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JOST SOLUTION OF THE MATRIX DIFFERENCE
EQUATIONS

SEYHMUS YARDIMCI

ABSTRACT. In this paper, we investigate the Jost solution and the ana-
lytical properties of the Jost solution of the non-selfadjoint matrix diffe-
rence equation of second order.

1. INTRODUCTION

Let us consider the Sturm-Liouville equation
_y“ + Q(x)y = )‘an zeRy = [0’ OO), (1'1)

where ¢ : R — C and A € C is a spectral parameter. The bounded
solution of the equation (1.1) satisfying the condition

lim y(z,\e ™ =1, AeCy:={A:AeC, Im XA >0},

Tr—00

will be denoted by e(z, A). The solution e(x, \) is called the Jost solution of
the equation (1.1). The Jost solution satisfies the integral equation

e(x,\) = e + / h Sin(t)\_x)q(t)e(t, A)dt. (1.2)

It has been shown that [12,13] under the condition [* z |q(z)| dz < co, the
Jost solution has the representation

w2) = e 1 / K(x, )e™ dz, (1.3)
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where the function KC(x,t) satisfies the following integral equation

1 00 1 xT-H t+s—x
K(x,t) = 3 /+ q(s)ds + 2/ / q(s)K(s,u) duds
th T t

+r—s
1 o] t+s—x
—1-2/ / q(s)K(s,u)duds. (1.4)
zH Js

The representations (1.3) and (1.4) of the Jost solution of the equation (1.1)
play an important role in the solutions of direct and inverse problems of
quantum scattering theory [12,13]. Therefore, the similar representations for
the Dirac systems, quadratic pencil of Schrodinger, Klein-Gordon, discrete
Schrodinger and discrete Dirac equations have been obtained [6-8,11]. Using
the analytical properties of the Jost solutions, the spectral analysis of non-
selfadjoint Schrodinger, discrete Schrodinger and discrete Dirac equations
have been investigated in [1-4,9,10].
Let us consider the matrix difference equation of second order

A,_1Y,_1+ B,Y, + AnYn+1 =AY,, neN= {1, 2,... } , (15)

where {4, },n € NU{0}, {B,}, n € N are the non-selfadjoint square mxm
matrix sequences in m-dimensional complex Euclidean space C™ and A is
a complex parameter. In the following we will assume that, det A,, # 0,
n € NU{0}, hold. It is clear that the equation (1.5) is non-selfadjoint.

In this paper we find the Jost solution of (1.1) and study the analytical
properties of the Jost solution. We also investigate the asymptotics of the
Jost solution.

2. JOST SOLUTION

We will assume that the matrix sequences {A,} and {B,}, n € N satisfy

o
(I = Anl + [[Bnll) < o0, (2.1)
n=1
where ||.|| denote the matrix norm in C™ and [ the identity matrix.

Let E(z) := {En(2)}, n € NU{0} denote the matrix solution of the
equation

An-1Yn-1+ BpYn + AnYyi1 = 2cos2Y, (2.2)
satisfying the condition
lim E,(z).e”™ =1, 2€Cy:={z:2€€C, Im z > 0}. (2.3)
n—oo

The solution E(z)={E,(z)},n € NU{0} is called the Jost solution of (2.2).
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Theorem 1. Under the condition (2.1) the solution E(z) exists and satisfies
the equation

) oo . k o
En(z) =1+ Y Sk = 1)z A Wi — BuYe + (I — Ap)Yi].

sin 2
k=n+1
(2.4)
Proof. From (2.2) we get that
Y1+ Y1 — (€% + e ?)Y, = F,, (2.5)

where

F,=I—-A4,1)Y,-1 —B)Y,+ (U —-A4,Y,
By the method of variation of parameters we obtain that, the general solu-
tion of (2.5) is

sin(k —n)z
Y — nz inz . .
W(2) = Ce™ 4 De™™* 4 Z — I (2.6)
k=n+1
using the condition (2.3) and (2.6) we have (2.4). O
Theorem 2. If
e.¢]
D (I = Al + || Ball) < oo (2.7)
n=1

hold, then the Jost solution E(z) = {En(z)}, n € NU{0} has a representa-
tion

En(2) = Tpe™* [I + Z Knﬁme"mz], n e NU{0}, z € Cy, (2.8)

m=1

where T;, and Ky, n, are expressed in terms {A,} and {B,} .
Proof. Substituting F,(z) defined by (2.8) in (2.2) we get the following,

