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ON THE BOUNDEDNESS OF SOLUTIONS OF A
NON-AUTONOMOUS DIFFERENTIAL EQUATION OF
SECOND ORDER

CEMIL TUNQ

ABSTRACT. We study the boundedness of the solutions to a non-autono-
mous differential equation of second order. With this work, we improve
some stability results in the literature of boundedness of the solutions.
We give two examples to illustrate the theoretical analysis in this work.

1. INTRODUCTION AND MAIN RESULTS

In 1974, Baker [2] considered the following second order nonlinear differ-
ential equation

(r()u) + o(t, u,u')u’ + p(t) f(u) = 0. (1)

This equation can be written as the system

Y = ———=1r"(t)y + o(t,z,y)y + p(t) f(2)], (2)

where we assume that f : R - R, ¢ : I xR? - R, and p: [ — R are
continuous, and r : I — R is differentiable, and r(¢t) > 0 for all ¢t € I,
I = [0,00). We assume in what follows that p : I — R is differentiable.
In [2], the author established two theorems which include some sufficient
conditions and guarantee that the zero solution of (2) is uniformly stable.

In this paper, instead of Eq. (1), we consider the following non-autono-
mous second order differential equation

(r(t)a") + o(t, x,2")a" + p(t) f(z) = q(t, 2,2). (3)
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We write Eq. (3) as the system

I __
$—y,

y = —@[r'(tw gtz y)y + p(t) ()] + r(lt)qu,:c,y), (4)

where ¢ : I x 2 — R is continuous.

It should be noted that in [2] Baker also derived sufficient conditions for
the global attractivity of the zero solution of (4).

This work is motivated by the paper of Baker [2]. It is worth mentioning
that the author in [2] discussed the stability of the solutions of Eq. (1)
without giving any example on the topic. We here establish two new results
on the boundedness of the solutions of Eq. (3) and also give two examples
to show the applicability of our results. On the other hand, in particular,
for some results performed on the boundedness of solutions of some certain
second order nonlinear differential equations, the reader can refer to the
papers of Cheng and Xu [3], Kato ([4], [5]), Malyseva [6], Muresan [7],
Népoles Valdés [8], Saker [9], Tung ([10], [11], [12], [13]), C. Tung and E.
Tung [14], Zhao [15], Wang [16] and the references cited in these papers. It
should be noted that Eq. (3) and the assumptions that will be established
here are different from those in the papers mentioned above and literature.

Our first main problem is the following theorem.

Theorem 1. In addition to the basic assumptions imposed on the functions
r, ¢, p, [ and q, we assume that the following conditions hold:

i)
f(0) = 0,/xf(s)ds >0 for allz € R, (z #0),
0

/ f(s)ds = o0 as |z| — oo,
0
o(t,z,y) >0 for all (t,z,y) € I x R2,

ii) pr is monotone on I and there are positive constants pg, p1, ro and
r1 such that

po < p(t) < p1 and ro < r(t) <y for all t >0,
gt 2,9)] < le(®)], /0 le(s)|ds < oo,

Then, every solution of Eq. (3), together with its derivative, is bounded as
t — oo.
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Proof. We first assume that pr is monotone increasing on I. Define the
Liapunov function

‘ r(t) o
Vl(t7$7y):2/ f(S)dS—i-iy .
0 p(t)
In view of the assumptions of Theorem 1, it follows that

Vi(t,0,0) =0

and

for all x # 0 and y # 0.
Let (z,y) = (x(t),y(t)) be a solution of (4). Along with this solution,
calculating the time derivative of Liapunov function Vi (t,z,y), we find

Vit,a(0),(0) = OO oy - 200
) 2
o) (t, z(t), y(t))y>(t) + @y(t)q(tw(t), y(t))
[p(t)r®)] 2
=0 y2(t) — 5Z55¢%t,11t),y(t))y2(t)
2
_|_

7y(t)q(tv :E(t)v y(t))
p(t)

