SARAJEVO JOURNAL OF MATHEMATICS
Vol.6 (18) (2010), 35-49

NON-ADDITIVE MEASURES, ENVELOPES AND
EXTENSIONS TO QUASI-MEASURES

MONA KHARE AND SONI GUPTA

ABSTRACT. In the present paper, we introduce the notions of lower en-
velope and upper envelope for a [0, oo]-valued function u defined on a
proper sublattice M of a locally complete o-continuous lattice L, and
we extend a finite-stable, supermodular usc-measure p on a proper sub-
lattice M of L to a quasi*-measure (i.e., a supermodular usc-measure)
on L, which is M;s-inner regular. Analogously, we extend a submodular
Isc-measure on M to a quasi.-measure (i.e., a submodular [sc-measure)
on L, which is M,-outer regular. Furthermore, we have studied notions
of measuring envelopes in D-lattices in the context of null-additive, con-
verse null-additive, superadditive and weak converse null-additive func-
tions.

1. INTRODUCTION

In measure theory, a basic procedure is that of extending the notion of
a measure on a given class of sets to a larger class of sets. The possibility
of extension in measure theory on logics (orthomodular lattices or posets)
was presented as an open problem in [12]. Volauf in [28] proved an exten-
sion theorem for orthocomplemented lattices and probability measures using
Carathéodory measurability. In [25], Rie¢an studied an extension theorem
for subadditive probability measures defined on a suborthomodular lattice
of a o-continuous, o-complete orthomodular lattice. Later on, in 2001, Aval-
lone and De Simone gave an extension theorem for modular functions that
contains Riecan’s result as a particular case. They together with Vitolo
further extended the theory in context of lattice ordered effect algebras in
[5]. An extension theorem has been proved for measures on MV-algebras in
fuzzy measure theory ([6, 26]; see also [18, 21, 27]). Adamski [2] obtained
that every non-negative, semifinite, continuous at ¢ and tight function de-
fined on a lattice of sets can be extended to an inner regular measure. The
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concept of an effect algebra has been introduced by Bennett and Foulis [7],
as a generalization of Hilbert space effects interpreted as “unsharp” quan-
tum events. Different from the “sharp” events the effects do not satisfy
the noncontradiction principle, i.e. the conjunction of a and non a may be
different from zero. These new logical structures generalize orthomodular
lattices (including Boolean algebras) as well as MV-algebras employed by
Chang in the analysis of many valued logics [8]. The categorical equivalence
of D-posets and effect algebras is discussed in [10].

Non-additive set functions, as for example outer measures, semivariations
of vector measures, naturally appeared earlier in classical measure theory
concerning countable additive set functions or more general finite additive
set functions [10]. Non-additive measures appear today in many branches
of pure mathematics with many important applications ([23, 29]; see also
[15, 16, 19, 20]). Wang [29] gave the concept of null-additive set functions.
Wang and Klir [30] introduced the concept of converse null-additive fuzzy
measures. The notion of weak converse null-additive function is studied in
context of fuzzy measures in [21].

The aim of the present paper is to study an extension problem for non-
additive measures defined on a proper sublattice M of a locally complete
o-continuous lattice L. Some basic definitions are collected in Section 2. In
Section 3, we introduce notions of lower envelope ., and upper envelope p*
of a [0, oo]-valued function p defined on M, and we extend a finite-stable,
supermodular usc-measure p on a proper sublattice M of L to a quasi*-
measure (i.e., a supermodular usc-measure) on L, which is Ms-inner regular.
Analogously, we extend a submodular lsc-measure to a quasi,-measure (i.e.,
a submodular [sc-measure) on L, which is M,-outer regular. In Section 4,
we have studied the notions of null-additive, converse null-additive, super-
additive and weak converse null-additive functions on a proper D-sublattice
M of L, where L is a o-complete o-continuous D-lattice. We have observed
that every superadditive function is converse null-additive, and also weak
converse null-additive; the converse need not be true, which is established
by a counterexample. We proved that if p is superadditive, then u, is also
superadditive. It is also proved that for a monotone null-additive function
defined on a proper D-sublattice M, if a is p-measurable, then p.(a) = p*(a)
and, if d € L such that p.(d) = p*(d) < oo, d is p-measurable, then p is
weak converse null-additive.

