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DYNAMICS OF AN ANTI-COMPETITIVE TWO
DIMENSIONAL RATIONAL SYSTEM OF DIFFERENCE
EQUATIONS

M. GARIC-DEMIROVIC AND M. NURKANOVIC

ABSTRACT. We investigate the global asymptotic behavior of solutions

of the following anti-competitive system of rational difference equations
Y1Yn 521%
n+1 Al ¥z, + h, Yn+1 A2 +yn7 s 4Ly )
where the parameters 1, 82, A1, A2 and h are positive numbers and the
initial conditions o, yo are arbitrary nonnegative numbers.

1. INTRODUCTION

A first order system of difference equations

Tpni1=f (wmyn)
, n=0,1,...,(x0,90) € R, 1

{ yn—&-l:g(xmyn) ( Oy) ()
where R C R?,(f,g) : R — R, f, g are continuous function is competitive if
f (z,y) is non-decreasing in x and non-increasing in y, and g (z,y) is non-
increasing in x and non-decreasing in y.

System (1) where the functions f and g have monotonic character oppo-
site of the monotonic character in competitive system will be called anti-
competitive.

We consider the following system of difference equations

Bax
+ h, ynHZT—i—Hyn’ n=0,1,..., (2)
where the parameters A, 71, A2, P2 and h are positive numbers and the
initial conditions xg, %o are arbitrary nonnegative numbers. It is obvious
that System (2) is anti-competitive.

Y1Yn

Tpp] = ———
nr A+,
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Competitive systems of the form (2) were studied by many authors such
as Clark and Kulenovié¢ [3], Hirsch and Smith [8], Kulenovi¢ and Merino
[12], Kulenovi¢ and Nurkanovié¢ [16], [17], Gari¢-Demirovié¢, Kulenovi¢ and
Nurkanovi¢ [1], [6], Smith [20], [21] and others.

We now give some basic notions about systems and maps in the plane of
the form:

Tn+1 :f(xnvyn)a Yn+1 :g($n7yn)7 n:071727"'7 (3)

where f and g are continuous functions and f(x,y) is non-decreasing in z
and non-increasing in y and g(z, y) is non-increasing in x and non-decreasing
in y in some domain A.

Consider the map T = (f,g) on a set R C R?, and let E € R. The point
E € R is called a fized point if T(E) = E. An isolated fixed point is a
fixed point that has a neighborhood with no other fixed points in it. A fixed
point E € R is an attractor if there exists a neighborhood U of E such that
T™(x) — E as n — oo for x € U; the basin of attraction is the set of all
x € R such that T"(x) — E as n — oo. A fixed point E is a global attractor
on a set K if E is an attractor and K is a subset of the basin of attraction
of E. If T is differentiable at a fixed point E, and if the Jacobian Jr(E)
has one eigenvalue with modulus less than one and a second eigenvalue with
modulus greater than one, F is said to be a saddle. See [18] for additional
definitions.

Definition 1. Let T = (f, g) be a continuously differentiable vector function
and let U be a neighborhood of a saddle point (z,y) of (3). The local stable
manifold Wy, . is the set

Winl(2.9) = {(2,9) : T" (@,9) €U (¥n20) A lim I" (2.y) = (Z.5)

n—oo

The global stable manifold W* of a saddle point (Z,y) is the set

Wi (@, 9) = {(@y): mT" (@) = @)}

n—oo

The main result in linearized stability analysis is the following result [12],
[18].

Theorem 2. (Linearized Stability Theorem) Let T = (f,g) be a con-
tinuously differentiable function defined on an open set W in R?, and let
E = (z,y) in W be a fixed point of T.

(a) If all the eigenvalues of the Jacobian matriz Jr(E) have modulus
less than one, then the equilibrium point E of (3) is asymptotically
stable.
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(b) If at least one of the eigenvalues of the Jacobian matriz Jp(E) has
modulus greater than one, then the equilibrium point E of (3) is
unstable.

(c) All the eigenvalues of the Jacobian matriz Jr(E) have modulus less
than one if and only if every solution of the characteristic equation

N — TrJp(E)\ + DetJr(E) = 0 (4)
lies inside unit circle, that is if and only if
| TrJr(E)| <1+ DetJp(E) < 2. (5)

(d) If the characteristic equation (4) has one root that lies inside the
unit circle and one root that lies outside the unit circle, then the
equilibrium point E of (3) is a saddle point.

