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ON WEIGHTED EXTENSIONS OF BAJRAKTAREVIC
MEANS

JANUSZ MATKOWSKI

ABSTRACT. For real functions f, g, «, 3 defined in an interval I we in-
troduce a mean BL‘{’/‘?]. which extends the Bajraktarevié mean BY-9) in

I. The problem of symmetry of B([lf ’g], leading to a functional with
two unknown functions, is solved. We show that, under some condi-
tions, every Bajraktarevi¢ mean Blfal in (0,00) can be embedded in
a two-parameter family of means {Bg’jl‘f’] ta,b > O}. As a special case

a new family of means {Bt[p"ﬂ bt > 0}, which can be treated as the
weighted Gini means, is constructed. As an application, the pairs of the
these means which leave the geometric mean invariant are indicated,
the effective limits of the sequence of iterates of the relevant mean-type
mappings are given, as well as some functional equations are solved.

1. INTRODUCTION
A function M : I x I — R is called a mean in an interval I C R if
min(z,y) < M(z,y) < max(z,y),  z,y€l.

A mean M is called strict if these inequalities are strict for all x,y € I, z # y;
and symmetric if it is a symmetric function, i.e. if M(z,y) = M(y, x) for all
x,y € I. A function M : I x I — R is called increasing if it is increasing with
respect to each of the variables. It is obvious that an increasing function
M is a mean iff it is reflexive, i.e. if M(z,z) = z for all x € I. A mean
M : (0,00)? = (0,00) is called homogeneous if

M (tx,ty) = tM(x,y), t,z,y > 0.

If the continuous functions f: I — R and g : I — (0, 00) are such that 5
is strictly monotonic, then they generate the mean B9l : 12 — I defined

2000 Mathematics Subject Classification. Primary: 26E30, 39B22.
Key words and phrases. Beckenbach-Mitrinovi¢-Gini mean, weighted mean, functional
equation, mean-type mappings, iteration.



170 JANUSZ MATKOWSKI

B9l (g ) = <ch) B <W

which is symmetric in I (in general, not increasing). It is called Bajraktarevié
mean (briefly, B-mean) (cf. Bajractarevié¢ [1], Bullen, Mitrinovi¢ Vasié [4], p.
263; Bullen [3], p. 310-316, where it is written in an equivalent fashion). For
a constant g the mean B9 becomes a quasi-arithmetic mean Al : 12 —
defined by

>7 w?y€I7

W= 7 (KLY

Every B-mean M9 can be imbedded in a family {Ml[f’g] tw € |0, 1}} of
means defined by

(g e (£) (A=) @ +wf@)Y)
v = (1) (i ) et

Clearly, MID;’QQ] = Blf9) and Mz[f 9l i symmetric iff w = % The means Mq[f 9]

are treated as weighted extensions of B9l and the number w € (0,1) is
referred to as its weight.

Let a, 8 : I — I be a bijective and continuous mappings of an interval I.
In Section 4 of the present paper we show in particular that, if the function

fla(z)) + F(B(x))
g(e(z)) + g(B(x))

is strictly monotonic, then (Theorem 3) the function BLf ’Bg] : I? — I defined
by

vdf (@) =

U9 (g o [l Fl(2)) + F(B(y)) .
Bog@) = [0 <g(oc(x))+g(6(y))>’ el

is a strict and continuous mean and B([Xf g} = BUY for o = g = id]; .

The problem of the symmetry BLf g} is decided. It leads to the functional
equation

Fly(@)|+ Fy '(y)] _ F(z) + F(y)
Ghv(a)]+Gh'(y)] Gx)+Gy)’
where v = a o 37! and the functions F, G are unknown.

Applying this result we show that if I = (0,00), then any Bajraktarevié
mean, can be, in an natural way, imbedded in a two-parameter family of

x,y €l
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means {B([Ifl’)g] ta,b > O} defined by

[f.9] (a7t [ flaz) + f(by)
meg (x,y) == [%l,bg} <g(a:c)+g(by)> ) z,y > 0.

We prove that B([lf l’)g] is symmetric iff a = b.