2. PRELIMINARIES AND BASIC FACTS

Let L = (L, <) be a lattice. Let {ay,} be a sequence in L. We call a,, |
a,(a € L) ifand only ifa; < ag <---<a, <...,\ a, exists and \/ a,, = a.
Similarly, call a,, | a,(a € L) if and only if a3 > as > -+ > a, > ..., Nay
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exists and A\ a, = a. In these cases we also write a = lim,_ an. If a, T a,
b, T b and a, < b,,foralln, then we may deduce that a < b. The symbol
1 denotes the top element (or supremum) of L and 0 denotes the bottom
element (or infimum) of L (see [22]). A lattice L is said to be o-continuous
(see [25]) if an T @ implies a, Ab T a Ab (or equivalently, a, | a implies
anp Vb | aVvb) for every b € L. If L is o-continuous then, for sequences
{an} and {b,} in L such that a,, T a and b, T b, we have a, Ab, T aAb
(or equivalently, a,, | a,b, | b implies a, V b, | aV b). Every infinitely
distributive lattice [22] is o-continuous.

2.1 [1]. A lattice L is locally complete if it satisfies one of the following

equivalent conditions:

(i) Every non-empty lower bounded subset of L admits an infimum.
(ii) Every non-empty upper bounded subset of L admits a supremum.
(iii) There exists a complete lattice, denoted by L, with bottom (or small-

est) element 0 and top (or largest) element 1, such that L is a sub-
lattice of L, L = LU {0,1}, inf L = 0 and sup L = 1.

It can be observed that every complete lattice is locally complete. For
any set X, (B(X), <), (LX, <) (where L is locally complete o-continuous
lattice) and (I, <) (where I is the closed unit interval [0, 1] of the real line
R) are locally complete o-continuous lattices. For more examples of locally
complete lattices, we refer to [1].

2.2 ([10]; see also [17]). An orthomodular poset (OMP, in short) is a
bounded poset (P, <,’, 0, 1) with a unary operation ’ : P — P (an or-
thocomplementation) such that the following conditions are satisfied for all
a,b,c € P: () If a < bthen b <d, (ii) (¢') = a, (iii) a Va =1, (iv) If
a < b then a Vb exists in P, (v) (orthomodular law) If a < b, then there
isac e P such that ¢ < @ and a V¢ = b. Two elements a,b € P are
called orthogonal (written as a L b) if a < b or equivalently b < a’. An
orthomodular lattice (OML) L can be defined as a lattice ordered OMP. A
subset M is called a suborthomodular lattice (or sub OML) of an OML L if
it contains 0 and 1, and is closed under the operations ’, A and V, i.e. it
is an orthomodular lattice with respect to induced operations. An OMP is
called a quantum logic if it is a o-complete lattice.

2.3 ([7, 9, 10, 13, 24]; see also [4, 5, 14]). An effect algebra (L; ®,0,1) is a
structure consisting of a set L, two special elements 0 and 1, and a partially
defined binary operation @& on L x L satisfying the following conditions for
every a,b,c € L :

(1) If a @ b is defined, then b @ a is defined and a ® b = b D a.
(2) fb® c and a @ (b @ c¢) are defined, then a ® b and (a ® b) @ ¢ are
defined and a ® (b®c) = (a®b) dc.
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(3) For every a € L, there exists a unique a* € L such that a © a' is
defined and a @ a* = 1.
(4) If a @ 1 is defined, then a = 0.

A subset F'is called a subeffect algebra of an effect algebra L if (i) 0, 1 € F,
(ii) for a € F, a* € F, (iii) for a,b € F witha L b, a®b € F.

In every effect algebra L, a dual operation © to & can be defined as
follows: a © c exists and equals b if and only if b @ ¢ exists and equals a.
We say that two elements a,b € L are orthogonal and we write @ L b, if
a @ b exists. Also for a,b € L, define a < b if there exists ¢ € L such that
al cand a®c =0 1If (L,<) is a lattice, we say that the effect algebra
L is a lattice effect algebra, or a D-lattice. Any OMP may be regarded as
a D-poset (which is equivalent to effect algebra) by defining b S a = b A d
precisely when a < b.

