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NEW JENSEN’S TYPE INEQUALITIES FOR
DIFFERENTIABLE LOG-CONVEX FUNCTIONS OF
SELFADJOINT OPERATORS IN HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. Some new Jensen’s type inequalities for differentiable log-
convex functions of selfadjoint operators in Hilbert spaces under suitable
assumptions for the involved operators are given. Applications for par-
ticular cases of interest are also provided.

1. INTRODUCTION

Jensen’s inequality for convex functions is one of the most important
result in the Theory of Inequalities due to the fact that many other famous
inequalities are particular cases of this for appropriate choices of the function
involved, see for instance [9, p.].

The following result that provides an operator version for the Jensen
inequality for convex functions is due to Mond and Pecari¢ [10] (see also [5,

p. 5]):
Theorem 1 (Mond-Pecari¢, 1993, [10]). Let A be a selfadjoint operator on

the Hilbert space H and assume that Sp (A) C [m, M] for some scalars m, M
with m < M. If f is a convex function on [m, M], then

f((Az,z)) < (f(A)z, ) (MP)
for each x € H with ||z|| = 1.

Taking into account the above result and its applications for various con-
crete examples of convex functions, it is therefore natural to investigate the
corresponding results for the case of log-conver functions, namely functions
f: I — (0,00) for which In f is convex.

We observe that such functions satisfy the elementary inequality

F((L=tya+1tb) < [f (@] [F )

2000 Mathematics Subject Classification. 47A63, 47A99.
Key words and phrases. Selfadjoint operators, positive operators, Jensen’s inequality,
convex functions, functions of selfadjoint operators.



68 S.S. DRAGOMIR

for any a,b € I and t € [0,1]. Also, due to the fact that the weighted
geometric mean is less than the weighted arithmetic mean, it follows that
any log-convex function is a convex functions. However, obviously, there are
functions that are convex but not log-convex.

As an immediate consequence of the Mond-Pecari¢ inequality above we
can provide the following result, see for instance [4]:

Theorem 2. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with m < M. If g :
[m, M] — (0,00) is log-convez, then

9 ((Az,z)) < exp(Ing (A)z,x) < (g (A)z,x) (1.1)
for each © € H with ||z|| = 1.

The following reverse for the Mond-Pecari¢ inequality that generalizes
the scalar Lah-Ribari¢ inequality for convex functions is well known, see for
instance [5, p. 57]:

Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a
convez function on [m, M], then

M — (Az, )
(f(A)z,z) < T M—m

for each x € H with ||z|| = 1.

(Az,x) —m

S (m) +

- f (M) (1.2)

This result can be improved for log-convex functions as follows [4]:

Theorem 4. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with m < M. If g :
[m, M] — (0,00) is log-convez, then

(0 ()2, < { [l )] B g 00 75 | )

<M—<Aa:,a:)_ ( )+<Aa:,x>—m.
- M-m gum M —m g

Mlg—A A—mlpgr

< ([l om = a0 ar) 1

for each x € H with ||x|| = 1, where 1 is the identity operator on H.
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The following result that provides both a refinement and a reverse of
the multiplicative version of Jensen’s inequality for differentiable log-convex
functions can be stated as well, see [4]:

Theorem 5. Let J bg an interval and g : J — R be a log-coonvem differ-
entiable function on J whose derivative g' is continuous on J. If A s a
selfadjoint operator on the Hilbert space H with Sp (A) C [m, M| C J, then

1< (o [THEE (4 (0,2) 1) o)

(g(A)z,z) , -
9 (A, z)) < <exp [9 (A)[g (A~} (A = (Az, 2) 1H)} x;p> (1.5)

for each © € H with ||z|| = 1.

Let A be a selfadjoint linear operator on a complex Hilbert space (H; (., .)).
The Gelfand map establishes a x-isometrically isomorphism ® between the
set C' (Sp (A)) of all continuous functions defined on the spectrum of A, de-
noted Sp (A), and the C*-algebra C* (A) generated by A and the identity
operator 1y on H as follows (see for instance [5, p. 3]):

For any f,g € C'(Sp(A)) and any «, 5 € C we have

(i) @ (af +Bg) =a®(f)+ B2 (9);

(ii) ®(fg) =@ (f) @ (9) and ® (f) = P (f)";

(iti) [[® (NI =[] == supsespay If ()]

(iv) @ (fo) = 1g and @ (f1) = A, where fo(t) = 1 and f1(t) = t, for
teSp(A).