For the power functions f(z) = aP, g(x) = z? (x > 0), where p,q € R,
p # q are arbitrarily fixed, in Section 5 we introduce a one-parameter family

of means {Bip’q} it > O} , different than the respective {Mz[f’q} cw € 0, 1]} ,
which may be regarded as the weighted Gini means (cf. [3], p. 232). In
Section 6 we indicate the mean type mappings of the forms (Bt[p ’q},BET’S]>

and (Ml[f ’q], MI[T_Z]J) which leave the geometric mean invariant. We apply

these properties to find effectively the limits of the sequence of iterates, as
well as, to solve some functional equations.
2. AUXILIARY RESULTS
We begin this section with the following

Remark 1. If the functions f, F : I — R and g,G : I — (0, 00) satisfy the
equation
Flz)+Fy) _ f(x)+ f(y)

Gw)+ 0 g@tow) VT .
then
fl) fw)) (Gl=) Gl _ .
(g(x) g(y)> <g(rc) g(y)> . el ®
Proof. Taking y = x in (1) we get
F(z)= i;g))G(w), x el (3)
By (1) we hence obtain
OO+ GOW @ i)
G(x) +G(y) 9(x) +g(y)’ R
which is equivalent to (2). O

Lemma 1. Let I C R be an interval. Suppose that the functions f, F : I —
R, g,G : I — (0,00) are continuous and L is one-to-one. Then equation (1)
is satisfied if, and only if, there is a real constant a such that

F(z) =af(x), G(z) = ag(x), xel.
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G(y)

Proof. Let us fix a y € I and put a := ) Since g is one-to-one, by
formula (2) of Remark 1, we get 2((;)) =a for all x € I, © # y, whence, by

the continuity of the functions G and g,
G(z) = ag(x), z el

Since the relation (3) holds true under the assumption of the lemma, we
infer that
F(z)=af(x), xel.
O

Theorem 1. Suppose that the functions f,F,.H : I - R, ¢G,K : [ —
(0,00) are continuous and g is one-to-one in an interval I C R. Then the
equation

F(x) + H(y) _ flz)+ f(y) z,y€el, (4)

G(z)+ K(y)  g(x)+9(y)’
is satisfied if, and only if, there is a real constant a > 0 such that

H(z) = af(z) - F(z),  K(z)=ag(z)-Gx), wxel, ()

and the function

F(x) - F(y) +af(y)
G(x) = G(y) + ag(y)
Proof. To prove the “only if” part of the theorem suppose that the functions
fiF,H, g,G, K satisfy equation (4). Setting y = x in (4) we get

H(x):—F(x)—l—gEg[G(m)+K(x)], zel
Hence, making use of (4), we have
F(a) = F(y) + ZR(GW) + KW @)+ f(y)
G+ KTy) G

Since the right-hand side of this equation is symmetric with respect to x
and y, we infer that, for all x,y € I,

F(z) - F(y) + I8[Gy) + K ()] F(y) - F(z) + L9 [G(2) + K ()]

I’ 5 (z,y) — is symmetric. (6)

@) _ 9(
G(z) + K(y) G(y) + K(x) ’
whence, for all z,y € I,
F(z) - F(y)

9(z)

I6(2) + K (@)|[G(2) + K (y)] - 12[G(y) + K(u)][G(y) + K ()]
- .
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Replacing the difference F'(x) — F(y) in the denominator of the left-hand
side of (7) by the expression of the right-hand side of the above relation,
after simple calculation, we obtain

LG(w) + K@) + 121G + KW f(a) + f(y)

= , ,y € 1.
(G(x) + K(2)] + [G(y) + K (y)] g@) +gly) Y
Applying Lemma 1 with F'(z) := %[G(x)—l—[((z)] and G replaced by G+ K

we infer that there is an a € R such that
G(z) + K(x) = ag(x), zel.
The number « is positive as, by the assumption, the values of the functions
G, K and g are positive. Hence, setting y = x in (4), we obtain
F(z)+ H(z) =af(x), zel.
Thus H=—F +af, K = —G + ag and equation (4) takes the form

Fx) = Fy) tafy) _f@+ )

G(z) = G(y) +ag(y)  g(z)+9(y)’
Since the right-hand side of this equation is a symmetric function, so is the
function (6). This completes the proof of the “only if” part of the result.
Now suppose that the conditions (5) and (6) hold true. From (5), for a
positive real a, we have

F(x)+H(y)  F(z) - Fy) +af(y)

G)+K(y)  G@)—Gly) +agly)” 7 <f
From (6) we have
F($)_F(y)+af(y):F(y)—F(x)"‘“f(x) xz,y €l