For ay,...,a, € L, we inductively define a1 ®---®a, = (a1®- - - Bap—1)D
an, provided that the right hand side exists. The definition is independent of
permutation of the elements. A finite subset {a,...,a,} of L is said to be
orthogonal if a1 @ - - - @ a,, exists. A sequence {a,} in L is called orthogonal
if, for every n, @ign a; exists. If, moreover sup, @ign a; exists, the sum
@D,.cn an of an orthogonal sequence {a,} in L is defined as sup,, B, a:-
An effect algebra L is called a o-complete effect algebra if every orthogonal
sequence in L has its sum.

2.4. Let a,b,c € L (where L is an OML) such that a L b and b < ¢. Then
a Vb > cif and only ifaZc/\b/.

2.5. A function p : L — [0, 00] (where L is a lattice) is said to be modular
if, for every a,b € L, u(a V b) + u(a A b) = pu(a) + u(b). We say that p is
submodular if for every a,b € L, we have p(a) + u(b) > u(a Vv b) + pu(a A b);
w is called supermodular if for every a,b € L, we have u(a) + u(b) < p(a Vv
b) + p(a Ab). A function p is called subadditive if for every a,b € L, we have
w(aVvb) < p(a)+ p(b); pis called superadditive if for every a,b € L, we have
p(aV b) > p(a) + p(b).

2.6 ([9, 10, 13]). Assume that a,b are elements of an effect algebra L.

(i) Ifa<b, thenb=a® (b a).
(iil) fa<b<c¢ thenbSa < coa.
(iii) If a <b< ¢, then cob<cSa.
(iv) Ifc<a,d<band a L b, thenc L dand c®dd < a®b.

3. EXTENSION OF SEMI-CONTINUOUS MEASURES TO QUASI-MEASURES

Throughout in this section, let L be a locally complete o-continuous lat-
tice, let C be a non-empty subset of L, and M be a proper sublattice of
L containing 0. We denote M, = {b € L : there existsa sequence {a, }in
M such thata, T b}, and Ms = {b € L : there existsa sequence {a,,} in
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M such that a,, | b}. We may also describe M, as the family of all countable
joins of elements from M and Mjs as the family of all countable meets of
elements from M.

Definition 3.1. A function p: C — [0, 00] is called a semi-continuous mea-
sure (or non-additive measure) on C, if it satisfies the following conditions:

(i) u(0) =0, whenever 0 € C,
(ii) (monotone) if a <b, a,b € C, then u(a) < u(b),
(iii) (semi-continuous from below) if an 1 a, a € C, a, € C (n € N), then
limy, o0 M(an) = u(a),
(iv) (semi-continuous from above) if an | a, a € C, a, € C (n € N),
p(ar) < oo, then limy, .o p(an) = p(a).
The function u is said to be a lower semi-continuous measure (or lsc-
measure) if it satisfies (i), (i) and (iii), while p is said to be an upper semi-
continuous measure (or usc-measure) if it satisfies (i), (ii) and (iv).

Definition 3.2. A function p: C — [0,00] is called finite-stable if, for all
c1,¢2 € C, max(pu(cr), p(e2)) < oo implies pu(cy V c2) < 00.

Define v(c) = sup{u(d) : d < ¢,d € C,pu(d) < oo}, ¢ € C. If p = v, then
w 1s called semifinite.

If, in addition, L is an orthomodular lattice (OML), M is a proper sub-
orthomodular lattice of L and p : L — [0,00] with p(0) = 0, we write
M(p;M)={a € L:pb)=pbAra)+pbAbAa)) foralbe M}.

Definition 3.3. Let u: M — [0, 00] with 1(0) = 0. Define ps : L — [0, 00]
and p* : L — [0, 00] by

pr(a) =sup{u():b<abe M}, a€ L

and
p(a) =inf{u®d):a<bbe M}, a€L,
Wy 18 called the lower envelope and u* the upper envelope of .

We get: (i) p*(0) =0, p«(0) =0, (44) both u* and p. are monotone, (i77)
pw M < p < pe|M, (iv) p is semifinite if and only if y is monotone if and
only if u*|M = p = p|M.

Proposition 3.1.
(i) If p is finite-stable, then u* is finite-stable.
(i) If p is supermodular, then . is supermodular (see [3]).
(iii) If u is submodular, then p* is submodular (see [3]).
(iv) If u is superadditive, then . is superadditive.
(v) If p is subadditive, then p* is subadditive.
(vi) Let M be a proper suborthomodular lattice of an orthomodular lattice
L. Then we have:
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(a) p is superadditive = M(ps; M) ={a € L : pu(b) < ps(bAa)+ px(bA
(bAa)) for allbe M}.

