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ON NONCOMMUTATIVE PARAGRADED RINGS
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Dedicated to the Memory of my dear Professor Academician Fikret Vajzovíc
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ABSTRACT. Successful study of Bourbaki – Krasner’s graded structures prob-
lems opened the way to paragraded structures for me. In this paper we study
paragraded modules over noncommutative paragraded rings and as a main result
prove the paragraded version of Schur’s Lemma.

1. INTRODUCTION

It is well known that the first relatively general definition of graded groups and
rings was given by Bourbaki [1], although his definition was unnecessarily based
on the notion of the abelian graded group. There are surprisingly not much records
that all started earlier – before Bourbaki with the Krasner’s abstract notion of a
corpoid, introduced during 1940s first appearing in a seriesof his Comptes Rendus
notes [8-11], see also [14]. Namely, origins of the notion ofhomogeneity can
be seen in Krasner’s earliest works along this line dealt with graded fields when,
studying valued fields and observing connection between their valuation rings, by
using the equivalence of valuations. This investigations led him to the abstract
notion of a corpoid – homogeneous part of a graded field, graded by an arbitrary
set, with induced operations among which the induced addition is, naturally, a
partial operation, since the sum of two homogeneous elements does not have to be
homogeneous ([14], [18]).

Krasner, starting from his corpoid and Borbaki’s definitionof graded group dis-
covered general graded theory as well as the theory of homogroupoids, anneids
and moduloids where corpoid, as a special case of an anneid, is viewed as a homo-
geneous part of a graded field.

Thus Marc Krasner first introduced the theory of general graded structures (gro-
upes, rings, modules), assuming for the set of grades only its nonemptiness, since,
in his definitions, additive graduation and structures of rings and modules will im-
ply operations (generally partial) in the set of grades ([14], see also [2] and [3].
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It is well known that the graded structures (groups, rings, modules) compose the
categories that are not closed with respect to direct sum anddirect product. The
aim of a new concept in my joint works ([15]) and monograph ([18]) (see also [16,
17, 19]) with M. Krasner was to introduce the algebraic structures which generalize
the classic graded structures and have in each of the three cases: groups, rings, and
modules, the property of closure with respect the direct sumand the direct product
in the sense that the support of the homogeneous subset of thecomposition (direct
sum or direct product) is the restricted direct sum or product of the components.

Strengthening and generalizing certain ideas of M. Krasnerin 1980s we obtained
a wonderful result – paragraded structures, which generalize not only, the theory
of graded structures as exposed in Bourbaki ([1]), but also the previous results of
M. Krasner ([14]) and M. Chadeyras ([2]. In this way I obtained one of my most
important results.

2. PRELIMINARIES

In this section, we first introduce some notions terminologyand a few basic facts
about paragraded rings and modules:

Definition 2.1. ([18]) The mappingπ : ∆ → Sg(G), π(δ) = Gδ, δ ∈ ∆, of partially
ordered set(∆,<), which is from bellow complete semi-lattice and from beyond
inductively ordered, to the setSg(G) of subgroups of the group G, is called para-
graduation if it satisfies the following six-axiom system:

i) π(0) = G0 = {0}, where0= inf ∆ ; δ < δ′ ⇒ Gδ ⊆ Gδ′ ;

Remark 2.1. H=
⋃

δ∈∆ Gδ is called the homogeneous part of G with respect to
π.

Remark 2.2. If x∈ H, we say thatδ(x) = inf{δ ∈ ∆ |x∈ Gδ} is the grade of x.
We haveδ(x) = 0 iff x = e. Elementsδ(x),x ∈ H, are called principal grades
and they form a set which we will denote by∆p.

ii ) θ ⊆ ∆ ⇒
⋂

δ∈θ Gδ = Ginf θ;
iii ) If x,y∈ H and yx= zxy, then z∈ H and δ(z)≤ inf {δ(x),δ(y)};
iv) Homogeneous part H is a generating set of G;
v) Let A⊆ H be a subset such that for all x,y ∈ A there exists an upper bound

for δ(x),δ(y). Then there exists an upper bound for allδ(x),x∈ A;
vi) G is generated by H with the set of relations:

• xy= z (H-inner);
• yx= z(x,y)xy (left commutation).

A group with paragraduation is called aparagraded group.

Definition 2.2. ([18]) The ring(R,+, ·) is called paragraded if its additive group
(R,+) is a paragraded group, with paragraduationπ and set of grades∆ and if

(∀ξ,η ∈ ∆)(∃ζ ∈ ∆) RξRη ⊆ Rζ . (2.1)
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This definition gives a binary operation on∆:

ξη = sup{δ(z)|z∈ RξRη}

called the minimal multiplication [15-18], see also [19] and soRξRη ⊆ Rξη.

