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CURVATURE VIA THE DE SITTER’S SPACE-TIME

GRACIELA MARIA DESIDERI

ABSTRACT. We define the central curvature and the total central curva-
ture of a closed curve in a Lorentz (n+ 1)-space. In addition, we obtain
estimates for the total central curvatures of spacelike pure polygons.
The study is done by using the n-dimensional de Sitter’s space-time.

1. INTRODUCTION

In the last three decades interest in Lorentzian geometry has increased,
[2]. We will concentrate on a curvature of particular interest here: the total
central curvature of closed curves.

In some papers, the total central curvature is related to Riemannian
spaces; but this curvature has not been treated on spaces with indefinite
metrics.

In [1], Thomas F. Banchoff stated that the total central curvature of
a closed curve in 3-dimensional Euclidean space refers to the measure of
curvedness of a space curve contained in a bounded ball. He obtained this
curvature by averaging the total absolute curvature of the image curves
under central projection from all points on the sphere, and he showed that
the total central curvature agrees with the classical total absolute curvature
of the original space.

In [5] we defined, by means of integral formulas, the total central curvature
in Lorentzian spaces with dimension 2 and 3.

The aim of this paper is to generalize the total central curvature for closed
curves in the Lorentzian space L™t n > 3.

Also, we will show that if fi is a polygon then tces (f1) = k, where k is
the number of its non middle vertices. In order to do that we will first give
the readers the definitions of s-spherical and t-spherical image of a polygon
in Lorentzian spaces and we will characterize the local support line to a
polygon in the Lorentzian plane.
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Last, we will show that if f, is a polygon with m vertices in L™, n > 2,
then tcept1 (fn) < m.

In section two, preliminaries, we will recall the basic notions in Lorentzian
geometry.

2. PRELIMINARIES

Let z and y be two vectors in the (n+1)—dimensional vector space R"*1.
As it is well known, [8], the Lorentzian inner product of = and y is defined
by

n+1
(z,y) = —z1n + Zl’zyz
i=2
Thus the square ds? of an element of arc-length is given by

n+1
ds® = —dz? + Z da?.
i=2

The space R"*! equipped with this metric is called a (n + 1)-dimensional
Lorentzian space, or Lorentz (n + 1)-space, which has curvature zero. We
write L™ instead of (R™™!, ds).

We say that a vector z in L™ is timelike if (z,2) < 0, spacelike if
(x,x) > 0, and null if (z,z) = 0. The null vectors are also said to be
lightlike.

We consider the time orientation as follows: a timelike vector z is future-
pointing if (z, e;) <0 and past-pointing if (z,e1) > 0, where e; =(1,0,...,0).

We say that x is orthogonal to y if (x,y) =0, x # y # 0.

Let x be a vector in L™, then ||z|| = \/|(z, x)| is called the Lorentzian
norm of x. We say that z is a unit vector if (x,z) =1 or (z,z) = —1.

We shall give a hypersurface M in L™t! by expressing its coordinates z;
as functions of n parameters in a certain interval. We consider the functions
x; to be real functions of real variables.

We say that M is a non-lightlike hypersurface if at every p € M its tangent
space T, M is equipped with a positive definite or Lorentzian metric, [2].

A parametrized curve is called timelike, spacelike or null pure curve if at
every point, its tangent vector is timelike, spacelike or null, respectively.

Now, we recall the definition of a pure polygon in Lorentzian spaces (cf.
[4]). If p1,. .., pm € L™, a polygon P[py, ..., pm] is called a pure spacelike
polygon if p1p3,...., pm_1Pm and m are spacelike vectors.

Analogous to time orientation, we define a spacelike orientation in Lorent-
zian plane: a spacelike vector z is a spacelike-for-future vector if (x, ea) > 0,
and spacelike-for-past vector if (x, ea) < 0, where es = (0,1).
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In L?, a vertex p; of a pure spacelike polygon is called a middle vertex
if p;—1p; and p;p;+1 have the same spacelike orientation, and non middle
vertex if p;p;—1 and p;p;+1 have the same spacelike orientation.