(e) The characteristic equation (4) has one root that lies inside the unit
circle and one root that lies outside the unit circle if and only if

| TrJr(E)| > |1 + DetJr(E)|  and (TrJr(E))* — 4DetJp(E) > 0. (6)

(f) If at least one of the eigenvalues of the Jacobian matriz Jr(E) has
modulus equal one, then the equilibrium point E of (3) is non-
hyperbolic.

(g) The characteristic equation (4) has at least one root that lies on the
unit circle if and only if

| TrJr(E)| = |1 + DetJr(E)|

or

DetJr(E) =1 and TrJr(E) <2.

Here we give some basic facts about the monotone maps in the plane, see
[4], [5] and [20]. Now, we write system (2) in the form:

(). 7(0),

where the map T is given as

. T A'}ili/x +h N f(x7y)
T'(y>ﬁ< — )—(g@,y))-

The map T may be viewed as a monotone map if we define a partial order on
R? so that the positive cone in this new partial order is the fourth quadrant.
Specifically, for v = (v1,v2), w = (w1, ws) € R? we say that v < wif v; < wy
and we < v9. Two points v, w € ]R?F are said to be related if v < worw < v.
Also, a strict inequality between points may be defined as v < w if v < w
and v # w. A stronger inequality may be defined as v << w if v1 < w;
and wy < vy. A map f : Int Ri — Int Ri is strongly monotone if v.< w
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implies that f(v) << f(w) for all v,w € IntR%. Clearly, being related
is an invariant under iteration of a strongly monotone map. Differentiable
strongly monotone maps have Jacobian with constant sign configuration

_|._ —

— + :
The mean value theorem and the convexity of Ri may be used to show that
T is monotone, as in [4].

For x = (z1,72) € R2 define Q; (x) for I = 1,...,4 to be the usual
four quadrants based at x and numbered in a counterclockwise direction,
for example, Q1 (x) = {y =(y1,y2) ERZ: 2y <yp 290 < yg}.We now state
three results for competitive maps in the plane.

The following definition is from [20].

Definition 3. Let S be a nonempty subset of R?2. A competitive map T :
S — S is said to satisfy condition (O+) if for everyz, y in S, T(x) <pe T(y)
implies © =<pe y, and T is said to satisfy condition (O—) if for every z, y in
S, T(x) Zpne T(y) implies y <pe x.

The following theorem was proved by de Mottoni-Schiaffino for the Poin-
caré map of a periodic competitive Lotka-Volterra system of differential
equations. Smith generalized the proof to competitive and cooperative maps
[20, 21].

Theorem 4. Let S be a nonempty subset of R?. If T is a competitive map
for which (O+) holds then for all x € S, {T"(x)} is eventually componen-
twise monotone. If the orbit of © has compact closure, then it converges
to a fized point of T. If instead (O—) holds, then for all x € S, {T*"} is
eventually componentwise monotone. If the orbit of x has compact closure
in S, then its omega limit set is either a period-two orbit or a fized point.

The following result is from [20], with the domain of the map specialized
to be the cartesian product of intervals of real numbers. It gives a sufficient
condition for conditions (O+) and (O—).

Theorem 5. Let R C R? be the cartesian product of two intervals in R.
Let T : R — R be a C' competitive map. If T is injective and detJr(z) > 0
for all x € R then T satisfies (O+). If T is injective and detJp(z) < 0 for
all z € R then T satisfies (O—).

The next result is from [10].

Theorem 6. Let T be an anti-competitive map on an rectangle R = [a1, az] X
[b1,b2) and X € int (R), where —0o < a1 < ag < 0o and —oo < by < by < 0.
Suppose

a) T (int (R)) C int (R) and T is strongly anti-competitive on int (R).
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b) T has a unique fized pint X on (Q1 (X) U Qs (X)) Nint (R).
c) FEither
I) T has no prime period two orbits in (Q2 (X) U Q4 (X)) Nint (R)
or,
II) det J7 (X) # 0 and T (x) =X only if x = X.
d) X is a saddle point.
Then,

1. The global stable manifold W?*(X) is the graph of a continuous, stric-
tly increasing function, and W?*(X) has endpoints in OR.
2. Let

W= {x € R\W(X) : 3x' € W*(R) with X 2. x},
Wi = {x € R\W'(%) : 3x' € W*(X) with x Zee X'}
Then ,

24) If x € Wy, then T?" (x) eventually enters into int (Q4 (X) N'R) and
T? 1 (x) eventually enters into int (Q2 (X) NR).