Proposition 2.1. If R is a paragraded ring with homogeneous part H andδ(x) is
the degree of an element x∈H, then condition(2.1)is equivalent with the following
two conditions:

(1) x,y∈ H ⇒ xy∈ H, i.e. H2 ⊆ H;
(2) if ξ,η ∈ ∆, then for x,x′,y,y′ ∈ H such thatδ(x),δ(x′)≤ ξ andδ(y),δ(y′)≤ η,

we have that xy+x′y′ ∈ H.

Remark2.3. In the case of graded rings, analogues of conditions (1)and (2) are not
equivalent we can only prove that (2) is a consequence of (1) ([1]).

Definition 2.3. ([18]) Let R1 and R2 be two paragraded rings and f: R1 → R2 a
homomorphism. We say that this homomorphism is a quasihomogeneous if it is
a quasihomogeneous homomorphism from a paragraded group(R1,+) to a para-
graded group(R2,+), i.e. if

(∀x∈ H1) f (x) ∈ H2 .

A homomorphism is called quasihomogeneous if an image of a homogeneous
element is a homogeneous element too.

Definition 2.4. ([18]) A subring (ideal) I of a paragraded ring R is called homo-
geneous if(I ,+) is generated by I∩H.

Proposition 2.2. ([18]) Let I be a honogeneous ideal of paragraded ring R. Then
R/I is also a paragraded ring.

Proposition 2.3. ([18]) If I ⊆R and h(I) = I ∩H, then I is a homogeneous subring
of paragraded ring R iff h= h(I) satisfies the following three conditions:

a) x∈ h⇒−x∈ h;
b) x,y∈ h and x+y∈ H ⇒ x+y∈ h;
c) x,y∈ h⇒ xy∈ h.

Lemma 2.1. ([18]) The subset I⊆ R is a left rep. right, homogeneous ideal of R
iff I satisfies conditions a) and b) of Proposition 2.2. and the condition

c′) x∈ H and y∈ h⇒ xy∈ h resp. c′′) x∈ h and y∈ H ⇒ xy∈ h.

Now, we will give the definition of a paragraded module.

Definition 2.5. ([18]) Let R be a paragraded ring with paragraduationπ and set
of grades∆, M a commutative paragraded group with paragraduationπ′ and set
of grades D and in addition let M be an R-module. Denote

π(δ) by Rδ andπ′(d) by Md, whereδ ∈ ∆, d∈ D.
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R-module M is called left resp. right paragraded if

(∀δ ∈ ∆)(∀d ∈ D)(∃ t ∈ D) RδMd ⊆ Mt , resp. MdRδ ⊆ Mt .

This definition also gives a minimal multiplication

dδ ∈ ∆ = sup{δ(z) |z∈ MdRδ} where d(z) = inf{d ∈ D |z∈ Md}.

In this paper we continue to do research in the theory of paragraded rings by
giving the paragraded version of Schur’s Lemme using the approach given by I.N.
Herstein in [4].

3. PARAGRADED MODULES AND SCHUR’ S LEMMA

Let M be the right paragradedR-module with set of grades∆, and whereR is the
paragraded ring with the same set of grades∆. From now on we will call this kind
of modules theparagraded modules of type∆ and if not stated all modules will be
assumed to be of that kind.

Definition 3.1. ([18]) Let M and M′ be paragraded R-modules of type∆. For a
homomorphism f: M → M′ we say that it is a morphism of gradeδ if

(∀δ′ ∈ ∆) f (Mδ′)⊆ M′
δ′δ ,

whereδ′δ is a minimal multiplication. The set of all morphisms of grade δ we
denote byhom(M,M′)δ and defineHOM(M,M′) by

HOM(M,M′) =
〈
⋃

δ∈∆
hom(M,M′)δ

〉

.

Remark3.1. If M = M′, then, instead of HOM(M,M′), we write END(M).

We will prove that END(M) is a paragraded ring of type∆ with respect to com-
position of morphisms, under the assumption of associativity of minimal multipli-
cation.

Here fa is the ”natural” example of a morphism of gradeδ ∈ ∆. Namely, ifM is
a paragradedR-module of type∆ anda∈ Rδ, for someδ ∈ ∆, then the mappimg

fa : M → M, defined byfa(m) = ma(m∈ M),

represents a morphism of gradeδ. Indeed, ifξ ∈ ∆, then

fa(Mξ) = Mξa⊆ MξRδ ⊆ Mξδ.

