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UNIFORM CONVERGENCE OF FOURIER SERIES ON
COMPACT SUBSETS

M. KUCUKASLAN AND F. G. ABDULLAYEV

ABSTRACT. In this paper, the speed of approximation of wy(B; f, z)
to zero has been calculated by using analytic and geometric proper-
ties of the boundary of the given region, where B is a subset of G
(a finite simpy connected domain bounded by a Jordan curve) and
wn = [f(2) = Sn(f,2)|, 2z € B.

1. STATEMENT OF THE PROBLEM AND MAIN RESULTS

Let G C C be a finite simply connected domain bounded by a Jordan
curve L = 0G; h(z) be a weight function on G, that is positive and mea-
surable on G. Let K, (z) := K,(h,z) =apz"+ ..., a, >0, n=0,1,2,...,
be the sequence of orthonormal polynomials in GG, with respect to the inner
product

)= [ [ M @aGam )

where dm(z) denotes two dimensional Lebesgue measure.
Define the space As := As(h, G) as the space of square integrable analytic
functions with the norm ||.|| 4, given by

1y, = ( /[ e |f<z>|2dm<z>)é. (1.1)

Fourier coefficients of the function f € Ag are defined by a,(f) :=
(f,Kn) n=0,1,2,3,..., and correspond to f following series

> an(f)Kn(2). (1.2)
n=0
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The convergence of the series in (1.2) depends on the completeness of
orthonormal polynomials system with respect to the norm in (1.1). It is
well known that, if the weight function is bounded above and below by
positive constants then the system of orthonormal polynomials is complete
with respect to the norm ||.|| 4, (see [14] ). In this paper, weight function
will be taken as follows:

h(z) = |D(2)|%, (1.3)
where D € A(G) (that is, D is an analytic function inside G' and continuous
on G) and D(z) # 0,Vz € G. It is clear from (1.3) that h(z) satisfies com-
pleteness condition explained above. Let us denote the n — th partial sum

of (1.2) by
Su(f2) =Y an(f)Kr(2), n=0,1,2,...,
k=0

and define wy, (B, f; z) by

wn(vi;Z) = |f(Z)—Sn(f,Z)| (14)
where z € B € G.
Throughout this paper, ¢, c1, ... are positive and ¢,¢1, ... are sufficiently
small positive constants, in general depending on G.

We say that,
(i) G € Ck,a), k=1,2,3,..., 0 < a <1, if L = G has a natural
parametrization z = z(s), where s is arc length, and the function
z = z(s) is k-times continuously differentiable with 2(*)(s) € Lip,.
(ii) G € Cp if L has continuous tangent 6(s) := 0(z(s)) at every point
z(s).
Suetin proved that (see, [17]) if L € C(k+1,), k=0,1,2..., 0<a <1
and h(z) satisfies (1.3) with D*) € Lip,, then

§(B)* 3w (B, f;2) < cEn(f, A9) n” ") vze Be G (15)
where 0(B) := dist(B, L) and

aﬁﬂg:g(ujmv@_a@ﬁm@f

denotes the best approximation in A, by algebraic polynomials of degree no
more than n.

It is clear from (1.5) that wy (B, f; 2) tends to zero uniformly when n — oo
and the speed of approximation depends on not only the properties of A and
G but also depends the distance of B to the boundary.

This type of calculations gained interest after Gaier’s paper. In 1997 D.
Gaier [9, Res.Prob. 97-1] asked the question: "How fast is the convergence
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of Bieberbach polynomials to Riemann function on B € G?” This question
is investigated in [3] and [10] for various regions of the complex plane.

In this paper we considered this problem for Fourier series in region with
cusps on the boundary.

Now, Let us give some definitions before explaining our results:

Definition 1. [13, page 97] The Jordan arc (or curve) L is called K-
quasiconformal (K > 1) if there exists a K—quasiconformal mapping f of a
domain H O L such that f(L) is a line segment (or circle).

If H = C, this definition is called the global definition of the K—quasicon-
formal arc (or curve). At the same time, H can be chosen as a neighborhood
of the curve. In this case, it is called the local definition of K—quasiconformal
arc (or curve) (see [1]). In [6] and [7] the global definition of the K- quasi-
conformal arc(or curve) has been considered.