(b) If u is subadditive = M(u*; M) = {a € L : u(b) > p*(bAa)+p*(bA
(bAa)) for allb e M}.

Proof. We shall prove only (i), (i) and (v).

(i) Let a1,a2 € L with p*(a1) < oo, p*(a2) < co. Let € > 0. Then there
exist by,be € M, a1 < by, ag < be, u(by) < p*(a1)+¢/2 and u(be) < p*(az)+
€/2. Since a1 Vas < by Vby and p is finite-stable, we obtain p*(a; Vas) < 0.
Hence p* is finite-stable.

(ii) Let a,b € L. Let € > 0. Then there exist ¢,d € M, ¢ < a, d < b,
pi(a) —e/2 < p(e) and pi(b) —e/2 < p(d). It follows that p.(a) + p«(b) —
e < p(e) + p(d). Since p is supermodular, we obtain ps(a) + ps(b) — e <
eV d)+ p(e A d). Now, we have pi(a) + ps(b) — e < ps(a V b) + ps(a A'b).
Thus p, is supermodular.

(v) Let a,b € L. Let ¢ > 0. Then there exist ¢,d € M, a < ¢, b < d,
p(e) < p*(a) +¢/2 and p(d) < p*(b) +¢/2. Since a Vb < ¢V d and p* is
monotone, we get u*(aVb) < p(cvd) < ule)+u(d) < p*(a)+e/2+ p*(b) +
e/2 = p*(a) + p*(b) + €. Hence p* is subadditive. O

Lemma 3.1. (see [3])

(a) Let u be a [0,00]-valued finite-stable usc-measure on M. Then for
any b € M with p*(b) < oo, there exists a sequence {b,}5>; in M
such that by, | b and for each such sequence p*(b) = inf,, u(by,).

(b) Let p be a [0, 00]-valued lsc-measure on M. Then for any b € M,,
there exists a sequence {by}°° | in M such that b, T b and for each
such sequence p,(b) = sup,, u(by,).

Proof. (a) Let b € M;s with p*(b) < co. Then there exists a sequence {by, }22 ;
in M such that b,, | b. Choose ¢ € M such that b < ¢ and u(c) < oo. Replace
by, by b, Ad (where d € M, b < d and p(d) < oo0). Then we have b, Ve | ¢ (as
L is o-continuous), and inf,, (b, V¢) < co. Again since y is semi-continuous
from above, we get lim, o p(b, V¢) = inf,, u(b, Ve) = u(c). Also b, < b, Ve
for each n, yields inf,, p1(b,) < p*(b). On the other hand, b < b, (n € N) and
w* is monotone, imply p*(b) < inf,, u(b,). Hence p*(b) = inf,, p(by).
(b) It follows using similar arguments as in (a). O
Theorem 3.1.
(a) If w is a [0, o0]-valued finite-stable usc-measure on M, then p*|M;y is
a usc-measure.
(b) If uis a [0,00]-valued lsc-measure on M, then M, is a lsc-measure.

Proof. (a) Let {an }22, be a decreasing sequence in Ms with p*(a1) < oo and
an | a (n € N), a € Ms. Then there exists a sequence {a;}2; in M such
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that an; | an and p*(ay) = lim; oo p(an;). For i € Njset b; = aj;Aag; . . .Aaj;.
Then b; € M, {b;}3°, is a decreasing sequence and b; > a; > a for all 7, which
yield that b = lim; o0 b; = A b; > A a; = a. It may be noted that b € Mj.
Also ap; > b; for 1 < k < 4. Therefore a = lim;_. ag; > lim; oo b; = b.
It follows that a = A ay > b. Thus a = b. Now, by Lemma 3.1(a), we have
w*(a) = im0 (b)) = limy oo p*(b;) > lim; oo *(a;). Also since a < a,
the result follows.

(b) It follows using similar arguments as in (a). O

Definition 3.4. Let u~ : L — [0, 00| be defined by
o (a) =sup{p*(b) : b <a,be Ms,u*(b) < o0}, a€ L.

We obtain: (i) u=(0) = 0, (i¢) p~ is monotone, (7ii) pu~ < u*, (iv)
u”|Ms = p*|Ms; particularly p=|M = p*|M, (v) if p is monotone, then
uw”|M = p,i.e. p~ is an extension of p, (vi) if p is subadditive, then = is
subadditive.