T, =[] 4,', neNu{o}, (2.9)
p=n

Kni=— Y T,'B,T, neNU{0}, (2.10)
p=n-+1

o
Z T,'(I-A2) + Y T,'BT,Kp1, neNU{0}, (2.11)
p=n+1 p=n-+1

o
Knmt2 =+ Z ToHI—A2Y) = > T, By Kyt + Kngim (212)
p=n+1 p=n+1
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where n € NU{0}, m € N.
Due to the condition (2.7), the infinite product and the series in the
definition of T}, and K, ,, are absolutely convergent. O

By mathematical induction, using (2.10)-(2.12) we obtain

o0

1Kl <e Y0 (1= Al + 1Bl (2.13)
p=n+[3]

where H%H is the integer part of 3 and ¢ > 0 is a constant. It follows
from (2.13) that E,(z), n € NU{0} is analytic with respect to z in C; :=
{z:2z€eC, Im z > 0} and continuous in C.

Theorem 3. The Jost solution satisfies the following asimptotics:

En(2) = e [T+ o0(1)], 2€Cy, n— oo, (2.14)
En(2) = The™ [I+0(1)], 2€Cy, 2z =& 41, T — oo (2.15)
Proof. 1t follows from (2.7), (2.9), (2.13) that
lim |1, — I]| =0, (2.16)
n—oo
and
e . —
Z Kpme™* =0(1), z€ Cy, n— o0, (2.17)
m=1

hold. From (2.8), (2.16) and (2.17) we get (2.14). Using (2.7) and (2.13) we
have

o0
Z Kyme™* =o0(1), 2€ Cy, z2=&+i1, T — 0. (2.18)
m=1
From (2.8) and (2.18) we find (2.15). O
REFERENCES

[1] M. Adwar and E. Bairamov, Spectral properties of non-selfadjoint difference opera-
tors, J. Math. Anal. Appl., 261 (2001), 461-478.

[2] M. Adwvar and E. Baramov, Difference equations of second order with spectral singu-
larities, J. Math. Anal. Appl., 277 (2003), 714-721.

[3] E. Bairamov, O. Cakar and A. M. Krall, An eigenfuction ezpansion for a pencil of
a Schrédinger operator with spectral singularities, J. Differ. Equations, 151 (1999),
268-289.

[4] E. Bairamov, 0. Cakar and A. M. Krall, Non-selfadjoint difference operators and
Jacobi matrices with spectral singularities, Math. Nachr., 229 (2001), 5-14.

[5] E.Bairamov and A. O. Celebi, Spectrum and spectral expansion for the non-selfadjoint
discrete Dirae operators, Q. J. Math., Oxf. II. Ser., 50 (1999) 371-384.



(6]
(7]
(8]

(9]

(10]
(11]

[12]
(13]

JOST SOLUTION OF THE MATRIX DIFFERENCE EQUATIONS 79

E. Bairamov and C. Coskun, Jost solutions and the spectrum of the system of differ-
ence equations, Appl. Math. Lett., 17 (2004), 1039-1045.

M. G. Gasymov and B. M. Levitan, Determination of the Dirac system from scattering
phase, Sov. Math., Dokl., 167 (1966), 1219-1222.

G. S. Guseinov, The inverse problem of scattering theory for a second order difference
equation, Sov. Math., Dokl., 230 (1976), 1045-1048.

A. M. Krall, E. Bairamov and O. Cakar, Spectrum and spectral singularities of a
quadratic pencil of a Schrodinger operator with a general boundry condition, J. Differ.
Equations, 151 (1999), 252—-267.

A. M. Krall, E. Bairamov and O. Cakar, Spectral analysis of non-selfadjoint discrete
Sehrddinger operators with spectral singularities, Math. Nachr., 201 (2001), 89-104.
M. Jaulent and C. Jean, The inverse s-wave scattering problem for a class of potentials
depending on energy, Commun. Math. Phys., 28 (1972), 177-220.

B. M. Levitan, Inverse Sturm-Liouville Problems, VSP, Zeist, (1987).

V. A. Marchenko, Sturm-Liouville Operators and Applications, Birkhauser Verlag,
Basel, (1986).

(Received: January 23, 2009) Ankara University

Department of Mathematics

06100 Begevler

Ankara, Turkey

E-mail: yardimci@science.ankara.edu.tr