The local definition will be used in this work because of the quasiconfor-
mality coefficient of the curve can be determined easily for some complex
region. For example, with the help of [15], if L € Cp then K = 1+¢, Ve > 0,
and if L is an analytic curve then K = 1.

Definition 2. We say that G € PQ(K,p), K > 1, p>1, if L = 0G con-
sists of a finite number of K;—quasiconformal L;j—arcs connecting the points
{zj};nZQ C L, K = maxo<j<m {K;} and L is locally K—quasiconformal at
z1 € L and two quasiconformal arcs Lj, Ljy1 C L meeting at z; form xP-type
interior zero angles that there is a neighborhood of zj, j = 2,...,m such that
the following conditions are satisfied for every z = (x,y) € Lj(Lj;+1) then

c12P <y < caP(—coa? <y < —c¢qa?)
for some constants —oo < ¢1 < co < +00.

It is clear from Definition 2 that G may have m — 1 number zP-type
interior zero angles. If p = 1 then G is bounded by a K—quasiconformal
curve and it is denoted by G € Q(K, 1).

Especially, if L; € Cyp, j = 1,2,...,m then G € Q(1 + ¢,p) for every
e > 0.

In Definition 2 the parameters K and p are analytic and geometric prop-
erties of the region respectively.

The following theorem shows how fast the speed of approximation depends
on these parameters. Also, it gives an extension of the result of Suetin given
in (1.5) to more general region.

Theorem 1. Let G € PQ(K,p), K > 1 for somep, 1 < p < 2, h(z)
defined by (1.3) with D € Lipa, 0 < a < 1 and B € G. Then, for all



206 M. KUCUKASLAN AND F. G. ABDULLAYEV

feAs and z € B € G,

N7, ifa> ghke 1<p <14 KoL
8(B)3wn(B, f12) < cEy(f, A2) ora> 2k p>1+ KL
n~", otherwise,
(1.6)

where v < 2[1(2 min{%,%} and 0 < n < aK? .

The following two results are relatively simple consequences of Theorem 1.

Corollary 1. Let G € Q(K,1), K > 1, h(z) defined by (1.3) with D €
Lipa, 0 < o<1, and B € G. Then, for all f € Ay and z € B € G,

_ 1
A (1.7)

n~", otherwise,

O(B)iwn(B, f;2) < cEn(f, A2) {

for every v < ﬁ and 0 < n < aK?.

Corollary 2. Let L; € Cy (or analytic curve) in Definition 2 then (1.6) is
satisfied with v < 22;pp and 0 < n < a.

It is clear from (1.6) that

f(z) = Z anKn(2)
n=0

for every z € B € G and this convergence depends on the distance of B to
the boundary L as a power %

In order to obtain the speed of approximation in Theorem 1 the quasi-
conformality coefficient of the region must be known. But, generally it is
not easy to calculate of this parameter for a given region.

Is it possible to calculate the speed of approximation of w, (B, f;z) by
using other properties of the region? Before the answer, let us give following

definition:

Definition 3. [2] We say that G € Q(v), 0 <v <1 if

(i) L = 0G is qusiconformal curve,
(ii) For every z € L, there exists a unique r > 0 and 0 < v < 1 such
that a closed circular sector

S(zyr,v) = {§:§:z+rei9, O§90<«9<90+v}

of radius v and opening vr lies in Q with vertex at z.
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It is well known that each quasiconformal curve satisfies the condition
(ii). Nevertheless, this condition imposed on L gives a new geometric char-
acterization of the curve. For example, if the region G* is defined by

G*:{z:z:rei9,0<7'<1, g<9<27r}

then the quasiconformality coefficient of G* is not easy to obtain, whereas
G € Q(}):

The following theorem shows we can still estimate the speed of approxi-
mation even if we only have the information about v.

Theorem 2. Let G € Q(v), 0 < v < 1, h(z) defined by (1.3) with D €
Lipa, 0 < o<1 and B € G. Then, for all f € Ay, z € B € G,

5 nY, a> e
6(B)2wn(B, f12) < cEy(f, A2) { ’ H2v) (1.8)

n~", otherwise,

where v < ﬁ and n < va.

Remark 1. If G* = {z:2= re', 0 <r <1, T <6 <2r} then, (1.8) is
satisfied for every v < % and n < 5.