2.ii) If x € W_, then T?" (x) eventually enters into int (Qo (X) N'R) and
T2+ (x) eventually enters into int (Qq (X) NR).

The following result gives a convergence result for a system in R? when
there exist an invariant rectangle and the map of the system satisfies certain
monotonicity and algebraic conditions. See [11] and [15].

Theorem 7. Let R = [a,b] X [¢,d] and
f:R—la,b], g:R—[cd]

be a continuous function such that:

(a) f(x,y) is non-increasing in the first and non-increasing in the second
variable and g (xz,y) is non-decreasing in the first and non-increasing
in the second variable for each (x,y) € R;

(b) If (m1, My, mz, M3) € R? is a solution of

{ My = f(my, M), my = f (M, ms2) (7)
My = g (My,ma),mg = g(m1, M) ’

then m1 = My and mo = M.
Then System (1) has a unique equilibrium (T,y) and every solution of (1)

with (xo,y0) € R converges to the unique equilibrium (T, 7).

Variations on Theorem 7 have appeared and have been used very ef-
fectively to completely settle global attractivity issues of many systems of
rational equations, see [15], [16].
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The following result gives the rate of convergence of solutions of a system
of difference equations
Xpt1 = [A+ B (n)] Xy, (8)

(Ckxk

where x,, is k-dimensional vector, A € is a constant matrix, and

B : Zt — CF*F is a matrix function satisfying
|B(n)|| =0 when n — oo, 9)

where ||-|| denotes any matrix norm which is associated with the vector norm;
|-|| denotes the Euclidean norm in R? given by

Iz, )l = Va2 +y>.

Theorem 8. Suppose that condition (9) holds. If x is a solution of (8),
then either x, = 0 for all large n or

p= lim /x| (10)
n—oo
exists and is equal to the modulus of one of the eigenvalues of matriz A.

Theorem 9. Suppose that condition (9) holds. If x is a solution of (8),
then either x, = 0 for all large n or

oo x|

exists and is equal to the modulus of one the eigenvalues of matriz A.

2. LINEARIZED STABILITY ANALYSIS
In this Section we prove the following local stability result.

Theorem 10. System (2) has the unique positive equilibrium point E =
(@,7).
i) If a1 < (A1 + h) Aa, then E is locally asimptotically stable.
ii) If Bay1 = (A1 + h) Aa, then E is non-hyperbolic.
iil) If Bay1 > (A1 + h) Ag, then E is a saddle point.

Proof. The equilibrium point of System (2) satisfies the following system of
equations
Ny _ Pz
+ h,y = .
Az YT Aty
It is easy to see that the unique positive equilibrium E = (Z,7) is an
intersection of the following two parabolas

(12)

T =

y:;(x2+(A1_h)m—A1h),x:B12(y2—|—A2y). (13)
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The map T associated to System (2) is

Y1y + h
x, A1+
ren-(160)-( "5 ) ()
’ Azt+y
The Jacobian matrix of 7" at the equilibrium point E = (Z,7) is
( “/1@)2 A,Y-IF
. A1+T 1T
JT (xay) = B2 _ Bom (15)
A2ty (A2+7)?

The characteristic equation has the following form

M —pA+q=0,
where
(A1 +2)° (A2 +7)”

(A 4D (A +7)? (A +T) (A2 +7)
i) Now we check conditions (5).

(1) It is clear that p < 0. Using (12) we have

7Y B2T Y1827y _ Y182
pl<1+q e (1471-"-5)2 + (A2+7)° <1+ (A147)*(A2+7)? (A7) (A2+7)

T—h y Yy ., xz=h _ 7182
Caner T hE <ltam A4 Gmmw

& (T—h) (A247) +7 (A1+7) < (A1+7) (A2+Y) +7 (T—h) =71 52
& P < (A1+h) Ao
(2) It is easy to check that ¢ < 0, which implies that ¢ < 1. Indeed

" BTy _ Y152
(A1 +7) (A2 +7)° (A1 +7) (A2 +7)
732 Ty
(A1 +7) (4 +7) <<A1 T Aty 1) <0

Therefore, the conditions (5) are satisfied if fay1 < (A1 + h) A2
and the equilibrium point F = (Z,7) is locally asimptotically stable.

q:

it) Now we check conditions (6).
1. [p|>14+¢q/le -—p>1+q(p-1-g<0)A(p+1+9g<0)