G(z) - G(y) +agly) Gy) —G(z)+ag(x)’
which implies that, for all x,y € I,
[F(z) = F(y)llg(x) + 9()] — [G(z) = GW)If (=) + f(y)]
=af(x)g(y) — af(y)g(@).
Since
af(x)g9(y) — af(y)g(z) = ag()[f () + f(y)] — af(W)]g(z) + g(y)]
we hence get, for all z,y € I,
[F(2) = F(y) +af(y)]lg(@) + 9(v)] - [G(z) = G(y) + ag(y)][f(z) + f(y)] = 0,

whence
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which shows that

F(z)+ H(y) _ f(x)+ f(y) z,y €I

G(z)+ K(y)  glz) +g(y)’
This completes the proof. [l

3. A FUNCTIONAL EQUATION

Theorem 2. Let I C R be an interval and v : I — I a homeomorphism
of I. Suppose that the continuous functions F,G : [— R, G(x) # 0 for all
x € I, satisfy the functional equation

Fly(@)]+ Fy'(y)] _ F(z) + F(y)

- ) Y € I, 8
Gh@]+ G W]~ G+ 6w )
where v~ is the inverse function of .
Then
1) 4 15 constant then eq. (8) is satisfied if, and only if, for some
G h fied if, and only if, f
ceR,

Fly(z)| - F(z)=¢, xzel;
(2) if G is not constant then eq. (8) is satisfied if, and only if, there are
p,q € R, g #0, such that

either F = pG
or F=pG+q and Govy=G.

Proof. The proof of the first part is obvious.

To prove the second part suppose that F,G : I — R satisfy equation (8)
and G is not constant. Applying Theorem 1 with F, H, G, K, f, g replaced,
respectively, by the functions F oy, Foy™ Go~y, Ko~y™!, F, G, we infer
that there is @ > 0 such that

F(y(2)) + F(y'(z)) = aF(z),  G(y(2)) +G(y ' (2)) = aG(z), z €],

and, consequently,

whence, for all z,y € I,

F(y(2))G(z) + F(v(2))G(y) — G(z)F(v(y) — F(v(y)G(y)
=G(v(2))F(z) + G(v(2))F(y) — F(2)G(v(y)) — F(y)G(v(y))
+ aF(z)G(y) — aG(x)F(y).



WEIGHTED MEANS 175

Replacing y by ¢ we hence get, for all x,y € I,
F(y(2))G(x) + F(v(x))G(y) — G(x)F(v(7)) — F(v(9))G(y)
= G(y(2))F () + G(y(2) F(y) — F(2)G(v(¥)) — F()G(v(y))
T aF (2)G(5) - aG(2)F(p).
Subtracting these two equations by sides we obtain, for all x,y,y € I,
F(y(2)[G(y) — G(y)] = G(y(x) [F(y) — F ()]
= F(2){laG(y) — G(v(y))] — [aG(H) — G(y(1)]}
— Ga{[aF(y) = F(y(y)] = [aF(y) — F)v()]}
H{F(vW)Gy) = Gy(w)F ()] — [F(v ()G (7

(v(®)
Choosing arbitrarily some pairs (yg, ) € 12, k = 1,2
Ag = G(yr) — G(k),  Br = F(yx) — F(Uk),
Ck = [aG(yr) — G(v(yk))] — [aG(Gk) — G(v(Fk))];
Dy, := [aF (yx) — F(v(yk)] — [aF () — F(v(7k))],

By = [F(y(yr))G(yr) — G(y(yr)) F (yr)] — [F (v ()G (yrk) — G (yr) F (yk)]
in the above formula we obtain the system of functional equations

ARF(y(x))—BrG(y(z)) = CxF(x) — DyG(z)+ Ey, xz€l, k=1,2,3. (9)

Since G is not constant, there are y1,71 € I such that Ay # 0. For k = 1,
from (9), we get

]
@) = GOy (@) F ()]}

,3 and putting

Flo+1) = fha()) 3F@p{im@+j? rER

Hence, making use of (9) we obtain, for k = 2, 3,

A | 3600 + @) - 2166 + 5| - BGG@)

:C'kF(a;) DkG( )+Ek,
whence, for k =2,3 and all z € I,
(ApB1 — A1Bi) G(v(x))
= (A1Cy — AxCh) F(z) — (A1 Dy, — AxD1) G(2) + (A1E, — AgEr) . (10)
If for all pairs (y1,71), (y2,%2) € I? we have AoB; — A1 Bo = 0, that is, if
[G(y2) = G()I[F(y1) — G(i)] = [G(y1) — GH)][F (y2) — G(32)],
then, for all z,y,u,v € I such that G(z) # G(y), G(u) # G(v),

Flz) - Fly) _ F(u) - F(v)
G(z) - Gly)  G(u) = G(v)
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Hence, by the the continuity of F' and G, there are some real constant p, ¢
such that F(z) = pG(z) + ¢ for all x € R.

