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GROWTH OF THE MAXIMUM MODULUS OF
POLYNOMIALS WITH PRESCRIBED ZEROS
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ABSTRACT. If p(z) be a polynomial of degree n which does not vanish
in the disk |z| < k, then for k = 1, it is well known that

max |p(z)] > (T B 1)nmax Ip(2)] .

|z|=r<1

and

R"+1
<
|z\m:?2);1 Ip(z)] < 2 |z|=1

In this paper, we consider a class of lacunary polynomials and present
certain generalizations as well as improvements of the above inequalities
for the two cases kK > 1 and k < 1.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let p(z) be a polynomial of degree n and let M (p, R) = max,—g [p(2)|.
Then it is a simple consequence of maximum modulus principle (for reference
see [6, vol. I, p. 137, prob. III, 269]) that

M(p,R) < R"M(p,1) for R > 1. (1.1)

The result is best possible and equality holds for p(z) = az", where |a| = 1.
It was shown by Ankeny and Rivlin [1] that if p(z) # 0 in |z| < 1, then

inequality (1.1) can be replaced by
R"+1

M(p,R) < 5

M(p,1) for R > 1. (1.2)
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The above inequality is best possible and equality holds for p(z) = a + 52",
where |a| = ||

For the polynomials of degree n and r < 1, applying (1.1) to the poly-
nomial p(rz), taking R = 1/r, gives ‘p(eie)‘ < r7"max,—; [p(rz)| for
0 <6 < 27. Hence,

M(p,r) > r"M(p,1) for 0 <r <1, (1.3)
where equality holds if and only if p(z) = az™.
If p(z) # 0 in |z] < 1, then Rivlin [7] proved

M(p,r) = (r+1

Here equality is attained if p(z) = a(z — B)", |8] = 1.
Inequality (1.2) was generalized by Aziz [2] for the polynomials having no
zeros in |z| < k, k > 1 and proved the following result.

> M(p,1) for 0<r<1. (1.4)

Theorem A. If p(z) is a polynomial of degree n, which does not vanish in
|z| <k, k>1, then

R+ k u
14+ kn

provided }p’(k‘Qz)‘ and |p/(2)| attains the mazimum at the same point on
|z| = 1. The result is best possible and equality holds for p(z) = 2™ + k™.

M(p,R) < (p,1) for R > k?, (1.5)

On the other hand for the polynomials not vanishing in |z| < k, k < 1,
the following inequality has been recently proved by Dewan and Hans [3].

Theorem B. If p(z) is a polynomial of degree n, which does not vanish in
|z| <k, k<1, then
4k
M >
(p7 r) — 1 + kn
provided |p'(z)| and |¢'(z)| attains the mazimum at the same point on |z| =1,

where q(z) = z"p(1/Z). The result is best possible and equality holds for
p(z) = 2" + k™.

M(p,1) for0 <k <r<1, (1.6)

In this paper, we firstly generalize Theorem A to the lacunary type of
polynomials p(z) = ag + ZZ:M a,z”, 1 < pu < n, by proving the following
result.

Theorem 1. Ifp(z) = GO+ZZZM ayz¥, 1 < p < nis a polynomial of degree
n, which does not vanish in |z| <k, k > 1, then

R™ + k(1 knoml) — g2r

M(p7R)S 1+kn—ﬂ+1

M(p,1) for R > k?, (1.7)
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provided }p’(k‘zz)‘ and |p/(2)| attains the mazimum at the same point on
|z| = 1.

Remark 1. For p = 1, Theorem 1 reduces to inequality (1.5) due to Aziz [2].

Our next result is an extension as well as generalization of Theorem B.
More precisely, we prove

Theorem 2. If p(z) = an2" +32)_ an—y2"™", 1 < p < m is a polynomial
of degree n, which does not vanish in |z| < k, k < 1, then
Tn—u+1 + kn—,u—i—l n%w
M(p,r)Z()\n_u+1+kn_M+l) M(p,A) for 0<k<r<A<l,

(1.8)

provided |p'(2)| and |¢'(2)| attain mazimums at the same point on |z| = 1,

where q(z) = 2"p(1/Z). The result is best possible and equality holds for

p(z) = (znmFt 4 gnoptl) i

If we take A = 1 in Theorem 2, then inequality (1.8) reduces to the
following result.

Corollary 1. If p(z) = an2"™ + ZZ:M 2"V, 1 < pu<mnis a polynomial
of degree n, which does not vanish in |z| < k, k < 1, then

Tn—p,-‘,-l 4 k,n—,u,—l—l
1+ kn—ptt

PSS |
M(p,r)Z( > ' M(p,1) for 0<k<r<1, (1.9)
provided |p'(2)| and |¢'(2)| attain mazimums at the same point on |z| = 1,
where q(z) = 2"p(1/Z). The result is best possible with equality holds for

p(z) f— (zn_u+1 _|_ kn_ﬂ"!‘l)n%ﬂ‘"l

Remark 2. For u = 1, Corollary 1 reduces to inequality (1.6) due to Dewan
and Hans [3].

2. LEMMAS

We need the following lemmas for the proofs of these theorems.