1°p+14g<0& —p>14+qg<|p| > 14+q< Pay1 > (A1 + h) Ag,
2°p—1—-¢q¢<0& - 7P2< 2T+ A1—h) 2y + Ag)



46 M. GARIC-DEMIROVIC AND M. NURKANOVIC

which is satisfied, because from (12) we have

1 f = (@—h) (A ; ) (A2 +7) _ (@=h) (A +xx) (A +27)

< (224 A1—h) (2y + A2)

_ N2 _
2 1Y B2T _ 41 B2y 47182
2. p~4¢ >0 ((A1+§)2 + (A2+y)2) (A1+E)2(A2+y)2+(A1+E)(Az+§) =

0= ( my _ _ __B% )2+ 47182 >0
(Ai+2)*  (A247)° (Ai+7)(A2+y) ~
which is always satisfied.
iii) Since Boy1 = (A1 +h) Ay & p+1+q=0= |p| = |1 + q|, we see that
under this condition the equilibrium point E = (Z,7) is non-hyperbolic. [

3. GLOBAL RESULTS

In this section we present the results on the global dynamics of System (2).

Case 1: o1 < (A1 + h) Ao

Theorem 11. Assume that Sy1 < (A1 + h) Aa. Then the equilibrium point
E = (z,79) is globally asimptotically stable.

Proof. Taking in account that f (z,y) is decreasing in x and increasing in
y, while g (z,y) is increasing in = and decreasing in y, we have

Y1Yn b < 71Uz

h<zpt1=-——"—"— h <U,
SIS g, TSy T
Boxy, B2Uy
0<wynt1= < < Us,
= Yntl Ay +y, = Ay — 2
which implies
B2U1
11U2 Y174
Uu,>-—-—_—= +h> 2 h
T Ry T
752
= 1—-——F="—— Uy > h.
( AQ(A1+h)> L=

The last inequality implies

Ag (A A
2(ith)h s BAit )

(A1 +h) = Bamn Az (A1 + 1) = Bam

This shows that the following box

[h, Ul] X [0, Ug]

Uy > e (16)

is an attractive box.
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As (Al + h) h
Ag (A1 +h) — fPam

Now we show that [h, U] x [0, Us], where U; = and

U — B2 (A1 +h)h
27 Ay (A1 +h) — Bom
(z,y) € [h, U] x [0,U3] = T (z,y) € [h, U7] x [0,U5].

, is an invariant box, i.e.

Indeed

x Ao (A h) h
MY < U3 h 2 (A1 +h) _ U
A+ Ai+h Az (A1 +h) — Bam

Box _ BuU} Ba (A1 +h)h *
< = < = B
0 ~ T2 ($, y) A2 + y - A2 AQ (Al + h) - B2’71 U2

The second condition of Theorem 7 has the following form

hSTl (I7y) =

y1 M3 Y112
M,y = Y h, my= -2 g
YA+ m YT A M,
Mo — B2 My — Bamq
T Ay +my 2T Mg+ My

These equations imply:
miMy — Ath = y1 My + mih — Ay My = yymo + M1h — Aymy,
moMs = BaMy — Aa My = Bamy — Agma.
Using algebraic manipulations, we obtain
(A1 + h) (m1 — My) =y (me — Ma),
B2 (m1 — My) = Az (ma — M3).
This implies
(Bay1— (A1+h) Az) (M1 —my) = 0,
that is M7 = m;.
Similarly, we obtain My = mas.

The conclusion follows from Theorem 7 and the first statement of Theo-
rem 10. O

Case 2: (971 > (A1 + h) Ay

Lemma 12. If 8oy > (A1 + h) Ag, then System (2) has no prime period-
two solutions.

Proof. System (2) can be reduced to the following second-order difference
equation:

In = s
2T (As + (@ar1 — h) (Ay + 7)) (A1 + Zp1)
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or to the following second-order difference equation:

V182yn + b (A1B2 + Yn+1 (A2 + yn))
(A2 +yny1) (A162 + yny1 (A2 +yn))
Now it is sufficient to prove that both of the difference equations (17) and

(18) have no prime period-two solutions. Assume that this is not true for
(17), that is, that

Yni2 = B2 (18)

¢7¢7¢7w7""(¢#¢)

is a prime period-two solution of (17). Then we have

_ 72 Bagp b
P At @ —h) (At e) (A te)
2
b = Vi B2t +h. (19)

