
SARAJEVO JOURNAL OF MATHEMATICS
Vol.6 (18) (2010), 109–115

DUAL FEUERBACH THEOREM IN AN ISOTROPIC
PLANE
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VOLENEC

Abstract. The dual Feuerbach theorem for an allowable triangle in an
isotropic plane is proved analytically by means of the so–called standard
triangle. A number of statements about relationships between some
concepts of the triangle and their dual concepts are also proved.

In an isotropic plane (see e.g. [4] and [5]) the distance between the two
points Ti = (xi, yi) (i = 1, 2) is defined by T1T2 = x2 − x1 and two lines
with the equations y = kix+ li (i = 1, 2) form the angle k2−k1. Two points
T1, T2 with x1 = x2 are said to be parallel; we shall also say they lie on the
same isotropic line. Two lines with k1 = k2 are parallel.

A triangle is said to be allowable if none of its sides is isotropic. Each
allowable triangle ABC can be realized by a suitable choice of a coordinate
system in the standard position, in which its circumscribed circle has the
equation y = x2, its vertices are the points

A = (a, a2), B = (b, b2), C = (c, c2), (1)

and its sides BC, CA, AB have the equations

y = −ax− bc, y = −bx− ca, y = −cx− ab, (2)

where
a + b + c = 0 (3)

is fulfilled.
We shall say then that ABC is the standard triangle. To prove the geo-

metric facts for each allowable triangle it is sufficient to provide a proof for
the standard triangle (see [3]).

With the labels
p = abc, q = bc + ca + ab (4)

a number of useful equalities are proved in [3], for example a2 = bc− q.
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In [2], (page 129-130) the dual Feurbach theorem for each allowable tri-
angle in an isotropic plane is stated without proof. In this paper we shall
give a short analytical proof of this theorem by means of the method of the
standard triangle which is formed in [3] and [1].

In an isotropic plane the principe of projective duality is valid.
In [1] it is proved that the midpoints Am, Bm, Cm of sides of the triangle

ABC and feet Ah, Bh, Ch of its altitudes lie on the same circle, the Euler
circle of that triangle. The dual objects of the midpoints Am, Bm, Cm

of the sides BC, CA, AB are the isotropic bisectors of the angles A, B,
C. The dual objects of the points Ah, Bh, Ch on the lines BC, CA, AB,
successively parallel to the points A, B, C are lines through the points
A, B, C parallel to the lines BC, CA, AB. The last three lines are the
lines BnCn, CnAn, AnBn, where AnBnCn is the anticomplementary triangle
of the triangle ABC. Therefore the dual of the previous statement is the
following theorem. (Some statements about anticomplementary triangle can
be found in [3])

Theorem 1. Angle bisectors of each allowable triangle and lines through its
vertices which are parallel to its opposite sides, touch one circle (Figure 1),
which in the case of the standard triangle ABC has the equation

K′e . . . y = −1
8
x2. (5)

Proof. Because of [3] the line BnCn has the equation y = −ax + 2a2. From
this equation and the equation (5) we get the equation 1

8x2 − ax + 2a2 = 0
with the double solution x = 4a for abscissa of the common points of the
line BnCn and the circle (5), therefore they are touching. We get y = −2a2

for the ordinate of associated point of contact. According to [3] the lines
AB and AC have the equations y = −cx− ab and y = −bx− ac, and if we
add them we get the equation 2y = −(b + c)x − a(b + c) of the bisector of
these lines. Since b + c = −a the bisector of the angle A has the equation
y = a

2x + a2

2 . From this equation and the equation (5) we get the equation
1
8x2 + a

2x + a2

2 = 0 with the double solution x = −2a, so we get touching
again. The associated ordinate of point of contact is y = −1

2a2. In a
completely analogous manner one shows the assertion of theorem for other
lines. ¤

The circle K′e from Theorem 1 will be called dual Euler circle of the
triangle under consideration.
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Corollary 1. The dual Euler circle of the standard triangle ABC has the
equation (5) and it touches the bisectors of the angles A, B, C at the points

(
− 2a, −1

2
a2

)
,

(
− 2b, −1

2
b2

)
,

(
− 2c, −1

2
c2

)
. (6)

It touches the lines parallel to the lines BC, CA, AB through the points A,
B, C at the points(

4a, −2a2
)
,

(
4b, −2b2

)
,

(
4c, −2c2

)
. (7)

The points of contact (6) are successively parallel to the points An, Bn,
Cn, whose abscissas are, owing to [3], −2a, −2b, −2c.
The following theorem is dual to the Feuerbach theorem from [1].

Theorem 2. The circumscribed circle and the dual Euler circle of an al-
lowable triangle touch each other at one point. In the case of the standard
triangle ABC, it is at the point Φ′ = (0, 0), and the common tangent F ′ of
these two circles at the point Φ′ has the equation y = 0 (Figure 1). (In [2]
the first statement of this theorem appears.)