In view of the assumptions that pr is monotone increasing, ¢(t,z,y) > 0,
lg(t,z,y)| < le(t)], 0 < po < p(t) and the inequality 2 |y| < 1 +y?, it follows
that

VIt 2(t),y(8) < — 1

1
o0 @l gt 2(0),yO) < - le®] + le(t)] y*(¢)-

On the other hand, we have %Vl(t, x,7y) > y%. Hence, the last two inequal-
ities imply
1 n
Vi(t,z(t),y(t) < — le(®)] + —— le(t)] Vi(t, z(t), y(1)).
Do DoTo

Integrating this inequality from 0 to ¢, we get

Vit z(t),y(t) < Vl(O,xo,yo)+plo /0 le(s)| ds

[
+p0?”o /0 le(s)| Vi(s, z(s), y(s))ds.
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Using the Gronwall-Reid-Bellman inequality (see Ahmad and Rama Mohana
Rao [1]), one can obtain

1 [t [
VAt 2(0).9(0)) < {Vi(0,0,30) + - /0 e(s)] ds}exp( -2 /0 le(s)] ds).

Since the integrals in the last inequality converge when t — oo by the as-
sumption [ |e(s)| ds < oo, we can conclude that Vi (¢, z(t),y(t)) is bounded
for all ¢ > 0. This shows that every solution of Eq. (3) together with its
derivative is bounded as t — oo.

Now we assume that pr is monotone decreasing on I. For this case, define
the Liapunov function

Vat.z.y) = 20(0)r(t) [ F(s)ds + (000"
0
In view of the assumptions of Theorem 1, it follows that
VZ(ta 07 0) =0
and
Va(t,z,y) > 2poro / f(s)ds +15y* > 0
0

for all x # 0 and y # 0.
Let (x,y) = (x(t),y(t)) be a solution of (4). By a direct calculation using
this solution, the time derivative of Liapunov function Va(¢, z,y) yields

Vit x(8), y(8)) = 2[p(t)r(t)] /0 " f(s)ds

= 2r(t)(t, z,y)y” + 2r(t)a(t, z(t), y(t))y(t).
Subject to the assumptions of [p(t)r(t)] < 0, ¢(t,z,y) > 0, |q(t,z,y)] <
le(t)|, 0 < 7(t) <71 and the inequality 2 |y| < 1+ 2, we get
Va(t,o(t), y(t) < 2r(8) [y(®)] lg(t, z(t),y(1))]
<1 fe(t)] + 1 Je(®)] (D).

The remaining part of the proof is similar to the proof of first part of The-
orem 1. Therefore, we omit the details. The proof of Theorem 1 is now
completed. ([

Example 1. Consider the following non-autonomous second order differen-
tial equation

3 ! ny A i3y 1 (2z+4x%) !
— x x r+4x”) = .
1+12 (141t2)2 1+12 1+t2+ 22+ 2"
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We state this equation as the system

/

r =Y,

, 2t _4+3t2(23€Jrémg)+ 1+
YT ar e+ 213 A+E2+22+ )2 +382)

Hence, it follows the existence of the following expressions:

() =8— — t>0
= 14+t27 =7

1+ﬁ§&

ro=2,11 =3,
1

142

1+ﬂ§&

po =3,p1 =4,
2 2
sy = A3 +32) 1

L+e2)2 7 (2+1)2

PO = e = 0.2 0.

2<3-

p(t) =3+

3<3+

that is, pr is monotone increasing on I = [0, 00)
o(t, z,y) =0,
f(z) =2z + 423, f(0) =
/ f(s)ds = x> + 2" > 0, (x #0), (z® + ) = 0o as |z| — oo,
0

1 1
lq(t,z,y)| = < = le(?)],
I+ +a2+y> — 14t

/O]e(s)\ds:/o mds:§<oo.