Consider the opposite case when for some pairs (y1,71) and (y2,y2) we
have A2 B; — A1 By # 0. Then from (10) with k = 2 we get, for all z € I,

A1Cy — AxCy A1Dy — A3 Dy A1Ey — AyEq
1) = 122 T A0 by AL T Aol Az = Lol
Gt =B A @~ 4e 4,5 " T 4,5 4B
This relation and (10) with & = 3 imply that
A1Cy — AxChy A1Dy — A3 Dy A1Ey — AsEq
A3By — A1B F(z)— - = -
(AsBr = AuBs) | = P @) = =48, " 4,5, — 4,5,

= (A16’3 — A3Cl) F([I}) - (A1D3 — A3D1) G(.Z‘) + (A1E3 — A3E1> s
whence, for all x € I,
IF(x) +mG(z) +n =0, z €R, (11)
where
. A1Cy — A0 A0 — A3y
© AB1 - A1By  AyBy — A1 By’
_ A1Dy—AsDy A1D3 — AzDy
T AyB) — A\By,  AyBi — A\By’
_ A1B3— AsEy A1Ey — AdEy
" AyBy — AiBy  AyBi — A1By
If for some pairs (yg, yx), k = 1,2, 3, we have [ # 0 then, from (11), F(z) =
pG(z) + ¢ for all z € R.
Now suppose that [ = 0. Since G is not constant, it follows from (11)
that m = 0 and n = 0 for all the choices of (yx,yr), k = 1,2,3 such that

AsB1 — A1 Bs. In this case, from the definitions of the numbers [, m and n
we easily infer that

n:

Ay Ay Aj A Ay Az A1 Ay As
det | By By By | =det| By By Bj =det| By By Bs | =0.
Cy Cy C4 D1 Dy Dj FEi Ey Ej

Since Ay B1— A1 By # 0, the vectors (Ay, As, As) and (By, Ba, Bs) are linearly
independent. It follows that there exist «, 5,7, J, k, p € R such that

Cy=aAp+ BB, Dyp=~Ar+ 6B, FEy=rAL+ pBx, k=1,23.
Hence and from the definitions of C}, and Dy we get, that for £k = 1,2, 3,
(a —a)Ar — BBy = G(v(yk)) — GOV (T)), (12)
(a—0)Ax — vBr = F(v(yr)) — F(v(¥k)), (13)
whence, using the definition of Ej, by simple calculation, we also get
Aplk + G () — F(y(Uk))] = Bil(a = 0)G(yr) —p],  k=1,2,3,
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which can be written in the form
k+1G(yk) = F(v(Gr)) _ Bk
(a—06)G(yk) —p Ay’
Putting here 43 := x and y3 := y, we hence get
K+1Gy) - F(y(x)) _ F(z) - F(y)
(a—=08)G(y) —p G(z) - G(y)
for all x,y € I, z # y. From the symmetry of the right-hand side we obtain
k+7G(y) —F((z) _ +7G(@) - F(y(y))

(@a=0Gy) —p — (@a=0G@)—p

k=1,23.

whence
[k(a =0 +7p]G(x) — [(a = 0)G(x) — p] F(v(x))
= [r(a =6 +70lG(y) — [(a = )G (y) — pIF(7(y))
which implies the existence of a constant ¢y such that
[k(a =6 +7p)]G(x) — [(a = 0)G(x) — plF(y(x)) = co,
and, consequently,
lk(a — 6 +7p)Glx) - o
F(y(x)) =
N DRy
for all the admissible x € I. Assume that a — § # 0. Then we have
bG(x) + ¢
r _ I\ e
() = Gy d
for some constant b, ¢, d. Similarly, by the symmetry of the considered func-

tional equation we conclude that, if a — @ # 0 then, for some constant
B7 07 ‘D7

(14)

G = s (15)
From (13) and (14) we obtain
o e - @ 9] 6@ - 6wl =P - P
[G(z) + d][G(y) + d]
Similarly, from (12) and (15) we obtain
(@ = I60) - 60N = | ot pipi ) * 6| F@) - L
Dividing the last two equations by sides gives the equation
bd — ¢ BD - C
eerraceTa ) Fe o 2] e

(16)



178 JANUSZ MATKOWSKI

Setting here y = yo € I we infer that, for some constant Ay, By, Cy, Do,
_ A()G(IL‘) + BO

CoG ($) + Dy '
Replacing F(z) and F(y) in (16) by the suitable values given by this for-
mula, we easily conclude that G is a constant function. This contradicts our
assumption. Since in the case when a —§ = 0 or a — o = 0 the respective
argument substantially simplifies, we omit it.