2. SOME KNOWN RESULTS

The notation a < b will be used if there exists a positive constant ¢ such
that a < ¢b and a < b will be used if @ < b and b < a. For an arbitrary
20 € B @ G let us denote by w = ¢(z, 29) the conformal mapping of G to
D :={w: |w| < 1} with the normalization

©(20,20) = 0,¢' (20, 20) > 0

and 1) := ¢! is the inverse mapping.

Let w := ®(z) be a conformal mapping of Q := extG to A := {w : |w| > 1}
normalized by ®(c0) = 0o, ®'(c0) > 0.

For u > 0 the level curve(interior or exterior) of G is defined as follows:

Ly :={z:]p(z,20)| =u, ifu<lor |[®(z)=u, if u>1}

and G ;= intL,, Q= extL,.

The region H in the Definition 1 can be chosen as Gg, — G, for a certain
number 1 < Ry < 2, depending on ¢, ®, f and ro = REI (see, [3]).

Also, ¢(K)—quasiconformal reflection a*(.) across L can be found (see, [5,
page 76] and [13, page 98]) satisfying

|21 —a™(z)| < |21 — 2|, 1 € L, z€ H. (2.1)
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Lemma 1. [3] Let L be a K—quasiconformal curve. Assume that
21 €L, z0,23€ GN{z: |21 — 2| <d(z1,LR,)}, wj = (2)

(or z,23€ QN{z: |21 — 2| <d(z1,Lr,)}, wj = P(25))
j=1,2,3. Then, the following statements are true
i) the relations |z1 — z2| < |21 — 23] and |w; —wa| < |w; —ws| are
equivalent,
ii) if |21 — 22| < |21 — 23| then

1 2
L K
K2 Z1 — 23 'wl_w?)

’wl_w?)

w1 — w2 21 — 22 w1 — w2

Consequently if z3 € Lg,(z3 € Ly,) then
K? 2
|w1—fw2] < ‘21—2’2‘ < \wl—w2|K2 . (2.2)

Lemma 2. [6] Let L be a K—quasiconformal curve. Then, for every z € L
and zg € G, there exists an arc (2o, z) in G joining zo to z and having the
following properties:

i) d(§, L) < |§ — z| for every & € (20, 2);
i) mesvy(&1,8&2) < |&1 — &2 for every pair £1,& € (20, 2), where 7 is
the sub-arc of ~.

Lemma 3. [6] Let L be a K—quasiconformal curve. Then, for every recti-
fiable arc v C G,

mes v < mes o (7y).

Lemma 4. [3] Let L be a K-quasiconformal curve and G. = {z € G :
d(z,L) < e€}. Then, for ¥Ye > 0,

mes ¢(Ge) < es (2.3)
where § := min {2, KQ}.
3. INTEGRAL REPRESENTATION OF ¢(.,29) WHEN G € PQ(K,p) AND
AUXILIARY RESULTS

Suppose G € PQ(K,p) is given. Without loss of generality we may
assume that m = 2 in Definition 2 z; =1, 23 = —1 and (—1,1) C G. Let us
denote L = L' U L? where

L'={z€L:Imz>0}, L?:={z€ L:Tmz <0}

and they are connecting the points z; = 1, 20 = —1. The boundary of
the domain is locally K—quasiconformal at z; and has interior zero angles
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at z2 = —1 in the sense of Definition 2. Since each L7, j = 1,2 is K,
quasiconformal there is o (.) quasiconformal reflection across L7. Denote
Vi={z=a+iy:y=clez+ 1P}, YV¥i={z=z+iy:y=—co(x+ 1)},

where ¢ is taken from Definition 2. '
According to Lemma 2 and [8, Lemma 4.2] for all £;,& € 47, 7 =1,2, we
have

mes v (€1,&) < &1 — & (3.1)
For n > N(Ry) big enough, and an arbitrary small ¢ < 1, let us choose

R=1 —|—‘cn‘5_1 such that 1 < R < Ry. Let us denote intersection of v/ and
Lg by z7. These points divide Lg into two parts;

LY = Lh(2%2Y), L% = LA(24 %)
and Lp = J7_, L.
Let us denote v/ (R) := 7 N (intLg) and set
I'r:=~v4(R)U+*(R)ULY, and U :=int(TRUL).
The function w = ¢(z, z9) can be extended to U as follows:
- el 2 €G,
o(z,20) == {W’ zeU,

and integral representation of ¢(z,zp) is obtained by using the Cauchy-
Pompeiu formulas (see [13, page 148]):

(3 —
©(z, 20) = 271”/F 5720 //U 902_20 m(§), z € G.