Classically, we say that S} = {x e LMt —x 4 Y a? = 1} is the n—
dimensional de Sitter’s space-time

When n = 1, Sll is called a Lorentzian circle; in what follows, we will
denote:

(Sll)Jr = {(z1,22) € St:xg > 0}, (511)7 = {(z1,22) € St:ixg < 0}.

In [5], we defined the total central curvature of f; as follows.

Definition 1. Let (Cj)j>1 be a sequence of connected arcs such that :
i) CjC(Si),,Vji>1.
ii) Cj C Cj+1, vy > 1.
ili) 0 < length (C;) < oo, Vj > 1.
. . L 1
iv) jlgglOC] (Sl)Jr

If fi : S* = L? is a continuous map of the circle S* in the Lorentzian
plane such that fi (Sl) N (511)Jr = (), then the total central curvature of f1
is defined by

teeg (f1) = Te (f1) dsc,

1
]—>oolength (C ) /EECJ'

if this limit exists; in other case, we say that teeg (f1) = oo.

3. S-SPHERICAL AND T-SPHERICAL IMAGE OF A POLYGON

In [7], Milnor related the total curvature of a polygon in R"*! to its
spherical polygon. He defined the spherical image of a vector p;11 — p; €
R as ¢; = % € S™, where S™ is the unit n—dimensional Euclidean
sphere. A spherical polygon Q is formed on S™ by joining each ¢;_1 to ¢;
by a great circle of length 0 < o < 7.

If p;, pip1 € L™, the vector p;11 — p; is a timelike, spacelike or lightlike
vector.

Definition 2. Let p;, piy1 € L™,
i) If pit1 — pi s a timelike vector, then its t-spherical image is q; =

Dit1—Pi n n _ n+l . n+1 2
ria—p € Ho'» where Hg {a: €L —x? + >0 1} .
i) If piy1 — pi is a spacelike vector, then its s-spherical image is q; =
Pi+1—DPi Sn
lpi+1 pz”

Next, we define the oriented s-spherical image in Lorentzian plane.
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Definition 3. Let p;, pi+1 € L? such that Di+1 — Di 1S a spacelike vector.
i) The s—for-future spherical image of pi+1 — p; is
n ﬁ if  pir1 — pi is spacelike-for-future,
q4; = Pi—Pit1 f
lpit1—pill
ii) The s-for-past spherical image of pi11 — p; i

B { DAL pey — py s spacelike-for-past,

Pi+1 — Pi 1S spacelike-for-past.

— — ) pitai—pill
4; Pi—Pit1

Tpimi—pil if  pit1 — pi is spacelike-for-future.

De Sitter’s space-time is geodesically complete; however, there are points
in the space which cannot be joined to each other by any geodesic. This is
in contrast to spaces with a positive definite metric, where geodesic com-
pleteness guarantees that any two points of a space can be joined by at least

one geodesic, (cf. [6]).

Proposition 4. Let P=Plp;,...,pm] be a pure spacelike polygon in Lorentz
3-space. If p1,...,pm lie on the plane x1 = 0, then ¢; lies on the curve given
by z3 + x% =1, Vi. Hence the edge q;—1q; is spacelike, that is q;—1 joins to
¢ by a spacelike geodesic curve in S3.

Proof. By definition of s-spherical image. O

We define the s—for-future and s-for-past spherical polygon of a pure space-
like polygon P=P|[p1,...,pn] in the Lorentzian plane. Without loss of gen-
erality, in what follows we assume that p; is a non middle vertex (cf. [4]).

Definition 5. Let P=Plp;, ..., pn] be a pure spacelike polygon in Lorentzian
plane.
i) The s—for-future spherical polygon of P, Q, is formed on (511)+ by
joining each qj_l to q;r by a connected arc with finite length.
ii) The s-for-past spherical polygon of P, Q, is formed on (Sll)i by
joining each q;,_ to q; by a connected arc with finite length.

In [5], we define a local support line in Lorentzian plane.

Definition 6. Let f: S' — L? be a continuous map of the circle S' in the
Lorentzian plane. A local support line to f at x is a line containing x and
bounding a closed half-plane which contains the image of a neighborhood of
x in St

We denote the number of local support to f passing through the point &
by Te (f).