Proof. It is obvious that the circles with the equations y = x2 and (5) touch
each other at the point (0, 0) and their tangent at this point has the equation
y = 0. ¤

E

F

H

F'

An

Bn

Cn

Figure 1.
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The point Φ′ and the line F ′ from Theorem 6 will be called the dual
Feuerbach point and the dual Feuerbach line of the triangle ABC. Thus,
with results from [1] we get:

Corollary 2. The dual Feuerbach point and the dual Feuerbach line of an
allowable triangle coincide with the Feurbach point and Feuerbach line of its
anticomplementary and its tangential triangle. In the case of the standard
triangle ABC this point and this line are the origin and abscissa–axis of
coordinate system.

Corollary 3. The dual Feuerbach point of an allowable triangle lies on its
Euler line, and the dual Feuerbach line of this triangle is parallel to its orthic
line (Figure 1).

Corollary 4. In an allowable triangle the Feuerbach point and the dual
Feuerbach point are parallel as well as the Feuerbach line and the dual Feuer-
bach line (Figure 1).

Theorem 3. The inscribed circle Kii of the contact triangle AiBiCi of the
standard triangle ABC has the equation

Kii . . . y =
1
16

x2 − 2q. (8)

Proof. According to [1] the line BiCi has the equation y = a
2x − bc − q.

From this equation and the equation (8), setting to bc−q = a2, the equation
1
16x2 − a

2x + a2 = 0 with double solution x = 4a follows. The associated
ordinate is a2 − 2q = bc− 3q. ¤
Corollary 5. The points of contact of the circle from Theorem 3 with the
lines BiCi, CiAi, AiBi are the points

Aii = (4a, bc− 3q), Bii = (4b, ca− 3q), Cii = (4c, ab− 3q). (9)

The points of contact (9) are parallel successively to the points of contact
(7) from Corollary 1.

According to [1] the inscribed circle Ki and the polar circle Kp of the
standard triangle have the equations

Ki . . . y =
1
4
x2 − q, (10)

Kp . . . y = −1
2
x2 − q

2
. (11)

In [3] it is proved that by the substitution of coordinates x −→ −1
2x,

y −→ −1
2y − q into the equation of some curve we get the equation of

its anticomplementary curve in the triangle ABC. It is easy to see that
by these substitution of coordinates the equation (11) transforms to the
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equation (10), equation (10) to the equation (5), and finally the equation
(5) to the equation (8), i.e. we get:

Theorem 4. The inscribed circle is anticomplementary to polar circle, dual
Euler circle is anticomplementary to the inscribed circle, and the inscribed
circle of the contact triangle is anticomplementary to the dual Euler circle
of the considered triangle (Figure 2).

Figure 2.

Anticomplementarity with regard to the triangle ABC is in fact the appli-
cation of homothecy (G,−2), where G is centroid of this triangle. Therefore,
from Theorem 4 we get that the four mentioned circles have common tan-
gents at the point G.

Theorem 5. In the case of the standard triangle ABC the lines with the
equation

y = kx + 2k2, (12)
where

k2 = −q

3
, (13)

touch all four circles from Theorem 4.
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Proof. It is sufficient to prove it for one of four circles. For example from the
equation (11) and (12) we get, because of (13), the equation 1

2x2+kx+ 1
2k2 =

0 with the double solution x = −k. ¤

From Theorem 4 it follows.

Corollary 6. Homothecy with the center at the centroid of an allowable
triangle and with the coefficient 4 maps its polar and its inscribed circle
into its dual Euler circle and into the inscribed circle of its contact triangle
respectively.

There is one more interesting circle which touches two lines from Theorem 5.

Theorem 6. The circle with the equation

K′o . . . y = −1
4
x2 − q

3
(14)

touches the lines (12) under the condition (13), and the orthic line of the
triangle ABC too, and it is symmetric to the inscribed circle of the triangle
ABC with respect to its centroid G.

Proof. From (14), with y = − q
3 , the equation −1

4x2 = 0 with double solution
x = 0 follows, so the orthic line touches the circle (14). Symmetry with
respect to the centroid G =

(
0,−2

3q
)

is the transformation x → −x, y →
−y − 4

3q, and by this transformation the equation (10) transforms into the
equation (14). ¤

We can prove the following theorem by means of results from Corollary 5.

Theorem 7. The contact triangle AiBiCi of the standard triangle ABC has
Gergonne point

Γi =
(

6p

q
,−7

3
q

)
. (15)

Proof. According to [1] we get Ai = (−2a, bc− 2q). The points Ai, Aii from
(9) and the point Γi from (15) lie on a common line with the equation

y = − q

6a
x + bc− 7

3
q.

The point Γi also lies on the analogous lines BiBii and CiCii. ¤
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