With this notation we define

f(A):=®(f) forall fe C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function
on Sp(A), then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0, 1x.e.
f (A) is a positive operator on H. Moreover, if both f and g are real valued
functions on Sp (A) then the following important property holds:

f(t)>g(t) for any t € Sp(A) implies that f(A) > g (A) (P)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of
selfadjoint operators, see [5] and the references therein. For other results,
see [12], [6], [11] and [8]. For recent results, see [1] and [2].

The main aim of the present paper is to establish other Jensen’s type
inequality for differentiable log-convex functions. Some applications for the
logarithmic convex function g (t) = ¢=" with » > 0 and ¢ > 0 are given as
well.
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2. MORE INEQUALITIES FOR DIFFERENTIABLE LOG-CONVEX FUNCTIONS

The following results providing companion inequalities for the Jensen in-
equality for differentiable log-convex functions obtained in Theorem 5 hold:

Theorem 6. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M| for some scalars m, M withm < M. Ifg:J —
(0,00) is a differentiable log-convez function with the derivative continuous

on J and [m, M) C J, then
(g'(A) Az, z)  (g(A) Az,x) (9'(A)=, $>]
(

g(A)z,z)  (g(A)zz) (g(A)z,2)

exp

(9(A) Ing(A)z,x)
P [ (g(A).) ] .-
>1 (2.1)
g ((g(A)Axyiv)>
(9(A)z,z)
for each x € H with ||z|| = 1.
If
(¢ (A) Az, z) _ - :
7 A wa) € J for each x € H with ||z|| =1, (C)
then
1 ({9 (A)Azz)
o | ¢ (B0 (lgans) s e
(¢ (A)a,z)  (g(A)z,2)

s (‘)

(¢ (A)Az,z)
g ( (¢'(A)z,z) ) S1 (22)
= exp<<g<A>mg<A>m,w>> =0\
g(A)z,z)

for each x € H with ||z|| = 1.

Proof. By the gradient inequality for the convex function In g we have

RGN 15
L =5 2 Ing () ~Ing () > L (1) (23
for any t,s € J, which by multiplication with g (t) > 0 is equivalent with
J 0= 5) =g mg ) -9 Ong() = L g () s9(0) 2

for any t, s € J.
Fix s € J and apply the property (P) to get that

(9 (A) Az, x) — s (g (A)z,z) > (g (A) Ing (A) x,2) — (g (A) z,2) Ing (s)
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/
s
> 280 (g (A)0) s g (A) ) (25)

for any = € H with ||| = 1, which is an inequality of interest in itself as
well.

Since

m € [m, M| for any z € H with |z|| =1
then on choosing s := % in (2.5) we get
g(A) Az, x
(o () Ao,a) - SELEED (g () 5,0)

> (g(A)Ing (4)2,7) — (g (A)z,7) Ing (<g (4) "”’“”) >0,

(g (A)z,z)
which, by division with (g (A) z,z) > 0, produces

(¢' (A) Az, x)  (g(A) Az,z) (¢’ (A=, )
(gA)z,z)  (gA)z,z) (9(A)z, )
G Wns) _,, (G A
(g (A)z,z) {g(A)z,z)
for any z € H with ||z|| = 1.

Taking the exponential in (2.6) we deduce the desired inequality ( 2.1).