Now we characterize the local support line to a polygon in Lorentzian
plane.
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Theorem 7. Let P=Plpy,...,pm| be a pure spacelike polygon in L? and let
Q=0Q|q1,.-..,q,] be its s-spherical polygon. Without loss of generality, we
choose the orientation such that every g; lie on (Sll)+.

Let £ € (Sll)+. Then:

i) The line Epy is a local support line to P if and only if & does not lie
on the edge q1Gm.

i) If i > 1 and p; is an non middle vertex, then the line a s a local
support line to P if and only if & does not lie on the edge q;—1¢;.

iii) If p; is a middle vertex, then the line 5: 1$ a local support line to P
if and only if € lies on the edge q;—1q;.

Proof. Let P=P|py,...,pm] be a pure spacelike polygon in L2. A line is
local line support of P if and only if it contains a vertex p;.

In the other hand, the sum of non middle angles is equal to sum of middle
angles of P, [4].

By definition of middle and non middle angles, and by the definition of
gi, 1)-iii) are following . Let us recall that the angle w; between ¢; and g;4+1
is a central angle and it is equal to length of arc joining ¢; and ¢;41. ([l

4. TOTAL CENTRAL CURVATURE OF CLOSED CURVES IN 711

Let us recall that ST C L™ is not a compact hypersurface and its volume
is not finite either. Hence, we first will define the curvature of a continuous
map f, with respect to a connected n-region R} C ST which has finite
volume.

In what follows, we consider f, : S' — L™ a continuous map of the
circle S' in the Lorentz (n + 1)-space such that (z,z) > 1Vz € f, (S').

We first define the central projection map in L™+!.

Definition 8. Let T), (ST) be the tangent space to ST at p € ST and let Ly
be the hyperplane parallel to T, (ST') through the center of ST. The central
projection map m, : L™t — T, (S7") — Ly is given by

! (o= () ).

=T

This projection map is a one to one and onto map, (cf. [3] for more
details). Note that 7, restricted to S? — 1) (S%) gives the stereographic
projection in Lorentzian 3-space.

Let us remark that L; and L™ are two congruent spaces.

In what follows, we consider n > 3.
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Definition 9. Let R} C ST be a connected region such that 0 < vol(R}) <
oo. The central curvature of f, with respect to Ry is defined by

1
CCpt1 (fn, R?) = / ccn, (7Tp 0 int1 O fn, (R;L N L;)) dsR;L,
vol (R;”) pER}

where [pn dspr = vol(R}) =: volume of RY; iny1 : {z e L™ (z,2) > 1}
J

— L™ — T, (S7) is the inclusion map, and m, : L™ — T, (S7") — L3 is
the central projection map.

We now define the total central curvature of f,.

Definition 10. Let (R?)jzl be a sequence of connected regions such that :
i) R} C 57, V) > 1.
ii) R} C RY.,, V) > 1.
iil) 0 < vol(R}) < 00, Vj > 1.
iv) Vp € ST, Jjo > 1 such that (R} N Ly) # 0, Vi > jo.
)

v) lim R? = ST.
jooo

The total central curvature of fn, is defined by
teep 1 (fn) = lim ccp1 (fn’ R?)
j—00

if this limit exists; in other case, we say that tceni1 (fn) = oo.

The existence of a sequence (R?) j>1 satisfying the above mentioned con-
ditions is proven by the following Theorem.

Theorem 11. In L™ there exists a sequence (R;‘)jzl of connected regions
with properties i)-v) of Definition 10.

Proof. Let {a; }]21 be a sequence of positive real numbers such that:

a) ap > 1.

b) aj+1 = a; + %, Vi > 1.