Proposition 3.2. Let M = Mgs. Then

(1) M_ S Mo
(ii) p~ = ps on M, provided 1 is semifinite.

Proof. (i) Let a € L and b € M with b < a. Since p*|M < p.|M and p, is
monotone, we obtain p*(b) < p.(b) < u.(a). Hence p=(a) < px(a).

(ii) Since M = Ms and p is semifinite, so =~ = p*. Using Definition 3.3
(iv), we obtain u~ = u, on M. O

Theorem 3.2. Let p be a finite-stable usc-measure on M. Then (i) =
(ii) = (ii1), where
(i) p is supermodular.
(ii) p*|Ms is supermodular.
(iii) (a) p~ is supermodular.  (b) p~ is semi-continuous from above.

In addition, if L is an orthomodular lattice, M is a proper suborthomod-
ular lattice of L and p is subadditive, then (iii) = (iv) = (v), where

(iv) M(usM)={acL:pub) <p (bAa)+pu (bA(bAa)) forallbe
M with p(b) < oo}.
(V) M(ps; M) C M(p™5 M).

Proof. (i)=-(ii) Let u be supermodular. Let a,b € Ms with p*(a) < oo,
w1 (b) < co. Then, by Lemma 3.1(a) there exist sequences {a,} and {b,} in
M such that a,, | a,b, | b, p*(a)=limy,_ o0 p(ay) and p*(b) = limy,— o0 1(by).
Since L is o-continuous, so a, V b, | a V b and also we have a, A b, | a Ab.
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Therefore
(@) + p7(0) = lim p(an) + lim p(bn)
= lim (u(an) + p(bn))
Jim (a(an V b) + 1)
nh_)ngo wlan V by) + nh_)rglo p(an A by)
p(aVb)+ p*(aNb).

(il)=(iii) (a) Let a,b € L. For ¢ > 0, we have ¢,d € Ms such that
¢ <a,d <b,with p*(¢) < oo, u*(d) < co. Then we have = (a) —e/2 < p*(c)
and p~(b) —e/2 < p*(d). Thus
p(a) +p~(b) —e < p'(c) + p(d)
<p(evd)+p (cNd)
<p (aVb)+p (aAb).

I IA

Since ¢ is arbitrary, we have p~(a) + p=(b) < pu (aVb) + pu~ (a Ab).

(ii)=(iii) (b) Let {a,}5>; be a sequence in L with p~(a1) < oo and ay, | @
(n € N), a € L. Let £ > 0. For each n, we choose b, € My such that b, < a,,
p*(by) < oo and

w(bn) > p (ap) —e/2™. (3.2.1)
Put ¢, = by ANbo A...Ab,. Then ¢, € My and ¢, | ¢, ¢ € M. Now, by
(3.2.1), we get p*(c1) = p*(b1) > p~(a1)—e/2. Since p*| Mjs is supermodular,
it follows that
p*(c2) = p (b1 A b2)

= p(b1) + p*(b2) — p* (b1 V ba)

> p(a1) —e/2 4 p (az) — /2 — p (a1 V a)

— (@) — (/2 +£/22).
Suppose that p*(cm) > p™ (am) — > v, €/2%. Then

p(emy1) = W (Cm A bmy1)
> (em) + 1 (bmy1) — 1 (Cm V bny1)

m
> p” (am) — 25/2i + 1 (@mg1) — /2™ = 7 (@ V am1)
=1
m+1 '
=u (ame1) — Z g/2".

=1
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Thus by induction, we obtain that u*(c,) > p~(an) — > iy €/2¢, for all n.
As b, < ap (n € N), and L is locally complete, therefore ¢ = A>2 ¢, =
Aol bn < Ao an = a, which yield, using Theorem 3.1(a) that p~(a) >
p*(c) = limp o0 p*(en) = limp oo (1™ (an) = 35714 €/2°) = limpoo ™ (an) —
e. So pu~(a) > limy, 00 ™ (ay). Now since a < a, for all n and p~ is mono-
tone the result follows.