Thus we have shown that in all the possible cases there are p,q € R such
that F' = pG + ¢. Suppose that ¢ # 0. From (8) we have

pG(y(2)) + GOy (W) +2¢ _ pG(x) +pG(y) + 24
G(y(z) + G(vy)) G(z)+Gly)

whence

F(x)

z,y €1,

G(y(2)) = G(x) = G(y) —G(vy'(y), wyel
Thus, for a constant ¢ € R,
G(y(z)) =G(x)+¢,  wel,
whence, by induction,
G(Y*(2)) = G(z) + ck, xel keZ,

where Z stands for the set of all integers. If ¢ # 0, taking into account
the continuity of G, we get G(I) = R. This is a contradiction, because,
by assumption, the function G does not vanish in R. Thus ¢ = 0 and,
consequently,

G(y(z)) = G(x), xel.
The proof is completed. O

Corollary 1. Let v be a homeomorphic map of an interval I C R. Suppose
that the continuous functions F,G : I — R, G # 0 in I C R, satisfy the
functional equation

F(y()) + F(v"'(y)) _ F(z) + F(y
G(y(z) +G(vHy) Gx)+Gly

If G is not constant and % 1§ monotonic then g s a constant function.

;, z,y €1.

Proof. Suppose that in the second part of the above theorem the number
q is different than 0. Then F' = pG + ¢ and G(y(z)) = G(z) for all x € I.
Hence we get
F(y(z)) T A _pGx)+q _ F(z)
G(y(z)) G(y(z)) G(x) G(x) G(z)’

i.e. the function g(fy(x)) = g(x) for all € I. This contradicts to the

rzel,

assumption that g is monotonic. Thus ¢ = 0 and the proof is completed. [
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4. A TWO PARAMETER FAMILY OF MEANS RELATED TO A B-MEAN

As we have observed, if ¢ is a non-zero constant, then B9 reduces to a
quasi-arithmetic mean. In this section we extend these means.

Theorem 3. Let f : (0,00) = R and g : (0,00) — (0,00) be continuous
and non-constant. Suppose that, for some bijective and continuous functions
a,B: 1 — I, the function @bgg] I - R,

fla(z)) + F(B(z))
g(a(z)) + g(B(x))

w[fyg] (1‘) pp—

is strictly monotonic. Then

(1) the function Bg’g] : 1?2 = T given by
B, y) = [w[f’g]}_l (f(a(w)) ki f(ﬁ(y))) ,  wmyel, (18

(17)

o g9(a(z)) + 9(B(y))
is a strict and continuous mean and, for « = =id|r,
f:9] _ plfgl.
Ba,ﬁg = plfdl

(2) the following conditions are equivalent:
(i) B[f’g] is a symmetric mean,
( ) B[f’g] B[fg}
(iii) ezther g zs constant and fopB — foa=c for somecé€R, or

8= a.

Proof. Suppose that wgf,’ﬁg] is strictly increasing and take z,y € (0,00), x < y.
Then
9 (@) = fla(@)) + f(B(x)) _ flay)) + f(B())

g(a(z)) +9(B(x)) — glaly)) +9(B))
whence, as [wz’g]} _lis strictly increasing,

flax) — f(by)
g(ar) — g(by)

= wa,b(y)

min(z, y) = & < [q/;[f gq < ) < y = max(z, y).

In the case when w[f 9 s strictly decreasing the respective argument is si-

milar. This proves that B[f 9 is a strict mean. The continuity of B[f 9 i
obvious.

2) The equivalence (i) <= (ii) is obvious. To prove that (i) = (ii3),
suppose that B([Xf ’g] is symmetric, that is that

B[fg]( y) = B[fg]( 2), zyel
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Hence, by the definition of szf ’g],
fla(2) + f(B(y) _ fla(y) + f(B(z))

o(a(@) + 9BW) _ glalw) +9B@)  TYEL
With 7 := a0 7! this is equivalent to
fh@)+ )] _ fl@) + W L er

ghy@)] + gl W) g(@) +g(y)

Now we can apply Theorem 2. If g is constant then this equation is
satisfied iff, for some ¢ € R,

fh@) = f@)=e¢,  wel,

that is iff, for some ¢ € R,

f1B()] = fla(z)]=¢, zel

If g is not constant then this equation satisfies iff there are p,q € R, ¢ # 0
such that either f = pg or f = pg+q and goy = g. The case f = pg cannot

happen because then the function 1/1([){ ’g] would be constant. Assume that

f=pg+gand goy=g.
Then go = go« and, for all z € I, we have

U9 (@) = (pgla(x)] +q) + (gla(x)] +4) q

gloa(@)] + gla(@)] P gl

Since wa ’ﬁg] and « are one-to-one it follows that so is g. Now the equality
go 8 =go« implies that a = .
As the implication (i) <= (ii7) is easy to verify, the proof is complete. [

Remark 2. In the case when the function f is unknown and I = R, the
functional equation f[y(x)] — f(x) = ¢ due to Abel (cf. M. Kuczma [5]).