It R} = {(x{,...,xle) €S?:—a; < x{ < aj} then (R});j>1 is a se-
quence of connected regions with i)-v) properties. (]

Lemma 12. Let (R}l)jzl be a sequence of comnected regions as given in
Theorem 11. If (R}')i>1 is a subsequence of (R});j>1 with properties i)-v),
then

lim ccny1 (fn; R}) = lim cepin (f; RY)
J—0o0 1—00
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Proof. Since the properties i)-iv) hold for (R});>1 and (R}')i>1, and (R}')i>1
C (R?’)jzl, then:

Vi > 1351, j2; > 1 such that R} C R} C R}, (5.1)
and
Vj > 13iy,,12; > 1 such that R}, C R} C R, . (5.2)
J J
By (5.1) and (5.2), lim ccpi1(fn; R}) = lim cenp1(fas BY). O
j—o00 1—00

In what follows, if R"~! C Sf_l is a non connected region such that
R"! = U;je; R is a disjoint union and R}~! is a connected region Vi € T,
we denote ), ;ccp (fn_l,R?_l) by ccp, (fn_l, R"_l) )

Theorem 13. Let (R});j>1 and (R})n>1 be two sequences of connected re-
gions as given in Theorem 11, then lim ccpq1(fn; RY) = lim ccpp1(fn; RE).
j—oo J h—o00
Proof. By properties i)-v), Vh > 1 333, , j2,, > 1 such that:
a) Rj C Ry C Ry,
b) (R )n>1, (R?Qh)hzl C (R})j>1 with properties i)-v).

Jip,

By a), we have that

ol
L[ eatmpoingofu (RL AL
vol(R?Qh) peR? e R

3 / ccn(Tp ©iny1 © f, ((R?Qh — Rp)N LIQJ))
pe(Ry, ~Rp) vol (15, — Bj)
+/ cCn(mp 0 iny1 0 fr, (R NLy)4)
PERD

dspn
vol(R}}) R}

/ CCn(Wpoin+1 Ofm ((R?Qh _R_?lh) QLS))
< n
oc(ir —RD ) vol(leh)

R"
J2h th

+/ Ccn('frpoin+1 o fns (RZQL2)+)
pER?

dS(Rn _Rn )

2p 1y

dspn.
vol(R}) R

By b), we have that

lim ccp1(fn; RY)

j—r00

. cen(mp 0 g1 Ofnv((Rngh_Rng, )N L))
lim - ds(rr —Rn )

n J2 J
h—o00 pe(sz _Rngh) UOl(R]lh) h 1y

IN

+ lim cepy1(fn; RY).
h—o0



98 GRACIELA MARIA DESIDERI

On the other hand,

lim CCn(TFp o in+1 o fn, ((R?Qh — Rngh) N LZ))dS(Rn —R™ )

h—o0 m RN J2h ]lh
pE(Rth leh)

= constant = lim
h—ro0 pe(Ry, R}, )

th
cen(mp 0 int1 0 f, ((R?% - R?lh) N Lg)) ) 0
”UOl(R?lh) (Rjzh _Rj1h) ’
Then,
lim cepy1 (fo; R}) < lim ey, (fa; RY) - (5.3)
j—o0 h—o0
Analogously,
jli_gloccn“ (fn, R’;) > hlLIgoccn+1 (fn; RY) . (5.4)

By (5.3) and (5.4), we have that

jh_{gloccn—i-l (fna R?) = hh_fgoccn-ﬁ—l (fna RZ) .

We now study the regions (R} N Ly).

Theorem 14. Letp € ST and let (R;L)jzl be a sequence of connected regions
as given in Theorem 11. If there exist j, > 1 and (RZP N LZ)hpsz C
vol(Ry . NLy)

P

then (RZP NLy)h,>j, is a sequence of connected regions in Ly with properties
i)-v) of Theorem 11.

Proof. Let p be a fixed point of ST and let (R?’)jzl be a sequence of con-
nected regions as given in Theorem 11. There exists j, > 1 such that
p € R}, Vj > jp, and there exists (RZP N Ly)h,>j, C (R} N Ly)j>j, such that