(mAz2 + (¢ — h) (A1 +9)) (A1 + ¢)
This implies

Az (o — h) (A1 + ) + (¢ — h) (1 — h) (A1 + ©) (A1 + ) =7 B2,

MAz (¥ —h) (A1 + @) + (¥ — h) (p — h) (AL + ) (A1 + ¢) = 1{ B2t
By subtraction, we obtain

71 (¢ — ¥) (A1 + k) Ag — Bay1) = 0,

and this implies that ¢ = ¢ (because f2y1 > (A1 + h) Az), which is a
contradiction.
Now assume that

X 0, X: 8,05 (X 7 9)
is a prime period-two solution of (18). Then we have
Y1B2x + b (A1B2 + ¢ (A2 + X))
(A2 +¢) (A1B2 + ¢ (A2 + X))
Y1820 + h (4182 + x (A2 + ¢))
(A2 +x) (A2 + x (A2 +9))

X = B2

¢ =B

from which
X (A2 + ¢) (A182 + ¢ (A2 + X)) = 1 B3x + A1B5h + B2he (Az + X)

¢ (A2 4 x) (A1B2 + X (A2 + ¢)) = 11830 + A1B5h + Bahx (A + ¢) .
By subtracting, we have

Ba (x — &) (A1 + h) Ao — Bom1) = 0,
and this implies that xy = ¢, which is a contradiction. [l

Lemma 13. The map T associated to System (2) satisfies the following:
T (x,y) = (z,9) only for (z,y) = (2,9).
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Proof. By using (12), we have

1Y _ My
T t+h=4%+h
o Ai+z Ai+T
T($,y):($,y)<:>{ ' Box 5125
Aoty — As+y
@{ y(A1+7) =7y (A1 + )

@{Al(yi+w$y:0 . (20)

Adding these two equations yields

Ai(y—y)=—-A2(z - 7). (21)
By using (21), the first equation in (20) becomes

Ao
—Z)|—A——T -7 | =0
@-7) (A2~ Gl -7) =0,

which implies © = Z. From (21) we obtain y = 7. O
Theorem 14. Assume that Bay1 > (A1 + h) Aa. Then there exists a set
C C R which is invariant subset of the basin of attraction of E. The set C is
a graph of a strictly increasing continuous function of the first variable on

an interval (and so is a manifold) and separates R into two connected and
invariant components, namely

W_ :={x € R\C: Jy € C with x <4 y},
Wi i={x e R\C: Iy €C withy <s x}.
which satisfy:
i) If (zo,y0) € W, then
Jlim (220, y9n) = (00,0) and Tim (z9n11,Yant1) = (b, 00).
ii) If (o, v0) € W-,

lim ($2na y2n) = (hv OO) and lim (x2n+17y2n+1) = (0070) .
n—00 n—00

Proof. System (2) can be decomposed into the system of the even-indexed
and odd-indexed terms as follows

— _MYon
L2n+1 = A fas, th,

_ _MY2n-1
L2n = A 4ran +h,

_ _Bozan
y2n+1 - A2+y2n’

_ Bexan—1
Yon = As+yon—1-
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The existence of the set C with the stated properties follows from Lemmas
12 and 13 and Theorem 6. [l

Case 3: (Boy1 = (A1 + h) As

The following result holds.

Theorem 15. Assume that Say1 = (A1 + h) As. Then System (2) has an
infinite number of period-two solutions located along the graph of a curve of
third order:
BaA1Ash + BoAshx + h (A% + ﬁzAl) y+
+Ashy? — (A3 — Boh + B2 A1) zy — Box?y — Aqay? (22)
=0
Proof. The second iterate of T is

2 _ Bay1z(A1+x) B2(v1y+(A1+x)h)(A2+y)
T(%w_<Mwmiﬁmﬁwmﬂm+hw%&wdmmmﬂm)

Period-two solution is a fixed point of a map T2, i.e.