It is also seen that

4 + 3t2

2

—y° >0

2+ 3t2
Vi(t,z,y) = 2(z% 4 ) +<+ >y2
1
> 2(x? + 2t + 5
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for all x # 0 and y # 0, V1(¢,0,0) = 0, and

d At 2(1 +t2)
Vilt,z(t),y(t)=— 2(t t
ar 100 ==y Ot aen e Y
<2 )
= (a+32) Y
1 1,
< t
STrse Ty W
1 2
< e Vil a0, ()

Integrating the last inequality on [0, 00) and using the Gronwall-Reid-Bell-
man inequality, one can conclude that Vi(¢,x(t),y(t)) is bounded for all
t > 0. This shows that every solution of the above equation, together with
its derivative, is bounded as t — oco. In view of the discussion made above,
it also follows that all the assumptions of Theorem 1 hold for the case pr is
monotone increasing on I = [0, 00).

The second main result is the following theorem.

Theorem 2. Suppose that all the assumptions of Theorem 1 hold except pr
is monotone on I. If p and r are both monotone on I, then every solution
of Eq. (3) together with its derivative, is bounded as t — oo.

Proof. If both p and r are monotone increasing or both monotone decreas-
ing on I, then Theorem 2 is a corollary of Theorem 1.

We now assume that p/(¢) > 0 and 7/(t) < 0 for all ¢ € I. Define the
Liapunov function

Va(t,z,y) = 2r(t) /0 " f(s)ds + Lty

p(t)
In view of the assumptions of Theorem 2, it follows that
V3(t,0,0) =0
and . )
Vs(t,x,y) > 27"0/0 f(s)ds + %zf >0

for all z # 0 and y # 0.
Let (z,y) = (z(t),y(t)) be a solution of (4). Using this solution, the time
derivative of Liapunov function V3(¢,z,y) yields that

x / 7,2
VIt 2(t), y(1)) = 27 (1) /0 f(s)ds - Wy%)
2r(t) 2r(t)
- p(t) ¢(ta l‘(t), y(t))yg (t) + W?/@)Q(t, SL’(t), y(t))
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Making use of the assumptions p/(t) > 0, r'(t) <0, ¢(t,z,y) > 0, |q(t, z,y)|
< le(t)], 0 < po < p(t) < p1, 0 < ro < r(t) < r1 and the inequality
2|yl <1+ y?%, we have

Vit 2(t), y(t)) < 21

p— ()| lat, 2(t),y(1))]
e + 2L le()]y3(2)-
0 Do

On the other hand, it is clear that %Vg(t, z,1y) > y2. Hence, it follows that
0
1 p17’1
Vit z(t),y(t) < — le(t)| + 5 le(t)] Va(t, z(t),y(t))-
Po p07“0

Integrating the last inequality on [0, co) and using the Gronwall-Reid-Bell-
man inequality (see Ahmad and Rama Mohana Rao [1]), we get

Va(t, 2(t). y(0)) < {Va(0, 20, 0) + 1 / ()| dshexp( / e(s)] ds).

By the hypotheses fo s)| ds < oo, it follows that the integrals in the last
inequality converge When t — oo. Hence, V5(t, x(t),y(t)) is bounded for all
t > 0. Therefore, we conclude that every solution of Eq. (3) together with
its derivative, is bounded as ¢t — oo.

We finally assume that p’(¢) < 0 and »/(¢) > 0 for all ¢ € I. For this case,
define Liapunov function

x
Vitt.r.) = 20(0) [ F(s)ds + (0
0
In view of the assumptions of Theorem 2, we have
Vi(t,0,0) =0

IN

| /\

and .
Vit ,y) > 2po / F(s)ds + roy® > 0
0

for all z # 0 and y # 0.
Let (z,y) = (z(t),y(t)) be a solution of (4). Using this solution, the time
derivative of Liapunov function Vj(¢,z,y) implies that

Vit o(t), y(6) = 20/(1) /0 " f(s)ds — (1)
20(t, 2 (), y()P(t) + 2q(t, 2(2), y (D) (2).

Subject to the assumptions of Theorem 2, one can obtain
Vi(t,2(t),y(t) < 2[y(t)] la(t,z(t), y(1))]
le(t)] + le(t)]y*.
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It is also obvious that %1/4(25, z,y) > 5. Hence, we get

Vi(t,z(t),y(t) < le()] +rg" le(®)] Valt,z(t), y(t)).