Then, using the above notations we obtain

1 f(ﬁ,Zo)

2
g + ZTj(z, 20) + A(z,20), z€ G, (3.2)

©(z,20) == i . f— - 2
where i )
Tj(Z,Zo) = 21/ (‘0(5’ Zo) — 80(_1?2’0)(16’
T Jyi(R) £—z
()0 5720
e[ 2
0) s m(§)

and

45(57 ZO)a 5 € L}{a

f(é-’ ZO) . {90(_1720)7 5 € L%?
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Proposition 1. Let G € PQ(K,p), K>1,p>1, z0€ BEG and~y C Q
be a rectifiable Jordan arc with end point z* € L. Then,

HT’(., zo)H?42 <o YB) (m637)2_p (3.3)

where

T(s,20) = [ PO A2
Y

Proof. From the assumption on -y we have (see, [3, Lemma 3.7])
~ ~ & — x|
|B(€, 20) = §(=", 20)* < 67H(B). € — =*|2 ,VE € 7.
So, (3.3) is obtained by using [4, Lemma 2.5] for h(t) =t and
9(t) == 62 (B)VL.
U

Proposition 2. Let U C Q and o is a quasiconformal reflection of L.
Then,

|4/, 20)|[3, =< (mes (a*(U), 20)) (3.4)

A(z, 20) // SDE &ZO m(§).

Proof. The equation (3.4) is a consequence of the Hilbert transformation

and Calderon-Zygmund inequality (See
( / [ Jpeezof anco)

I, - H//ﬁf’ﬁd
= ([ 1+ zo>»2dm<s>) < ( /. |so'<s,20>»2dm<s>)

=mes ¢ (a*(U), 2p) . (3.5)
O

where

The following is the Lemma which will play a central role in this work
and the method used in [3] and [4] will be used in its proof.

Lemma 5. Let G € PQ(K,p), K>1, p>1 and zo € B € G. Then, there
exists a polynomial P, (z,z9) such that

(o z0) — P, zo)HA2 <673 (B (3.6)

1 . 2—p 1
where v < Wmln{T, ﬁ} .
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Proof. First term in the integral representation of ¢(z,20) in (3.2) is an
analytic function in G, then, there is a polynomial P, (z,zy), deg P, < n
(see [16, page 142]) such that

i f(‘gaz()) _p l
oy, (6 z)2d£ P.(z,20)| < - (3.7)
for every z € G. So, we have
2
1
I o)~ Polezill gy < 24 ST+ 4L, 58)

J=1

Let us define o*(z) and U as

a*(z) = {Z

and U := U; U U; respectively such that
Up:={2€U:Imz>0},Uy:={2€U:Imz <0}.

(2,20), Imz>0,
(2,20), Imz <0,

N ¥ — %

Using Proposition 1 and Proposition 2 in (3.8) we have for j = 1,2,

2—p

Hcp’(.,zo) — P,’l(.,zo)Hi12 =< % + 57%(3) (mes ’yj(R)) 2
2

—I-Z mes ¢ (a}(Uj),20))2. (3.9)
J=1

On the other hand, from Lemma 2, Lemma 3 and (3.1) we get

mes v/ (R) < ‘zj +1] < d%(zj,Lj) nPK2 j=1,2, and Ye > 0. (3.10)
For sufficiently small g > 0, let us denote
Deo(—1) :={&: [+ 1 <eo}, Vj:=U; N Dgy(-1),

and 17j := U; —Vj such that U; =V U‘7j. From [3, Lemma 3.8 | and Lemma
4 we obtain

mes gp(a;(Vj),zo) =< 5_1(3) [d(zj,Lj)] K < (5_1(B)n K1,

and
~ e—1
mes p(a;(Vj), z0) < sYBET, j=1,2. (3.11)