(ii)=(iv) Put D={a e L: ub) < p~(bAa)+p (bA(bAa)) for all b e
M with u(b) < co}. Since p~ is subadditive, so M(u~; M) C D. Let a € D.
Let c€ L, b€ Ms with b < ¢ and p*(b) < co. Then, by Lemma 3.1(a) there
exists a sequence {b,} in M such that b, | b and p*(b) = limy, e p(by)-
Now, we have pu(b,) < pu~ (byAa)+u~ (by A(byAa)'). Since L is o-continuous,
and p~ is monotone, using 2.6 we obtain,

() = Jim )
< nlLII;O w (b A a)+ nllrgo (b A (by Aa))
=p (bAa)+p (bA(bAQ))
<p (eAa)+p (cA(cha)).

Now by definition of 11—, we have u~(¢) < p~ (¢ Aa)+ p~ (¢ A(cAa)). The
reverse inequality follows from the supermodularity of 4~ and the ortho-
modular law. Thus a € M(p~; M). Hence D C M(u™; M).

(iv)=(v) Let a € M(ps; M). Let b € M with u(b) < oo. u(b) = pu(b) <
p(DAG) + i (bA(BAG)) < = (bAa)+p~ (DA (bAG)). Thus a € M(u~; M).
U

Definition 3.5. Define p_ : L — [0, 00] by
p—(a) = inf{p.(b) :a < b,b € My}, a € L.

We observe that: (i) p—(0) =0, (i) p— is monotone, (i) p— > p, (iv)
p—| My = pi|My; particularly p_|M = p.|M, (v) if p is monotone, then
p—|M = p, ie. p_ is an extension of p, (vi) if p is superadditive, then p_
is superadditive.

Proposition 3.3. Let M = M,. Then p* < u_.

Proof. Let a € L and b € M with a < b. Since p*|M < p.|M and p* is
monotone, we obtain p*(a) < p*(b) < u«(b). Hence p*(a) < p—(a). O

Using similar arguments as in Theorem 3.2, we obtain the following;:

Theorem 3.3. Let pu be an lsc-measure on M. Then (i) = (ii) = (iii),
where (1) p is submodular. (i3) .| My is submodular. (iii) (a) p— is sub-
modular. (b) u— is semi-continuous from below.
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In addition, if L is an orthomodular lattice, M is a proper suborthomod-
ular lattice of L and p is superadditive, then (iii) = (iv) = (v), where (iv)
Mp_sM)={acL:ub)>pu (bAa)+pu_(bA(bAa)) forallb e M}.
(v) M(p*5 M) € M(p—; M).

Definition 3.6. Let C C L. We call a function p : L — [0,00] C-inner
regular if for any a € E, p(a) = sup{p(b) : b < a,b € C, u(b) < oo}, and is
said to be C-outer regular if for any a € E, p(a) = inf{p(b) : a < b,b € C}.
The function p is said to be quasi*-measure (respectively, quasi.-measure) on
L, if it is supermodular usc-measure (respectively, submodular lsc-measure);
the pair (L, p) is called quasi*-measure space (respectively, quasis-measure
space). The function p is said to be quasi-measure on L, if it is either Ms-
inner regular quasi*-measure or M,-outer reqular quasi,-measure.

Since p_|My = p| My, the function u_ is M,-outer regular. Also, since
w~|Ms = p*|Ms, the function p~ is Ms-inner regular.

Theorem 3.4.

(a) Ewvery finite-stable, supermodular, usc-measure defined on a proper
sublattice M of L, can be extended to an Mgs-inner reqular quasi®-
measure on L.

(b) Every submodular, lsc-measure defined on a proper sublattice M of
L, can be extended to an M,-outer reqular quasi,-measure on L.

Proof. Follows from Theorem 3.2 and Theorem 3.3. O

Theorem 3.5. Let p be a semi-continuous measure on M. Then we have:

(i) p~ is semifinite and Mg-inner reqular.

(ii) p~ is a semiextension of p (i.e. u(a) = p~(a) fora € M, u(a) < ),
and p~ is the smallest semiextension of p within the class of all
monotone, [0,00]-valued functions on L which are semi-continuous
from above on Ms.

(iii) p~ is an extension of p if and only if p is semifinite.

(iv) p— is the largest extension of u within the class of all monotone,
[0, oo]-valued functions on L which are semi-continuous from below
on M,.

Proof. We shall prove only (ii) and (iii).