Applying Theorem 3 and Theorem 2 we prove

Theorem 4. Let f : I - R, g : I — (0,00) be continuous and let a,b > 0
be fized. Suppose that the function wgfl’)g} :(0,00) —» R,

[f7g] = M
Vi ) + (o)
1s strictly monotonic. Then

(1) the function B([l]jg)g} : (0,00)? = (0,00) given by

[£,9]  [pa Y flaz) + f(bx)
Ba,bg (l‘,y) T |: a,bg:| <g(aw) +g(b$)> ) x,y € (0’00)7

z € (0,00),
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s a strict and continuous mean and, fora=b=1,
(.91 _ plfgl.
B = Bl
(2) the following conditions are equivalent:
(i) Bc[lf,;g] is a symmetric mean,

() Bl = Bl
(iii) b= a.

Proof. Define «a, 8 : (0,00) — (0,00) by a(x) := az, B(z) := bx for z > 0.
Since B([If l’)g} — BY9 the first result follows from part 1 of Theorem 3.

a8’
Now assume that B([lf I;g} is symmetric, that is that

Bl (ey) = Bl .2).  wy>0
By the definition of B([lf l’)g] this equation holds if, and only if,
flax) + f(by) _ flay) + f(bx)

= , z,y > 0.
glax) +g(by)  glay) + g(bx)
Replacing = by £, y by § and setting c := 2 we obtain
~1
f@)+fly) _ flex) + f(C_ly), .y > 0.
g9(x) +g(y)  glex) +g(cly
Setting
F(u) == f(c"),  G(u) = g(c"), u€R,
we can write this equation in the form
Flu)+ F(v) Fu+1)+ F(v—1) wveR
G+ Gl  Gurn+Go—1 'K
Since I and G are continuous, G is non-constant, and % (u) = g(cu)

where ¢ # 1, the function g is strictly monotonic. On the other hand, in

view of Corollary 1, the function g must be constant. This contradiction
proves that a = b and completes the proof of part 2. ([

]

In the case when the generator g of B([lf l;g is constant we have the following

Theorem 5. Let f : (0,00) — R be continuous and strictly monotonic.
Then

(1) for a,b > 0 the function ZZ)L{I]) :(0,00) = R,

YUl(@) = flazx) + f(ba)
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is strictly monotonic; the function B[f] (0,00)% — (0,00) given by

By = [00)] " (faz) + fw). a0,
18 a strict and continuous mean and, fora =b=1,
By} = Al);

(2) the following conditions are equivalent:

(i) B[fb is symmetric,
(i) B, = Bl
(i) a=b;

(3) B,[Z{(]l is p-conjugate of the mean AU with o(x) = ax, (z > 0), that
18
1
Bl (z,y) = ~ A (az,ay), 2.y >0;
a

(4) for every (x,y) € (0,00)2, the function
(0.00)° 3 (a,b) = Bylj(.)
18 continuous.

Remark 3. Let f: (0,00) - R and ¢g: I — (0,00) be continuous and non-
constant. If the function zpt[lf l’)g] is strictly monotonic for all a,b > 0 then,
according to the first part of the theorem, the B-mean B9) : (0,00)% —
(0,00) exists, can be imbedded in the two-parameter family of the means
{B([jj’bg] La,b> 0} such that BY) = Blfdl,

To show that the assumption of the strict monotonicity of the function
wgf ’bg] for all a,b > 0 is essential, consider the following

Example 1. Let f(z) := z(2+sinz) and g(x) := 2 +sinz for z € R. Since
5(:1:) =z for z € (0,00), the function 5 is strictly increasing, which implies
the existence of the mean B9l It is to verify that for some a,b > 0 the

f7
Ve

function is not strictly monotonic.