Proposition 3.1. Let minimal multiplication be associative and let M be a para-
graded R-module of type∆. ThenHOM(M,M) is the paragraded ring which we
denote shortly byEND(M).

Proof. It is an easy excersise to check that under assumptions that minimal multi-
plication is associative and thatM is a paragradedR-module of type∆, it follows
that(Hom(M.M),+) = (END(M),+) is the commutative paragraded group.

In the rest of proof, define the multiplication of morphisms as follows.
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If for morphismsf1, f2 ∈END(M) of gradesδ1,δ2 respectively, we definef1 · f2
by f1 · f2 := f2◦ f1, we obtain

( f2◦ f1)(Mδ) = f2( f1(Mδ)) = f2(Mδδ1
)⊆ M(δδ1)δ2

, δ ∈ ∆.
In accordance with associativity of minimal multiplication it is

M(δδ1)δ2
= Mδ(δ1δ2), f or δ ∈ ∆ .

Thus, we have
( f2◦ f1)(Mδ)⊆ Mδ(δ1δ2), f or all δ ∈ ∆,

i.e. f2◦ f1 is morphism of gradeδ1δ2.
Hence, if δ1,δ2 ∈ ∆, then

END(M)δ1END(M)δ2 = hom(M,M)δ1 hom(M,M)δ2 ⊆ hom(M,M)δ1δ2

which concludes the proof. �

Definition 3.2. The set A(M)δ = {r ∈ Rδ|Mr = {0}} is called δ-annihilator for
someδ ∈ ∆.

Now, we will observe the set

A(M) = 〈∪δ∈∆A(M)δ〉.

Lemma 3.1. Let M be a paragraded R-module of type∆ and let minimal multipli-
cation be associative. Then A(M) is isomorphic to a subring ofEND(M).

Proof. Let ϕ : R→ END(M) be the mapping defined byϕ(a) = fa (a ∈ R). The
mapping fa ∈ END(M), becausea is generated by homogeneous elements, seyaδ,
and as we saw earlierfa ∈ hom(M,M)δ.

Since, forδ ∈ ∆ anda∈ Rδ, we have

ϕ(a) = fa ∈ hom(M,M)δ,

ϕ is ring homomorphism and it is morphism in the category of paragraded rings of
type∆. Because it is ker(ϕ)=A(M), R/A(M) is isomorphic to a subring END(M),
which concludes the proof. �

Definition 3.3. For δ ∈ ∆, we define

C(M)δ = { f ∈ hom(M,M)δ | f fa = fa f (a∈ R)} and C(M) = 〈
⋃

δ∈∆
C(M)δ〉.

Remark3.2. If M is a paragradedR-module of type∆ and if minimal multiplica-
tion is associative then it is clear thatC(M) is a homogeneous subring of END(M).
Moreover, like in the abstract case [4],C(M) is the ring of all module endomor-
phisms ofM in the category of paragraded modules of type∆ if we make one more
assumption – the commutativity of minimal multiplication.

Indeed, letf ∈C(M). Then f ∈ ∑δ fδ, wherefδ ∈C(M)δ. If m∈Mξ anda∈Rη,
for someξ,η ∈ ∆, then

fδ(m)a= fa( fδ(m)) = fδ( fa(m)) = fδ(ma),
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fδ(m)a∈ Mξδa⊆ Mξδη, and fδ(ma) ∈ fδ(Mξη)⊆ Mξηδ = Mξδη.

In order to prove the paragraded version of Schur’s Lemma we introduce the
notion of irreducibility.

Definition 3.4. We call M an ireducible paragraded R-module of type∆ if there
existξ,η ∈ ∆ such that MξRη 6= {0} and if the only homogeneous submodules of
M are{0} and M.

Theorem 3.2. (Schur’s Lemma)Let M be an irreducible paragraded R-module of
type∆ and let minimal multiplication be associative. Then C(M) is a paragraded
field of type∆.

Proof. As in non-paragraded case [4], it is enough to prove that nonzero elemet
fromC(M) is invertible in END(M). if 0 6= f ∈C(M), then f (M) is honmogeneous
paragraded submodule [18]. Sincef 6= 0, the irreducibilty ofM implies f (M)=M,
i.e. f is surjective. The irreducibility also gives us thatf is injective. Thusf is
invertibile in END(M). �
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[6] E. Ilić-Georgijević, M. Vuković,A note on radicals of paragraded rings, Sarajevo J. Math.,
Vol. 12(25), No. 2 (2016), 307–316.
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[17] M. Krasner, M. Vuković,Structures paragraduées (groupes, anneaux, modules)III, Proc. Japan

Acad., Ser, A, 63 (1) (1987), 10–12.
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