Obviously p~ is a semiextension of p. Now, let n : L — [0,00] be a
monotone semiextension of u, and is semi-continuous from above on Mj.
Let a € L, b € Ms with b < a and p*(b) < oo. Then there exists a
sequence {b,}5°; in M such that b, | b and p*(b) = inf, p(by). Thus
w*(b) = inf,, n(b,) = n(b) <n(a), and so pu~(a) < n(a), which proves (ii).
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Define a function n on M by n(a) = sup{u(b) : b < a,b € M, u(b) < oco}.
Now,  is semifinite if and only if © = 7. Since p~ is an extension of 7, (iii)
follows. (]

4. MEASURING ENVELOPES IN D-LATTICES

In this Section we shall consider L to be a o-complete o-continuous D-
lattice and study a few properties of the function u defined on L, and its
measuring envelopes p, and p* (introduced in Section 3), in the context of
some weaker forms of additivity of the function .

Definition 4.1. Let E be a difference poset (i.e. a D-poset) or effect algebra
and p: E — [0,00] be a function. Then u is called:
(i) null-additive, if p(bdc) = p(b) provided b,c € E, b L ¢ and pu(c) =
(ii) converse null-additive, if u(c ©b) = 0 provided b,c € E, b <
() = pu(c) < oo.
(iii) superadditive, if p(b @ c) > u(b) + u(c) provided b,c € E, b L c.

0.
)

Observe that, u is null-additive if and only if p(b & ¢) = p(b) provided
b,c € M, ¢ <band u(c) = 0. Also, observe that if p is superadditive, then
1 is converse null-additive. The converse of this statement need not be true
as uo (given below) is converse null-additive but not superadditive.

Example 4.1. Let £y = {0,a,b,¢,d,e,1}. Let us define: a®b=bda =c,
bpc=chb=add=d®a=ePe=1landlet t0=06¢x =z for all
x € Fq. Then E; is an effect algebra. Define functions pu; and ps on E; as
follows:

(I) pi(z) =0if z € {0,b,¢,d, 1} and pi(x) =1 if z € {a,e};

(I1) po(z) =0if z € {0,a,b,c,d, 1} and pa(e) = 1.
Then we have,

(i) pg is null-additive, but p; is not;

(ii) p1 and pg are not superadditive;

(iii) pe is converse null-additive, but y; is not.

Example 4.2. Let Fy = {0,a,b,¢,1}. Let us define: a ®b=>bda = ¢,
bdc=chdb=a®a=1andlet t®0=0dx =x for all x € Fy. Then F,
is an effect algebra. Define functions us, g4 and ps on Eo as follows:
(I) pg(z) =0if z € {0,b}, and pz(z) =1if z € {a,c, 1}.
(IT) pa(x) =01if x € {0,a,b}, and py(z) =1 if z € {c, 1}.
(III) ps(z) =0 for all z € Es.
Then we have,

(i) w3 and ps are null-additive, but py is not;
(ii) p4 and ps are superadditive, but ps is not;
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(iii) pg and ps are converse null-additive, but ug is not.

Proposition 4.1. Let py and pg be two [0, 00)-valued functions defined on
an effect algebra E. Define (p1 + p2)(a) = pi(a)+p2(a), and (g1 —p2)(a) =
pi(a) — pa(a),a € E. Then the following hold:
(i) If p1 and po are supermodular (submodular, respectively) then py+ pio
is supermodular (submodular, respectively).
(ii) If p1 and pg are modular, then so are p1 + p2 and p — .
(iii) If p1 and pe are null-additive, then so are py + p2 and g — peo.

Proof. (i) Let uy and po be supermodular. Let a,b € E. Then

(1 + p2)(a) + (1 + p2)(b) = pa(a) + p2(a) + pa(b) + p2(b)
<pi(aVb)+ pi(anb)+ pa(aVb)+ pa(aAb)
= (1 + p2)(a V) + (u1 + p2)(a Ab).

If 1 and po are submodular, then by similar arguments, (1 4 uo is submod-
ular.

(ii) The proof is obvious.

(iii) Let a,b € E and a L b. Since p; and psy are null-additive, therefore,
we have pi(a @ b) = pi(a) and pe(a @ b) = pe(a), whenever uq(b) = 0 and
p2(b) = 0. So (p1 +p2)(b) = 0 and (1 +p2)(a®b) = p(a®b) + p2(a®b) =

(11 + p2)(a).
By similar arguments, we can show that p; — pg is also null-additive. [

From now onwards, let L be a o-complete o-continuous D-lattice, M be
a proper D-sublattice of L and u be a [0, oo]-valued function defined on M.