Now, assuming that the condition (C) holds, then by choosing s :=
'(A)Az,z) .
e in (2.5) we gt

>

) >0 (2.6)

(g'(A) Az, x>)
(¢' (A)z,z)

<<Ag (4)z,2) — W (g(A) m>)

which, by dividing with (g (A) z,z) > 0 and rearranging, is equivalent with

(g (A)Ax,z)
9’( (g (Az,z) ) ((g/ (A) Az, z)  (Ag (A):v,x>>
/

(¢'(A)Az,z) Az, z) Az, x
g<<g,(A)x7x>) (9" (A)w,x) (9(A)z,x)

(g’ (A) Az, $>) _(9(A)Ing (A)z, z)
{g' (A)z,x) {g(A)z,z)

>1Ing >0 (2.7)

for any z € H with ||z|| = 1.
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Finally, on taking the exponential in (2.7) we deduce the desired inequality
(2.2). O

Remark 1. We observe that a sufficient condition for (C) to hold is that
either ¢’ (A) or —g’ (A) is a positive definite operator on H.

Corollary 1. Assume that A and g are as in Theorem 6. If the condition
(C) holds, then we have the double inequality

A A Ay ()ea) (g (4) Arz)
19( <g'<A>x,oc>>2 WAz o g( (g () z,2) ) 28)
for any x € H with ||z| = 1.

Remark 2. Assume that A is a positive definite operator on H. Since for
r > 0 the function g (¢t) =t~ is log-convex on (0, c0) and
(' (A) Az,z)  (A"z,x)
(¢ (A)z,z) — (Ala,z)
for any x € H with ||z|| = 1, then on applying the inequality (2.8) we deduce
the following interesting result

(A™"z, x) (A™"In Az, ) (A7 2)
o (Gierres) < e Sl(<A>> 29

>0

for any x € H with ||z|| = 1.
The details of the proof are left to the interested reader.

The case of sequences of operators is embodied in the following corollary:

Corollary 2. Let A;, j € {1,...,n} be selfadjoint operators on the Hilbert
space H and assume that Sp (A;) C [m, M] for some scalars m,M with
m < M and each j € {1,...,n}. If g : J — (0,00) is a differentiable
log-convex function with the derivative continuous on J and [m, M] C J,
then

> i1 (9 (4)) Ajzj, )
> i1 (g (4y) zj, )
> i1 9 (Ay) Ajaj as) 3204 (d (Aj)ﬂfj’xﬁ]

Y gAY (g (A)) @, )
> oi—1(g(Aj) Ing(Aj)x;,x5)
>eXp[ S ) }
- (ELl (9(Aj)Ajm5,m5) )
I\ > (g(A))s,35)

for each zj € H, j € {1,....n} with 377_, [l ;]|* = 1.

>1 (2.10)
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If
i (9 (4) Ajzj, x5)
> =109 (Aj) zj, z;)
for each zj € H,j € {1,...,n} with 370, |z;]|* = 1, then

eJ (2.11)

o 25=1{9 (Aj)Ajzg,x5)

g ( ST (G (A ,23) )
b (9" (A Ajzg,ag)

g< ]?:1<9’(Aj)$j@j) )

y (2?21 (9" (Aj) Ajmj xs) 3252 (A9 (4;) $j7$j)>]

exp

Shg (A wgay) Y (g (A xg,3))

To1(g (A Ajzs25)
g( J?:1<9’(Aj)=’fj@j> )

> .
" e (g s ) = L (212)
P\ S e
for each xj € H, j € {1,...,n} with 37%_, ||3:J||2 =1.
Proof. As in [5, p. 6], if we put
A1 e 0 T
A= . and T =
o . . . A, Tn
then we have Sp (ﬁ) C [m, M], |7 =1,
<g (fT) z, 55> = (g (Aj) zj,25), <g’f’ fi> = (Ajzj, ;)
j=1 j=1
and so on. _
Applying Theorem 6 for A and = we deduce the desired results. O

The following particular case for sequences of operators also holds:

Corollary 3. With the assumptions of Corollary 2 and if p; > 0, j €
{1,...,n} with 370 pj = 1, then

<Z}‘:1 pig (4;) Ajz, 96>
(Sipg () o)

exp
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_<Z?:1Pj9 (Aj)AjfU»$> . <Z?:1Pjg' (Aj)$a$>
(CipigA)ea)  (Sipig(4)a.x)

(3)_1pjg(Aj) Ing(Aj)z,x) ]

eXp |: " ig(Aj)z,x
> <ZJ=1PJQ( )T, > >1 (213)