If we combine equation (3.10), (3.11) and (3.9) we obtained the desired result
n (3.6). O
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Corollary 3. Assuming the conditions in Lemma 5 there is a polynomial
Qn (Z, ZO) such that Qn(z()a ZO) = 07 Qn(’zoa Z(]) = 30/(207 20) and

|¢ ) - Qom0 <673 (Bn (3.12)

where 7 in (3.6).
Proof. Let us set,

Qn(2, 20) = Pu(z, 20) — Pu(20, 20) + (2 — 20)(¢' (20, 20) — P, (20, 20)).
Then, Qn(20,20) =0, Q,,(2,20) = ¢'(20, 20). It is clear from Lemma 5 that
[¢/C0) = Qutaz0)|, < (1467 (BY||¢/z0) = Bz, (313)
and (3.6), (3.13) gives the proof of (3.12). O

Corollary 4. Let G € Q(v), 0 < v < 1, z90 € B € G. Then, there is a
polynomial Qn(z,20) such that Qn(z0,20) =0, Q,(20,20) = ¢'(20,20) and

H(p'(.,zo) —Q.(., %) ’ o 53 (B)yn ™ (3.14)

Az(G)
where v < =)

Proof. We can follow the proof of Lemma 5 and Corollary 3 since L is a
quasiconformal curve. So, there exists a polynomial P,(z,zy), deg P, = n
with P, (29, 20) and P/ (29, 20) = 0 such that

|20 = Pio [, o

It is clear that, G satisfies the “v-wedge” condition since G € Q(v), 0 <
v < 1. Then, by [11] and [12], ¥ € Lipv and ¢ € Lip ﬁ Also, from [10,
Corollary 1] we obtain
[mes (i (a*(U)  20)] < 6~ (B)n” 207
From this fact and (3.15) we have

20 = P20

A2(G)
and choosing Q,,(z, 2¢) as in Corollary 3 the desired result is obtained. [

Lemma 6. Let G € PQ(K,p) for some K > 1, p > 1 and h(z) be defined by
(1.3) with D € Lipa, 0 < a < 1. Then, for a polynomial T, (z, z0) satisfying

T, (2, 20) = % we have

=< % + mes (¢ (a*(U), 20) (3.15)

51 (B)n @)

HSOI(-’ZO) — T(., 20)

D(.)

) —y <
ny >,

Ao
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where v is as in (3.6) and 0 < n < aK?.

Lemma 7. Let G € Q(v) for some v, 0 < v <1 and h(z) defined by (1.3)
with D € Lipa, 0 < a < 1. Then, for a polynomial T,(z,z0) satisfying

T (2, 2) = 7“0,[()'2(2’50) we have

Hw’(-,zo)

D() — Tn(., Zo)

n~my>mn,

-
—%(B) n ', 73777
Aa

where 7 is as in (3.14) and 0 < n < av.

Lemma 8. Let G be a Jordan domain such that there exist polynomials

(10/(207 ZO)
Tn ) )T/ ) = T/
(2, 20), T (20, 20) Diz0)
satisfying the following properties:
2
¢'(-, 20)
—Tu(., 20) < on(B) (3.16)
|55 - e,

for some sequence {o,(B)},;~, with on,(B) — 0,n — 0o for every zp € B €
G. Then,

> |Kk(20)|* = O(672(B)on(B)). (3.17)
k=n

Proof. (Proof of Lemma 6, Lemma 7 and Lemma 8)
Using same process as in (see [4, Lemma 2.7 and Lemma 2.8]) we obtain
the proof of Lemma 6, Lemma 7 and Lemma 8 respectively. U

4. PROOF OF THEOREMS

It is well known (see [17]) that

E,(f,Ag) := i}gnf <//Gh(z)|f(z)_Pn(2)|2dm(z))é

(| 5 o

1 o)

i) = (X k)

k=n+1

N[

S an(HE()
k= 1
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So, using the Minkowskii inequality we obtain

wn(B, f;2) = 11(2) = Sulf,2) = | D a(f)Ki(2)
k=n+1
(S wne) (T mer)
(2 ) (22 e
— B (2 1R ) (1)

k=n+1

Taking 0, (B) in Lemma 6 (in Lemma 7) and using Lemma 8 we obtain the
second part of (4.1). So, Theorem 1 and Theorem 2 are proved.
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