Integrating this inequality on [0, c0), we get
t
Vi, (0).y(6)) < Va0, g0) + [ [e()] ds
0

1y /0 ()| Va(s, 2(5), 5(s))ds.

Using the Gronwall-Reid-Bellman inequality (see Ahmad and Rama Mohana
Rao [1]), we can obtain

Vitt.a(t).5(0) < a0, + [ e(o)] dsespr? [ le(s)]ds).

Since, by the hypotheses [;°|e(s)|ds < oo, the integrals in the last in-
equality converge at t — oo. Therefore, we can conclude Vy (¢, z(t),y(t)) is
bounded for all ¢ > 0. Thus, every solution of Eq. (3) together with its
derivative is bounded as t — oo. O

Example 2. Consider non-linear differential equation of second order

1 2t exp(t)
34— ) o’ — &+ 6[2 — exp(—t)]a® = .
( +1+ﬂ>w At O —en e = e T i 22

We state this equation as the following system
o' =y,
, 2t 62 — exp(—1)](1 +t?) -
YT ar ety 4+ 3¢2 N
(1+ ) exp(t)
(1 + exp(2t) + 22 + y2)(4 + 3t2)°

Hence, we have the following:

(t) 34— >0
T =
1+ ’

27 =
3<34— <4
IR
ro=3,r1 =4,

2t
t)=—-———- <0
)= -Gz =0

p(t) = 6[2 — exp(—t)],
1<2-— eXp(_t) < 2’
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po =6,p1 =12,
p(t) = 6exp(~t) > 0,
o(t, z,y) =0,
f(x) = 62°,
f(0) =0,

/ f(s)ds =25 >0, (x #0),2° = 0o as |z| = oo,
0

exp(t) exp(t)
1+ exp(2t) + 22 + y?) < 1+exp(2t) le(®)],

o *© exp(s) ™
ds = —————ds = — .
/0 le(s)| ds /0 T+ exp(29) §=7 <00

It is also seen that

44362\ 1 413\,
¢ =252
Vs(t,2,y) <1+t2>xJr6[2—exp(—lt)]<1+t2 !

9
> 625+ =42 >0
> 6x +12y

for all z # 0 and y # 0, V3(¢,0,0) = 0, and

lq(t, 2z, y)| = (

d 4t exp(—t 4432\
5 V3 (t),y(t) = —mx%) T 62— ng(zt)]z ( 11 t2 ) v

N 2(4 + 3t%) exp(t)
62 — exp(—t)](1 + t2)[1 + exp(2t) + 22 + 2]
3exp(t
< g 2oy
2 + 2exp(2t)]
3exp(t) n 3exp(t)
T 2+ 2exp(2t) 24 2exp(2t)
2exp(t) 2 exp(t)
Va(t, z(t t)).
> 1+6Xp(2t) 1 +eXp(2t) 3( ,ZL‘( )73/( ))
by |y] <1+ y% and y? < §V3(t, 2(t), y(t)).
Integrating the last inequality from 0 to ¢ and using the Gronwall-Reid-
Bellman inequality (see Ahmad and Rama Mohana Rao [1]), it follows that

y(t)

y*(t)

Va(t, 2(t), y(t)) < Va(0, 20, 0) +2 /0 1+X§;<)2> ds

b exp(s)
+9 /0 Thenp(gs) V305 7().y(s))ds
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< {Vg(O,xo,yO) +2/Otm ds}exp{Q/Ot m ds}.

It is clear that the integrals in the above inequality converge as ¢t — oo
since [;° o) g — T < oo. Hence, we conclude that V3(t,x(t),y(t)) is

1+exp(2s)

bounded for all ¢ > 0. This verifies that every solution of the above equation
together with its derivative is bounded as t — oo for the case p/(¢t) > 0 and
r'(t) <0on I=][0,00).
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