(X7 pig(A))Ajz)

I\ S mrotAea)

for each x € H, with ||z| = 1.
If
<Z;‘L:1 pig’ (A;) ij,x> .

eJ (2.14)

(Siapig (4)) 2.z

for each x € H, with ||z|| = 1, then

J (71 pig (A Ajz,a)
(371 pig'(Aj)z.x)

g <<Z}l_1 Pjg’(Aj)Aj%@)

(371 pig'(Aj)m.z)
<Z§-‘:1 pig (4;) Ajz, $> <Z§L:1 pjAjg (4j)z, $>
(Sramg (Apza)y  (Ciipig(Ay) )
p ( <<Z£il Pj?/(;Aj)éjxvx> )
- T pig (Aj),x) -1

a (0 pig(A)Ing(A)za)\ —
P < <Z?:1 ij(f“j)ﬂ:,ac)

exp

X

(2.15)

for each x € H, with ||z| = 1.

Proof. Follows from Corollary 2 by choosing z; = \/p; - =, j € {1,...,n}
where € H with ||z| = 1. O

The following result providing different inequalities also holds:

Theorem 7. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M| for some scalars m, M withm < M. Ifg: J —
(0,00) is a differentiable log-convex function with the derivative continuous
on J and [m, M) C J, then

(ool (4= )] =)
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g(4)
Z & w7 xT
( (9(A)Az,z) )
I\ (g@)z.2)

A)Az,x
g (i) (g (A) Az, )

> { exp (A A\ Ag(A) — ——~—9(4) r,x ) >1
9 <7<g(A>m,x> )

for each x € H with ||z| = 1.
If the condition (C) from Theorem 6 holds, then

o (Ga) (g (A) Ar.a)

> (e |g () (U250, - 4 wa) 21 2an

for each x € H with ||z|| = 1.

Proof. By taking the exponential in (2.4) we have the following inequality

g(t) (s
e lf -] = (40) zew [T g0 - s 0)] @19

for any t, s € J. )
If we fix s € J and apply the property (P) to the inequality (2.18), we
deduce

9(4)
(exp [¢' (A) (A = sly)| w,2) > <(9(A)> x,x>

S

g(

g (s

> (exp | T8 (g () = sg (4) | w2} 210
g (s

for each x € H with ||z|| = 1, where 1y is the identity operator on H.

By Mond-Pec¢ari¢’s inequality applied for the convex function exp we also
have

(oo [ 22 (g (4) = sg )| )

g'(s) . -
> exp (20 (g (W) a) — s tg (W) a))) - 220
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for each s € J and 2 € H with ||z = 1.
Now, if we choose s := % € [m, M] in (2.19) and (2.20) we deduce
the desired result (2.16).

Observe that, the inequality (2.18) is equivalent with

g (s) B g(s)\® / )
exp [g(s) (sg(t) —tg (t))] > (g(t)) >explg (¢)(s—1)] (2.21)

for any t, s € J.
If we fix s € J and apply the property (P) to the inequality (2.21) we
deduce

(o0 [ 210 (sg () - g ()] ) = ( (a6 o (a1 )" )
> (exp [¢f (A) (sl — A)] z,2)  (2.22)

for each x € H with ||z| = 1.
By Mond-Pecari¢’s inequality we also have

<exp [g' (A) (s1g — A)] x,x> > exp [s <g’ (A) x,:p> — <g' (A) A:J:,x>] (2.23)

for each s € J and z € H with |z]| = 1.
Taking into account that the condition (C) is valid, then we can choose

in (2.22) and (2.23) s := m%j;) to get the desired result (2.17). O

Remark 3. If we apply, for instance, the inequality (2.16) for the log-
convex function g (t) = t~1,# > 0, then, after simple calculations, we get the
inequality

A2 — (A7, 2) A1 _ AT
A R
> <exp (A_l — (A7) 1H> m,x> >1 (2.24)

(A=1z, z)?

for each x € H with ||z| = 1.
Other similar results can be obtained from the inequality (2.17), however
the details are left to the interested reader.