7% (z,y) = (,9),
which is equivalent to the following system

Boviz(Ar+x) _
ATyt Ch TR ATy =@
Be(riy+(A1+x)h)(Ao+y)
(A2(A2ty)+Bew)(Arta) O

By (A +2) = (& — h) (A2 + ) (yay + h (4 + 1))
+ (z—h)(A2+y) A1 (A1 + 2),
(my + (A + ) h) (A + ) = ﬁly (Az (As + ) + o) (A + ),

which implies

Bmz (A1 +2) = (z — h) gy (As (As +y) + o) (A1 + )

+(x—h) (A2 +y) A1 (A1 + ).
Since A; + 2z > 0 and fay1 = (A1 + h) Ay, we obtain
B2 (A1 + h) Agw = (z — h) [y (A2 (A2 + y) + Box) + B2 (A2 +y) Ai],

ie. (22).
This means that System (2) has infinitely many period-two solutions
which belong to the third order curve given by (22). O
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Theorem 16. Assume that Boy1 = (A1 + h) As. Then every solution of
System (2) converges to a period-two solution of System (2) that belongs to
a curve (22).

Proof. Here we prove that the map 7T is injective, which implies that T2 is
injective. Indeed, T (z1,y1) = T (x2,y2) implies that

A1 (y1 — y2) = T1y2 — T2 (23)
and

As (z1 — x2) = Tay1 — T1Y2. (24)

Now
(23) (24)
Y1 2 Y2 = T1Y2 = ToY1 = T = T2 = Tay1 S T1Ye2,

which is a contradiction. Consequently

(23 24
Y1 =Yy %) T1Y2 = Tyl = T1 = T2 2 (z1,91) = (22,92)

i.e. T is injective.
On the other hand for the map T?(z,y) = (T1(x,y), Ta(x,y)) we have

b2 71y _ viPemy
@ — Az ty (Al + Atz + h) + (A1+;)2(A2+y)
ox

2
(Al + Aﬂzl_,’?ix + h)
—1 B2z 7y Vi Ba
@ (A21+Z,2l)2 (Al + A11+x + h) B (A1+:1’)(A2+y)
dy A Y h 2
1+ Atz +
—11B2y (A2+ Box ) - 7183y

@ _ (Aifa)? Azty A +x)(Aaty)
oxr 2
(AQ + A%—fy)
mnbBa Box ~1B3zy
oy _ Arta (A2 + A22+y) + (Al-ﬂ-l’)(%‘lfry)2
oy T\ 2
y (AQ + Aﬁ;—‘,-y)
and
ory 01T
| 9z oy | 00Ty 01> 0Ty
detJr(e) =1 o1, oty |~ Gw oy 0w 0y
oxr Oy
_ Y152 (4B -CD),




52 M. GARIC-DEMIROVIC AND M. NURKANOVIC

where
= [ (4 2 + 1) + )
B= 3% (At 2) + (Aljii%iy)?] ’
= :ﬁ <A2 + A’Bffy) - (A1-|:Y;)B(%§J2+y)} :
D =[G (s ) = ot

Now we obtain

_ 1 Box
I'-A=ao@mmw (Al + At T h) (A2 + A22+y)
Baxy Y1y nzry Bax
t Airo) (Azto)? (Ar+ 5+ ) + (Ar72)3(Ast) (42 + 225)

71 B22%y? . zy Ty Box
t o) ey it (A sy (A1 tatet h) (A2 + Az+y)

__ mmy B2z \ Boxy My
(A1+2)%(As+y) <A2 + A2+y> (A1 +a)(Asty)° (A1 T Itz T h)
_ _ mpPewy

(A1 +z)%(As+y)?

_ 1 My Baz 1 Bo?y?
= o)Aty (Al + a4zt h) (A2 + A22+y) t ) (Aary)®
_ Ty 1Y Bez \ _ Y1822y

_ Ty 1Y B2z '\ _ Y1822y
(A1+2)*(Az+y)* <A1 T Az T h) <A2 + Az+y> (Ar+2)%(Aa+y)*’

that is
A — A1 A Y1A2y hAs
I—A= (A1+2)(A2+y) + (A142)?(Az+y) - (Ar+=)(A2+y)
BaArx Y1 B2xy + Bahx
(A1+z)(Az+y)? | (A142)%(Aa+y)? T (A1+z)(Aa+y)?
11B822%y? _ A1 Aszy _ 11 Aszy?
(A1+2)%(Az+y)* (A14)% (A2 +y)? (A142)3 (Ag+y)?
_ hAsxy _ B2A1z%y _ 71 B22%y?
(A1+2)2(Az+y)®  (A1+2)%(A2+y)®  (Ar+a)®(Aaty)’
_ Baha?y _ Y1 B2xy
(A142)%(A2+y)®  (A1+2)%(Az+y)?
— A1As + 71A2y + hAs + ﬁgAlx
(Ar+2)(A2+y) ' (A1+2)%(Aa4y) | (Ait2)(A2+y) T (A+a)(Az+y)?
Bahx _ A1 Aszy . 1 Axzy?
(A1 +x)(Aa+y)? (A141)2 (Aa+y)? (A141)3 (Aa+y)?
hAszy B2 Arz%y _ Bahz?y