I BT — 97 and I vol(RﬁerlﬁL;}) _
My —o0 £, = O1 and lmp, —oco ’Uol(RZpﬂLg) -

Hence, Vhy, > jp, (Sh, N L%)Jr is a connected region. Also:
i) Since R} C ST, then (RZP NLy) C (ST NLy), Yhy > jp.
ii) Since R} C R7,,, then (RZP NLy)C (Rzerl N Ly), Yhy > jp.
iii) Since 0 < vol(R}) < oo, then 0 < vol(R} N Ly) < oo, Vj > 1. In
particular, 0 < vol(RZp N L;) < 00, Yhy > jp.
v) Since limp, 00 R, = ST and limRﬁpﬁg? (R’ﬁp N Ly) = (ST N Ly),
then limy, oo (R ML) = (S} O LY.
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iv) Since that for each point p € ST, 3j, such that RYNLy # 05> jp
and (R, N Ly)n,>j, C (R} N Ly)j>j,, then 3k, > j, such that
(Rp N Ly) # 0 Yh > hy. By v), we obtain that for each point ¢ €
(SN L1, 3hg such that (R N L2 ALY £ 0 Vh > hy .

([

We now show a main theorem in L™,

Theorem 15. The total central curvature of f, is given by

1
= lim ———— ' "
teent1(fn) jggovol(R?) /}DER? teen (mp 0yt © fn)dst

Proof. Let vy, = mp 0 ipy1 0 f and tecpy1(fn) = }LTOCCnH(fm Ruj).
According to Definitions 9 and 10, we have that:
1
) /ER” [tccn(vp) - ccn(7p7 R;l N L;)} dSR;_L
pedhy;

lim ————
oo vol(Rjz

1
= lim / { lim cen(yp, REY) — cen(p, R; N Lg)] dspr
) Jpery g !

Jj—o0 UOZ(R? tp—>00

: 1 . n—1 n n
B Y S R
J
By Theorems 13 and 14, we may assume that (R&_l)tpsz = (RZpﬂLz)hijp.
Then,
1

lim ———— teen () — cenl(vy, RPN LM dsge
jg&vol(R?) /pGR?[ cen(p) = cen(p, B p)] SRj

1
= lim — li [ R NLY) — ,anLn]d ..
J+0 vol(RY) /peR? i cen(ps By, 0 Ly) = con(yp, B O Ly) | dsr,

Hence, by Lemma 12,

1

lim ———— teen(vp) — cen(yp, RN LM)|dsgn = 0.
e /peR;[“ ()~ cenlops B0 L) dsr

5. TOTAL CENTRAL CURVATURE OF SPACELIKE PURE POLYGONS
Now we obtain the total central curvature for a spacelike pure polygon.

Lemma 16. Let Pp1,...,pm| = f1 (5’1) be a spacelike pure polygon in L?.
Then, tcea (f1) is an positive integer number and

teco (f) =k
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where k denote the number of non middle vertices of P, 2 < k < m.

Proof. Let (Cj) i>1 be a sequence of connected arcs according to Definition 1.
If ¢ € C}, the line through & and f; (z) is a local support line to f; at  if
and only if there exists ¢ such that fi (x) = p; vertex of P. Let ¢; = (le, 3312)
the s—for-future spherical image of p;11 — p;, and let ¢;;, = A = (a1,a2) and
qi, = B = (b1, b2) such that a; = minj<;<p,,{z¢} and by = maxj<;<m{z¢}.
There exists jo > 1 such that the arc AB C C}, Vj > jo. Then we have:

/ e (f1)dsc; = (/ Te (f1)d8AB+/ Te (fl)dS(c,-—AB)>-
£eCy (€AB £e(Cj—AB)

By Theorem 7 we know that Y¢ (f1) =k, then

1

t = lim ——— T dsc. = k.
cez (f1) jgrololength (Cy) /geCj ¢ (fi)dsc,

O
Corollary 17. If P is a convex pure spacelike polygon, then tcca (f1) = 2.

Proof. Every convex pure spacelike polygon in Lorentzian plane has exactly
two non middle vertices, (cf. [4]). O

Theorem 18. Let P = f, (Sl) be a pure spacelike polygon with m vertices
in L™, n > 2. Then tcepi1 (fn) < m.

Proof. For each p € ST, m, (P) is a pure spacelike polygon in L;; which has
at most m vertices. The inequalities follow from Theorems 14 and 15, and
the relationship

J—00

1
tees (f2) = lim / teeg (mp oigo fa) dspe.
area (R?) PER] !
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