Remark 4. It is easy to show that, under the assumptions of Theorem 3
(or Theorem 4), the mean B, [g 7'is well defined and

l9./1 _ plfdl
Ba,b - Ba,b .
Moreover BLQQ} is -conjugate of B9/ with ¢(x) = az, (z > 0), that is

1
Bl (z,y) = ~BYVI(ax,ay), a2,y >0;
9 a/ 9
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Example 2. For f(z) = exp(z), g(x) = 2 and a > 0 we have L{&g](x) =

exp(azx) and
1
DY (z,y) = ~log (
’ a

If a # b, then I/JC[Lf g)g] (x) = e;;igiz, and we do not know the effective formula

-1
for (ﬂ)gf l’)g]> as well as for Bgf l;g}.

ez +eay>
r+y '

In this connection consider the following
Remark 5. Suppose that f : (0,00) = R and g : (0,00) — (0, 00) satisfy
the assumptions of Theorem 3. It is seen from the definition of dJLf ’bg] that,
in finding the effective formula for BC[Lf l’)g}, the relation wgf l’,g] = ¢(a, b)), for
some functions ¢ : (0,00)?> — R and ¥ : (0,00) — R, can be helpful.

Motivated by this remark we prove

Proposition 1. Let f : (0,00) — R and g : (0,00) — (0,00) satisfy the
assumptions of Theorem 3. Suppose that, for some functions ¢ : (0,00)? —
R and ¢ : (0,00) — R,

(@) = oa,b)d(@),  abe>0. (19)
Then there are p,q € R \{0} such that

fla)=fMa?,  glx) =gz,  Y(z)=41)z"7 x>0

Proof. Setting z = 1 in (19) and taking into account (17), we get

() = il = L@ FO
P(a,b)Y(1) =g, (1) = FOEYIOR #b.

Hence, by (19),
flaz) + f(bx) _ f(a) + f(b) ¥(x)
glax) +g(bx)  gla)+g(b) ¥(1)’
Letting b — a we obtain

flaz) _ f(a) b(a)
glaz) ~ gla) v(1)

a,by,x >0, a#b. (20)

a,x > 0. (21)

Setting a = 1 gives

= x>0,
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whence, by (21),

e~ (Gate) (o) 2=
9(l) f

which proves that the continuous function 4 oK is multiplicative. Thus
there is an r € R such that

@:&xT’ x> 0.

g(z)  g(1)
Of course r # 0 (in the opposite case the function 5 would not be strictly
monotonic). It follows that

o . _ /@)
f(z) =cx"g(x), x>0; where c:= o)’ (22)
and
P(x) =9P(1)a", x > 0. (23)
From (20) and (23) we obtain
l9(a) +g()][f (ax) + f(bz)] = 2" [f(a) + [(D)][g(az) + g(bx)], a,b,x >0,
which reduces to the equation
(0" —a") [g(a)g(bx) — g(b)g(ax)] =0,  a,b,z>0.
Since r # 0 we hence get

glaz) _ g(br)

= , a,b,x > 0.
gla) — g(b)
As the left-hand side does not depend on b we infer that
g(ax)
= c(x), a,z >0,
o)

for some function ¢ : (0,00) — (0,00). Setting here a = 1 we get ¢(x) = Laf)
g
for all x > 0, and consequently,
glaz) _ gla) g(a)
9(1)  g(1) g(1)’
which shows that the function qu) is multiplicative. By the continuity of g,
there exists a ¢ € R such that

g@) = g(Dat, x>0
Put p := g + r. Hence, making use of (22), we obtain

fl@)=fDa™" = f(1)a", x>0

—|

a,z >0,

EQ
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5. A WEIGHTED EXTENSION OF GINI MEANS

For power functions f(x) = 2P, g(x) = 27 (z > 0), where p # ¢, and
for the constant a,b > 0, for convenience, we put w[[lpé)q} instead of wa l',g] and

B([f l;q] instead of B([If l')g}. Note that

) aPl + bP
wfqu](w) Tt pa”t

is strictly monotonic. From Theorems 3 and 4 we obtain

q q (PP p\ 1/(p—q)
B([zl?’bq](xvy): (a +b °r +bpy ) ) 9U7y>0-

aP 4 bP adzd + biyd
In particular, for p = 1 and ¢ = 0, we get ¥, 4(x) = (a + b)x and

p=q x>0,

b
B([zl,l’)O](m7y) = CLL—f—bx + my7 a, baxay > 0.

Remark 6. Note that the mean B([lpl’)q] coincides with B([lf l')g] where the func-
tions f, g are described in Proposition 1, and we have

BP9z y) = BPY(@,y),  a,b,2,y > 0.
9 b 9

Thus ng g)q]depends only on the parameter t = 7.
Applying Theorems 3 and 4 (if ¢ = 0) and making some obvious calcula-
tions in the cases when p = ¢ # 0 and p = ¢ = 0, we obtain the following

Theorem 6. For every p,q € R and t > 0 the function ng’q] : (0,00)% —

(0,00) defined by the following formulas

1
[p.d] (ALl 4 yP ) p .
B (w,y) = (tp+1thQ+yq ;o pFG >0,

yP

P (tz)P
Bt[p’q] (x7 y) = t_tlfﬁ(t;p) (tz)P+yP y(ti)eryp’ p=gq ;é O’ t> O7
Bt[p’q](x,y) = /2y p=q=0; t>0,

is a strict, increasing and homogeneous mean.