T (Aa)2 (A2 )2 (Ao’ (A2ty)®  (Arta)X(Azty)®

=6 (1 i)
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where
G = A1 Ao Y1 A2y + hAs
(Ai+2)(A2+y) T (A1+2)2(Aa+y) | (Ai+z)(A2+y)
BaA1x B2hx
(A1+2)(As+y)? | (Ar4z)(Az+y)?"

Since zy < (A1 + ) (Az +y), that is 1 — m > 0, we have that

det Jp2(x,y) > 0 for all nonnegative z and y.
By Theorem 5 this means that the condition (O+) is satisfied. The con-
clusion follows from Theorems 4 and 16 . [l

4. RATE OF CONVERGENCE

In this section we will determine the rate of convergence of a solution of
System (2) that converges to the equilibrium E = (7,7), in case described
Theorem 11.

Theorem 17. Assume that Boy1 > (A1 + h) Ay, Every solution {(xn,yn)}
of System (2) then converges to the equilibrium E = (Z,y) and E is globally
asymptotically stable. The error vector

_ en _(xn—T
B O e N T
n

of every solution of (2) satisfies both of the following asymptotic relations:

lim {/llen]| = [Ai (J7 ()| for some i=1,2, (25)
and

o llenall oy -

lim = |\i (Jr (E))| for some i=1,2, (26)

oo |en||

where |\; (Jr (E))| is equal to the modulus of one of the eigenvalues of the
Jacobian matrix evaluated at the equilibrium FE.

Proof. First we will find a system satisfied by the error terms. The error
terms are given as (using (2) and (12))
MNYn ny
B — _
A+a, T A+w
Aryn +Typ — A1y — 1y
(A1 +x,) (A1 +T)
(A1 +7) (40— 9) ~ 7 (@0 — 7)
(A +z,) (A1 +7)
—MNYy _
— n—F)+
T v R

Tpntl — T =

:’)/1

At
Al +

(Yn —7)
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Pon P
Ay+yn As+7y
-8 Agn + xny — AoT — Typ
7 (At (A2 +7)
(AQ —i—@) (xn _E) _f(yn _y)
(AQ + yn) (AQ + @)

(Tn —7) —

Yn+l — Y =

= P2

_ b
As +yp

B2T
(A2 +yn) (A2 +7

(yn - y) )
)
that is

Tptl — T = 4(A1+;n’7)1(?41+§) (xn —T) + Al’ﬁxn (Yn — 7)) @7)
Ynt1 =Y = %ﬁyn(wn—@ - %(yn—y).

Set el = x, — T, €2 =y, — J. Then system (27) can be represented as

1 1 2 2 1 2
€ni1 = An€, +bpey,  en 1 = cpe, +dpey,

where
-1y po— N
(A1 + zp) (Al-i-f)’ " A+ x,’
b1 B —B1T

Aty " (Ao tyn) (A2 4 D)
Taking the limits of a,, b,, ¢, and d,,, we obtain

Ay =

Cn

I .y h-% . . m _xT=h
m a, = — 5 — —, hmbn— — = — 3
n—o00 (A1+CC) A +Z nooo A +7T U
. Py s ]
lim ¢, = — ==, lim d, = 5 = —,
n—00 Ao+ 7 T  n—oo (Ag—l-g) Ax+7
that is
h—= T—h
an:Al—i—f—'_an’ b, = +an
Y -y
Cn f+7n7 n A2+ﬂ+ 7
where

an =0, Bn—0, v,—0, 6, =0, (n—00).
Now we have system of the form (8)

enr1 = [A+ B ()] en,

z—h
v _ an B
Ax+y

where

S

I
VR
=
sl 5
T
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and
IB(n)|| =0 (n— ).

Thus, the limiting system of error terms can be written as

1 h=%  T=h 1
nt1 \ _ [ AT Y €n
e2 - Y -y e2
n+l1 z Ax+y n
This system is exactly the linearized system of (2) evaluated at the equilib-
rium E = (Z,7) . Then Theorems 8 and 9 imply the result. O
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