
the unique positive equilibrium point. In this way, we give an answer of an open
problem( see [11], Open problem 11.4.3).

The set up of the paper is as follows. In Section 2, we formulate the main
assumptions for the parameters of the equation (1.1) and we formulate the main
result of this paper and give some comparisons of the main result with some well-
known results. In Section 3, we formulate and prove some preliminary results. In
Section 4, we prove the main result.

2. THE MAIN HYPOTHESES AND THE MAIN RESULT

In this section, we will formulate the main assumptions for the parameters of the
equation (1.1) and we will formulate our main result. Suppose that ¢ > 0 and the
parameters of the equation (1.1) satisfy the following conditions

(H1) a>0, A4>0, ajZO, AjZO, x_j>0, jE{O,...,k},

(a>a0a s >ak) 7& (0707' o >O)a
(H2) Aay—;—adr—; >0,
Adjag——ajdr-1 >0, j,1€{0,... k},
a+apxo+ -+ ax_i
> X0,
A +A()x0 +-- —l—Akx,k

(H3) a—l—(ao—l-A"'-l-ak)c <

c,
(H4) O<x_;<x 41 <...<x9<c and

ap+-tag—A+/(A—(ag+ - +ar)* +4a(do+ -+ A)
2(Ag+ -+ +Ag)
Example 2.1. Consider the equation
1420, +Xp—1 + -+ +X4—4)
1000 +3(x, +x,-1+ - +Xp-4)

<c.

Xn+1 =

with
1

X0 = X1 :"':x_4zm.

Take c = 2. Here
k=4, a=1, a;=2, A=1000, 4;=3, ;jec{0,...,4}.
Then (H1) holds. Also,
Aay_;—ads_; =2000—73
= 1997
>0,
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Aja4_1—ajA4_;:O, j,le{O,...,4},
a+tapxo+---+asx_4  a+(ao+---+as)xo
A+Aoxo+---+Asx_g4 A+ (Ao+---As)x0

i 1+ IOX()
1000 + 15xg
>xg <

1553 +990xg — 1 <0 <=

- —990 + v/9902 + 60
— 30 Y

X0

i.e., (H2) holds. Next,
a+(ag+---+ag)e 1420

A ~ 1000
<e,

i.e., (H3) holds. Moreover,
O<xp=...=x_4<c

and

ag+-+as—A+/(A—(ap+--+as))? +4a(do+ - +As)
2(do+ -+ Aa)

10 — 1000 + /(10 — 1000)2 + 60

- —990+ 1000
- 30

A
Dwi—

i.e., (H4) holds.
Our main result is as follows.

Theorem 2.1. Suppose (H1)-(H4). Then the equation (1.1) has a unique positive
equilibrium point that is locally asymptotically stable and every positive solutions
of (1.1) are bounded and increasing and converge to the unique positive equilib-
rium point.

When 4> 0and ¥5_4; =00r4 >0, %5 ;4;>0,a=0, in[3] the authors
give conditions for the parameters of the equation (1.1) so that the zero equilibrium
point is asymptotically stable or stable or every positive solution of the equation
(1.1) is divergent, or there exists a unique positive equilibrium of (1.1) that is glob-
ally asymptotically stable. In our investigations we have 4 > 0, 2];-:()/1 i720,a>0

and in the case 4 > 0, le‘-:OA >0, a> 0 we give conditions for the parameters of
the equation (1.1) so that the equation (1.1) has a unique positive equilibrium point
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that is locally asymptotically stable and every positive solutions of (1.1) converge
to the unique positive equilibrium point. When 25‘-:0 A; >0 and
(s1) Sh_gla;—x4;| <4
or there exist L, N > 0 such that for every positive solution {x, },cry of (1.1)
(s2) x, > L,n> N and 2];':0 laj —%xA4;| < A4 +L2§‘-:0Aj, where 4 > 0, for some
NeNand L >0,
in [3] it is proved that the positive equilibrium X of (1.1) is globally asymptotically
stable. Note that the condition (s1) is different than the conditions (H2)-(H4) in
this paper. Moreover, in this paper we have x, < ¢, n € N, for a positive constant
c(see Proposition 3.3 in this paper), which is different than the condition (s2). If
4>0,%5_44;>0and
(s3) aj=XA;, j€{0,...,k};ora; >%4;, j € {0,...,k}; ora; <XA4;,
J€{0,... k}; ora; >XA;, a; <XA; for some i, j € {0,...,k},
in [3] the authors give conditions for the parameters of the equation (1.1) so that
the positive equilibrium point x of (1.1) is globally asymptotically stable or stable

on [0,00). Note that the conditions (s3) are more restrictive than the conditions
(H2)-(H4).