Lemma 1. Let p(z) = ap2™ + > p_,an—p2" 7", 1 < p < n is a polynomial

of degree n, having no zero in |z| <k, k <1 and q(z) = 2"p(1/z). If |p/(2)]
and |¢'(2)| attain mazimums at the same point on |z| = 1, then

n
M(p',1) < WM(I% 1). (2.1)

The above lemma is due to Dewan and Hans [4].
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Lemma 2. If p(2) is a polynomial of degree n, then for |z| =1
0'(2)] + |d'(2)] <nM(p,1), (2:2)
where q(z) = z"p(1/Z).
The above lemma is a special case of a result due to Govil and Rahman [5].
3. PROOFS OF THE THEOREMS

Proof of Theorem 1. Since p(z) has all its zeros in |z| > k > 1, it follows
that the polynomial H(z) = p(kz) has all its zeros in |z| > 1. Now if ¢(z) =
2"p(1/Z), then the polynomial G(z) = 2"H(1/z) = 2"p(k/z) = k"q(z/k)

has all its zeros in |z| < 1. Moreover |H(z)| = |G(z)| for |z| = 1, it follows
by the maximum modulus principle that
|H(2)| <|G(2)] for |z| > 1. (3.1)

Hence for every complex number A with |[A\| > 1, it follows by Rouché’s
theorem that the polynomial H(z) — AG(z) has all its zeros in |z| < 1. By
the Gauss Lucas theorem the polynomial H'(z) — AG'(z) has all its zeros in
|z] < 1, which implies

|H'(z)| < |G'(2)] for |z] > 1. (3.2)
Substituting for H(z) and G(z) in (3.2), we get
k|p'(kz)| < k" 71|d (2/k)]. (3.3)
Since a1 = ag = --- = au—1 = 0, from (3.3), we get
kH Zyal,(kz)”*“ < k" 1d(z/k)| for |z| > 1. (3.4)
v=p

In fact (3.4) holds for |z| = 1. But ¢/(z/k) # 0 in |z| > 1, by the maximum
modulus principle it also holds for |z| > 1. Taking kz instead of z in (3.4),
we have

Zn: va, (k*z)H

V=L

EH < k" 1d(2)| for |2] > 1/k.

In particular,

EH Z va, (k*z)"F

V=

< k"¢ (2)] for |2] =1,

this implies

k2

Y va, (k?z)" 1
> vay(k*z)

V=L

<kt ‘q'(z)} for |z| = 1.
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Consequently
k3H }p'(k‘2z)‘ < k" ‘q'(z)} for |z| =1,
which gives with the help of Lemma 2
K5 (K22)| + K" [P/ (2)] < nk™M(p,1) for |z| = 1.
This, by hypothesis, implies that
E3—h lr?lff ‘p’(kﬂz)‘ + K" f?fl)f 1P (2)| < nk"M(p,1). (3.5)

Now p/(z) is a polynomial of degree n — 1 and k > 1, therefore, by (1.1), it
follows that

mase [p/(K%2)| < 120 mase |/ (2)].

Using this in (3.5) we get

(K" 4 1)k? ‘m|a>1< ‘p'(k‘zz)‘ < nk*M(p,1).

Applying (1.1) again to the polynomial p’(k%z), we obtain for all + > 1 and
0<60<2nr
2ngn—1
/(1,214,160 nk="t
P (K2te )‘ < M), (3.6)

Now for each 8, 0 < 6§ < 27 and R > 1, we have

k2

p(K*Re®) — p(k*e") = / ke (k*te')dt.
1

This gives with the help of (3.6)

p(kQRezé') _p(kQGzG)‘ < / k‘2
1

an R L

k2 (R — 1)

p/(thew)‘ dt

Since by (3.1), we have in particular

(H(k2)| < |Gk2)] for |2 =1,
this implies
p(e”)

)

‘p(k_2€i9)‘ < k"

Q(ew)‘ = k"
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it follows from (3.7) that for each 0, 0 < 6 < 27 and R > 1,

)p(szew)‘ < {k%(Rn_l) +kn}M(p’]_)

1+ kn—ptl
k2an _ k2n 4k k2n—,u+1
+ knn

This implies

R" + k.n<1 4 knﬂqul) _ k2n
B

which completes the proof of Theorem 1.

M(p, 1),

O

Proof of Theorem 2. If p(z) #01in |z| <k, k<land 0 <t <1, k <t, then
P(z) = p(tz) has no zero in |z| < k/t, k/t < 1. Applying Lemma 1 to the

polynomial P(z), we get
n

JWPMST?@W;m

M(P,1),

which is equivalent to
nt"#
<
- kn—p+l +tn—u+1
For 0 <r <A <1and0<#<2rm, we have
A
p(Ae) — p(re'?) = / ey (te?)dt.

T

M(p',t)

M (p,t).

This implies
A
b0y = ptre)| < [

r

MWM%

which gives

p(te”)] dt,
which further implies
A
Mp ) < Mpr) + [ M2
T

Combining the above inequality with (3.8), we get

ng"H
kn—p+1 + tn—u+1

A
MWMSMWM+/

If we choose

A nt"H
60 = M)+ [ o M,

M(p,t)dt.
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then
nAVTH

/ —
¢ ()\) T fn—ptl 4+ An—ptl

M(p, ),
and inequality (3.9), gives
, PATH
d) ()‘) - En—u+1 + An—ptl qb(A) <0.
Multiplying the above inequality by (k" #*! + )\”7“+1)_"*Z+1, we get
d __n__
4 oo vy} <0

which implies that (k"~#+! 4+ )\"_“H)*"*ZH ®(\) is a non-increasing func-
tion of A in (0,1). Therefore for 0 < k < r < A < 1, we have

Er—wutl g pn—ptl T
600> (st ) o)

Now since ¢(r) = M (p,r) and ¢p(A) > M(p, \), we get

Er—ptl g gn—ptl n—ZH
M(p,r) > ( A An_w) M(p, ).

Which completes the proof of Theorem 2. [l
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