Moreover,
(1) for allp,q € R andt > 0,

ng’Q] is symmetric iff t = 1; BEP’Q] = ng’p},
and

By = BP0 ey >0
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(2) for every x,y > 0, the function
(0,00)* 3 (p,q,t) = B (z,)

18 continuous;
(3) if p? + ¢*> > 0 then, for all z,y > 0,

Y, p=>0,q2>0
—4q D

TP-ayr—a, p>0, q<0

lim Bl[p’q] (z,y) = lim Bt[p’q] (y,x) = 4 .
t—0+ t—o0 l‘my—lﬂ'q, p<0,qg>0

x, p<0,¢<0

Remark 7. For p,¢ € R, p # ¢, and w € (0,1) the function M[pﬁ] :
(07 00)2 — (07 OO)’

M,y o= (T
(1 —w)zd + wyy
is a mean and Mﬁ’;ﬂz] = BP4 Letting ¢ — p in this formula, one could
define M[}Z’}]]D } by the formula
MPP! (x,y) = x(l—(:ﬂ;ﬂz’)ﬁ’y” e for p # 0, and MO0 (x,y) == +/zy
[w] yY) Yy p ’ ['w] yY) Y.

Note that the families {Blp’q] :t >0} and {Ml[f’(ﬂ cw € (0,1)} are different.
To see this note that

t941tPaP + P (1 —w)aP + wy?
tP 4+ 1tz + g7 (1 —w)zd + wyy’

z,y >0,

for some ¢ > 0 and w € (0,1) iff £ =1 and w = 1/2. In particular
(B> 0y (Mlpd s w e (0,1} = {BP p £ g},

and a counterpart of Theorem 5.3 is no longer true for the means M, [I;’Jf ) The

family {Bip a p,q € R, t > 0} can be treated as the weighted extension of
Gini means.

Remark 8. Note that BEO’O], for all ¢ > 0, coincides with the symmetric
geometric mean G(z,y) := /xy and does not depend on ¢.
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6. AN APPLICATION TO ITERATION THEORY
Proposition 2. For every p,q € R, t > 0 and w € (0,1), the geomet-
ric mean G : (0,00)2 — (0,00), G(x,y) = /7y, is invariant with re-
spect to the mean-type mappings (ng’q],Bgfp’fqg : (0,00)? — (0,00)? and

(M[[Z’]q],M[[f_qEq}) : (0, 00)2 — (0,00)2, i.e.

Go(BP. B ) =G, Go (M M) =c.

Moreover, for all (z,y) € (0,00)?,

tim (B BP) (@,y) = (Vay, vag) = lim (BPDBIPT) (@),

n—o0

where (BF’Q], Blfp’ﬂﬂ)n denotes the nth iterate of (B,[p’q], Blfp’ﬂﬂ) .

Proof. The invariance of the geometric mean is easy to verify. Now the result
follows from Theorem 1 in [6] which asserts the existence and uniqueness
of the invariant mean and the pointwise convergence of sequence of itera-
tions of every continuous mean-type mapping (M, N) if M or N is strict
(cf. also J.M. Borwein, P.B. Borwein [2], p.244, Theorem 8.2, where the
comparability of means M and N is also assumed). O

Proposition 3. Let p,q € R and t > 0 be fized, and let F : (0,00)> — R
be continuous on the diagonal {(x,x) : x > 0}. The function F satisfies the
functional equation

F(BPYay), Bl P @,y)) = Floy),  ay>0,  (24)
if, and only if, there is a single variable function f : (0,00) — R such that
F(z,y) = flzy),  =,y>0. (25)

Proof. Assume that F : (0,00)? — R satisfies equation (24). Hence, by
induction,

Fla,y) = F[(BI@y). B Yay)' ], ay>o,

for all positive integers n € N. Applying Proposition 2 and taking into
account the continuity of I’ on the diagonal, we get, for all z,y > 0,
o n
Fla,y) = lim F (B @), B (w,y)| = F(vay, vag) = flay),
where f(t) := F (\/f, \/i) ,t>0.
Since it is easy to verify that every function F' of form (25) satisfies the
equation (24), the proof is complete. O
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Remark 9. A counterpart of Proposition 3 for the mean-type mappings

pal 3/,
(M[w] My

q}) is also true.
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