Proposition 4.2. Let i be a superadditive function defined on M. Then the
function p, is superadditive.

Proof. Let a,b € L and a L b. By definition of u., we have ¢,d € M, ¢ < a,
d < b, pe(a) —e/2 < p(e) and py(b) —e/2 < p(d). Now, by 2.8 (iv) we
have ¢ ® d < a @ b. Since p, is monotone, we have p,(a ® b) > p(c®d) >
plc®d) = ple) +pu(d) > px(a) — /24 (14 (b) —€/2 = pu(a) + p1«(b) — €. Since
€ is arbitrary, the result follows. O

Definition 4.2. Let u be a monotone null-additive function on M. Let N,, =
{a € L : Jaj,as € Msuchthata; < a < agandu(az © a1) = 0}. The
function i : Ny — [0,400] is defined as fi(a) = p(a1), where ay,as € M,
a1 < a < ay and plaz©ar) = 0. Elements of N, are sometimes also referred
to as p-measurable.

Since a; < ag, so by 2.8(i), we have ay = a1 @ (a2 © a1). Hence by null-
additivity of u, we get p(az) = p(a1). So f(a) may equally be defined as
w(az). Further, if d < a and d € M, then u(d) < u(az) = p(ar). Hence
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p(ar) = sup{p(d) : d < a,d € M}. Thus @ is well-defined. Also & is an
extension of y on N,; in particular z(0) = 1(0).

Also if a1,a2 € N, and a1 < ag, then fi(a1) < fi(az): Since ai,az € N,
then there exist by, c1,b2,c2 € M such that by < a; < ¢1,pu(c1 ©b1) =0
and by < az < co,u(ca © ba) = 0. Again, since by < a1 < ag < ¢g, so
Ala1) = p(br) < plez) = fi(az).

Let 1 and v be monotone null-additive functions defined on M. If ker u
= ker v, then N, = N,, where ker pp = {a € M : pu(a) = 0}.

Proposition 4.3. Let u be a monotone null-additive function defined on
M. If u is converse null-additive, then the function [ is also converse null-
additive on N,.

Proof. Let b,c € N, with b < ¢ and f(b) = fi(c) < oo. Then there exist
bi,c1,b3,¢c0 € M such that by < b < bg,,u(bg S, bl) =0and ¢ < ¢ <
ca, p(ca © ¢1) = 0. Since p is converse null-additive on M and u(by) =
(b) = flc) = ple2), so p(ca ©b1) = 0. Since b < ¢ < ¢z, then by 2.8
(ii) and (iii) we have c© b < ca © b < ¢ © b;. Again since [ is monotone,
(ceb) < p(caebr) =0, so fi(c© b) = 0. Hence f is converse null-additive
on Ny. g

Definition 4.3. Let p be a function defined on M. Let d € L such that
d¢g M and p*(d) < oo. A function p is called weak converse null-additive
(on M) with respect to d, if for all a,b € M such that a < d < b and
wu(a) = u(b) < oo, there exist elements ag,by € M with ag < d < by such
that u(by © ap) = 0; p is called weak converse null-additive (on M), if it is
weak converse null-additive (on M) with respect to d, whenever d ¢ M and
w(d) < oo.

Observe that if p is converse null-additive, then it is weak converse null-
additive, which yields that every superadditive function is weak converse
null-additive. The converse of this statement need not be true as ps in
Example 4.1 is weak converse null-additive but not superadditive.

Theorem 4.1. Let i be a monotone null-additive function defined on M.
Then the following hold:
(i) If a € Ny, then py(a) = p*(a).
(ii) If for every d € L such that p.(d) = p*(d) < oo, d € Ny, then p is
weak converse null-additive.

Proof. (i) Let a € N,,. Then there exist b,c € M such that b < a < ¢ and
u(c©b) = 0. Sou()éu*( ) < 1(a) < p(e). Since pu(b) = pu(c), we have
px(a) = p*(a).

(ii) Suppose that p is not weak converse null-additive (on M), then there
exists an element d € L such that p*(d) < oo and if for all b,c € M,
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b<d<cand u(b) = pu(c) < oo, u(csb) # 0. Since p(d) = p*(d) < oo, we
have that d € N,. Then there exist by,co € M such that by < d < ¢y and

p(co © bp) = 0, a contradiction. O
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