3. A REVERSE INEQUALITY

The following reverse inequality that provides a companion for the results
in Theorem 4 is also of interest:
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Theorem 8. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M| for some scalars m, M withm < M. Ifg:J —
(0,00) is a differentiable log-convez function with the derivative continuous
on J and [m, M) C J, then

M—(Az,x) (Az,z)—m

g (m)] 3= [g (M)} 2=

(1<) exp (Ing (A) z, z)
e O B g0
. [(M - <A:U,]\:U4))_((T;L4x,ﬂc> —m) (Z(%) _ Z((ZL)))]
< exp B (M —m) (il(%) - gg((g)))] (31

for each x € H with ||z|| = 1.

Proof. Utilizing the inequality (2.3) we have successively
g'(s)

lng((l—/\)t—i—)\s)—lng(s)z(1—)\)g(s) (t—s) (3.2)
and 0
g
lng((l—/\)t—l—)\s)—lng(t)E—Ag(t) (t—ys) (3.3)

for any ¢,s €J and any A € [0,1].
Now, if we multiply (3.2) by A and (3.3) by 1 — X and sum the obtained
inequalities, we deduce

(I=XNIng(t)+Alng(s) —Ing ((L = X)t+ As)
<(1-X)\ [(g ® _ g (8)> (t — s)] (3.4)

g)  g(s)

for any ¢,s €J and any \ € [0,1].
Now, if we choose \ := Aj‘f__;fb, s:=mand ¢t := M in (3.4) then we get the

inequality

u—m M—u

Ing (M) + i

Ing(m) —Ing (u)
(M —u)(u—m) (¢’ (M) g (m)
<[ (on )] @9
for any u € [m, M].

If we use the property (P) for the operator A we get
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(Azx,z) — mlng(M) n

M — (Az, x)
M—m

AT ) — g (A) )
< [(Mlg = A)(A—mly)z,z) (g’ (M) o (m))] (3.6)
- M—m gM)  g(m) '
for each x € H with ||z| = 1.
Taking the exponential in (3.6) we deduce the first inequality in ( 3.1).
Now, consider the function h : [m, M| — R, h(t) = (M —t) (¢t —m). This
function is concave in [m, M] and by Mond-Pecari¢’s inequality ( MP) we
have

(M1 —A)(A—mlg)z,x) < (M — (Az,x)) ((Az,x) — m)

for each x € H with ||z|| = 1, which proves the second inequality in (3.1).
For the last inequality, we observe that

(M — (Az,z)) ((Az,z) —=m) < 7 (M —m)*,

|

and the proof is complete. O

Corollary 4. Assume that g is as in Theorem 8 and A; are selfadjoint
operators with Sp (A;) C m, M| C J, j € {1,...,n}.

If and xj € H,j € {1,...,n} with 37, |z;]|* =1, then

n n
]vI—ijl <A]-xj,acj> Zj:1<A]-:Cj,:cJ->—m

(1<) lg (m)] 3= lg (M)]™— m=m
exp (Z? (Ing (4;) z;, azj>>

21 (M1 — Aj) (A —mlu)xj, @) (g (M) g (m)
SeXp[ M—m <g<M> g<m>)]
[(M =2 <ijj’fﬂj>) (Z;-Ll (Ajzj, ;) — m)
= exp M—m
g (M) g¢'(m) oo | L sy (S M) g (m)

< (S g<m>>] <o |3 00 -m (55 - 6] @7

If pj >0, j€{l,....,n} with 370_, pj =1, then
M= (¥1_; pjAjea) (X0_1 pjAjea)—m

(1<) g (m)] lg (M)
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(0 (A 2)) (S )

< exp M —m
(S~ 5 )| == [0 (G -] 9

for each x € H with ||z| = 1.

Remark 4. Let A be a selfadjoint positive operator on a Hilbert space H.
If A is invertible, then

(Az,z)—M m—(Az,z)

(1<) m~ M-m ]\{ M—m < exp (M1g — A)(A—mly)x,z)
exp (In A=z, z) Mm
(M — (Az,2)) ({(Az, z) —m) 1(M —m)?
< < - .
< exp Mm =~ €xXp A mM (3 9)
for all z € H with ||z = 1.
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