3. PRELIMINARY RESULTS

We will start with the following useful remark.
Remark 3.1. Suppose (H1) and (H2). Define

f(y()yl yk): a+ak)’0+ak,1y1+.._+a0yk
IRAR) ) A+Aky0+Ak71y1+,,_+A0yk

for (yo,¥1,---,x) € [0,00)5F!. We have, using (H1) and (H2),
1
A+ Ay + Ay + -+ Aoyx)?
X (ak—z(A + Ao+ Ak—1y1 + -+ Aovi)

af B
ayl(yOJyla"'ayk) - (

—Ay—(a+apyo+ar1y1+---+ aoyk))
1
(A+ Ao+ Ar—1y1 4+ -+ Aoyi)?
X ((Aakfl —ady—1) + (Akar— — arAr—1)yo
+ (Aoar—; — aoAk—z)yk)
>0, 1€{0,....k},

for any (vo,y1,...,0k) € [07°°)k+1'
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Proposition 3.1. Suppose (H1), (H2) and the first condition of (H4). Then any
positive solution {x, },en of the equation (1.1) is increasing.

Proof. We have
a—+apxo+ -+ apx_g B

X1 —Xo =
! 0 A+AOX0+-'-—|—Akx_k
>0
and
X2 —X1 = f(xl—k>x2—ka cee >xl) _f(x—bx—k-l-la' .. ,X())

= f(xi—r, X2, 5x1) — f (g, X2, .., X1)
+ (g Xo—ks oo X1) = (X X1 ks - -5 X1)

+ e

+ (XX g1y 5 X1) = S (X X1, -+ -, X0)

- E?){:)(&l—k>x2—k> s axl)(xl—k _x—k)

+ gyfl‘(x—b&Z—ka s >xl)(x2—k _xl—k)
+

+ of (X—ks Xkt 15---,81) (X1 —X0)

Ik
>0,
where §;_i € (xj—1—x,xj—k), j € {1,...,k+ 1}. Assume that
XjZXj_1, jE{—k—l—l,...,n},

for some n € N. We will prove that x,,.; > x,,. Really, we have

Xn+1 — Xn :f(xn—kaxn—k—i—la-- . >xn) _f(xn—l—k>xn—k> e axn—l)
= f Ot Xn—det 15+ 5 Xn—1) — S (nm1—kes Xkt -+ 5 Xn—1)
+ fon1—ksXn—kt 155 Xn—1) = f(Xn—1—ks Xt -+ s Xn—1)
R
+f(xn—l—kaxn—k> cee axn) _f(xn—l—kaxn—lm . >xn—l)
af
= T)}()(Cn—bxn—k-&-lw .- axn—l)(xn—k _xn—l—k)
af
+ a(xn—l—ka Cn—k-&-la . axn—l)(xn—k—i—l _xn—k)
4.
af
+ E(xnflfkaxnfka--an)(xn _xnfl)
>0,

where §;_x € (xj—x—1,xj—k), j € {n,...,n+k}. Therefore {x,},cn is increasing.
This completes the proof. O
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Proposition 3.2. Suppose (H1), (H3) and (H4). Then any positive solution {x, } nen
of the equation (1.1) is bounded and

0<x,<c¢, neN.

Proof. By (H3) and (H4), we have
= a—+aopxo+ -+ apx_g
A+Apxo+ -+ Arx_g
< a+(ap+---+ag)c
- A
<c.

Assume that x,, < ¢ for some n € N. We will prove that x,,.; < c¢. Really, again by
(H3) and (H4), we find

a—+ apxy +- arXny—k

A +A0xn + e ApXp—k

- a+(ag+---+ag)c

- A

<ec.

Xn+1 =

Thus, 0 < x,, < ¢ for any n € N. This completes the proof. [l

Proposition 3.3. Suppose (H1)-(H4). Then any positive solution {x, },en of the
equation (1.1) is convergent and

lim x. — ap+---+a—A+ \/(A— (ao+--~+ak))2+4a(Ao+---+Ak)

n—oo T 2(Ag+ -+ Ayp) )
Proof. By Proposition 3.1, we have that any positive solution {x, },cn of the equa-
tion (1.1) is increasing. By Proposition 3.2, we get that any positive solution of the
equation (1.1) is bounded. Therefore any positive solution {x, },cn of the equation
(1.1) is convergent. Let

lim x, = X.
n—yoo
We have
_ . a—+ apgXy + -+ arXn—k
X = lim
n—eo 4+ Aoxy + -+ + Apxn
a+(ao+-Fap)x

A+ (Aot AR

Thus,
(o -+ + AT + (4= (a0 +-+ +a))F—a=0
and then

ag+ -+ +ag—A+/(A—(ao++ar)? +4a(do+ -+ Ay)
2(Ao+ -+ A4k)
This completes the proof. O

X =
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Remark 3.2. Note that X, defined by the proof of Proposition 3.3, is the unique
positive equilibrium point of the equation (1.1).

4. PROOF OF THE MAIN RESULT
Let € > 0 be arbitrarily chosen. Take & € (0,€] and suppose that
(X—x0)+X—x_1)+--+*xT—x_g) <8.
Then x — xo < 8. By Proposition 3.3, we have
X—x,>0, neN.
By the proof of Proposition 3.1, we have xo < x; and

Xpy1 =X, neN.

Then X, >Xx9, nEN,
and
X—Xx, <X—Xp
<9
<e, neN.

Thus, X is locally stable. Since 0 <x_; <X <¢, j € {0,...,k}, there existsay > 0
so that

(Xx—x0)+(x—x_1)+-+(x—x_p)<Y.
Hence and lim,,_,..x, = X, we conclude that X is locally asymptotically stable. This
completes the proof of the main result.
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