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MULTIVARIATE FRACTIONAL TAYLOR’S FORMULA
REVISITED

GEORGE A. ANASTASSIOU

ABSTRACT. This is a continuation of [2]. Here is established a multi-
variate fractional Taylor’s formula via the Caputo fractional derivative.
The fractional remainder is expressed as a composition of two Riemann-
Liouville fractional integrals.

We estimate the remainder.

1. BACKGROUND

We start with

Definition 1. ([4]) Let v > 0, the operator JY, defined on Ly (a,b) by

S @) = 1 [ @0 1)

fora < x <b, is called the Riemann-Liouville fractional integral operator of
order v. For v =0, we set JO := I, the identity operator. Here I stands for
the gamma function.

By Theorem 2.1 of [4], p 13, J” f (x), v > 0, exists for almost all x € [a, b]
and JYf € Ly (a,b), where f € Ly (a,b).

Here AC™ ([a,b]) is the space of functions with absolutely continuous
(n — 1)-st derivative.

We need to mention

Definition 2. ([4],[3]) Let v > 0, n := [v], [-] is ceiling of the number,
f e AC™([a,b]). We call Caputo fractional derivative

DY f (z) = 1“(711—y) /z (@ — "L ) (1) a, (2)

V€ la,b].
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The above function DY, f (z) exists almost everywhere for x € [a, b].
If v € N, then DY, f = @) the ordinary derivative, also it is DO f=f.
We need

Theorem 3. (Taylor expansion for Caputo derivatives, [4], p.40) Assume
v>0,n=v]|, and f € AC" ([a,]).

Then
—1
IR SV AR NS T L R g
Fa=Y g e-at e [ @-trtonsma @
Va € la,b].

2. RESULTS

We establish analogs of Theorem 3 to the multivariate case. We make

Remark 4. Let Q be a compact and convex subset of R¥, k > 2; z :=
(zl,...,zk), xo = (x()l,...,:BOk) €Q. Let f e Cn(Q), n € N.

Set
g (t) = f (w0 +t (2 — x0)),

0<t<1; g:(0)=f(20), g:(1) = [ (2). (4)
Then
k J
DW= (X i—a0) =) f|@o+t-z), )
g [(; 0 6xi> ] 0 0
7=0,1,2,...,n, and
k n
M (0) = 2 — Xo; 9 x0) .
20 = (X w57 ) ] ©)
If all f, (z0) 222%@0): ya = (ag,...,ap), 0 € 2T i =1,... k;

la] = Zle o; =: 1, then g,(zl) (0) =0, where l € {0,1,...,n}. We quote that

k
00 = D (i — ) 5 (oo 1 (2 — 0) g

Ly



MULTIVARIATE FRACTIONAL TAYLOR’S FORMULA REVISITED 161

When f € C?(Q), Q C R?, we have

91 (0) = (21 — 2o0)” LF (w04 (2 20))

Ox?
2
+2 (2’1 — .T()l) (2’2 — 1’02) 8$18$2 (LU() +1 (Z — $0))
2 O°f
+ (2 =00 2L (o 12— 20) ®)
T3

etc. Clearly here g, € C™ ([0,1]), hence g, € AC™ ([0,1]).
Let now v > 0 with [v] = n.
By applying (3) for g, we obtain

Here we observe by (2) that

DYyg. (t) = F(nl—l/)/o (t— 3)"—1/—1 ggn) (s)ds. (10)

Let us consider the case of 0 < v <1, i.e. n=1. Then

Digg (0= =y [, (=97 a () ds

m 1 ! e of

:F(l—u)/o(t_s) <;(Zi—$0i)axi(xo+s(z—xo))>ds

R S A Y LN ) o

_F(l—y)(;(ZZ sz)/O(t s) axi(onrs(z 0))d)
k

:Z(Zi—xoi)t]&ﬂ’ <g{£ (wo—i—t(z—aco))), (11)

i=1

That is

k
Diag (0 =3 (s~ a0 A3 (5L (w0 +1G =) ) (12)

=1

for all t € [0,1].
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Consequently by (9) and (12) we obtain

1 1
f(z):f(xo)JrF(V)/O (1— )"
e (@ o))

=1

X ! /1(1—25)”1J1” of (xo+t(z—x0)) | dt
r(v) Jo 0\ gz 0 ‘
(13)
Based on the last comments we present the following basic multivariate

fractional fundamental theorem.

Theorem 5. Let Q be a compact and convex subset of RF, k > 2; z :=
(2155 21) 5 2o := (To1,.--,Tok) €Q, f €CH(Q),0<v < 1. Then

k

f(2) = f (o) + > (2 — o)

=1

|:1“ (1V) /01 (1— 1)t gl <§£ (zo +1 (2 — xo))) dt} (14

‘We make
Remark 6. This is a continuation of Remark 4.

Letnow 1 <v <2/ie. n=2,fcC?(Q), Q CR2
Then

Digg: (0= gy [, (=9 ol (5)ds

(8) 1 t — aZf
= W/o (t—s)l |:(Zl—$01)26x%(1’0—|—8(z—x0))
2

61’161’2

@m+s@—x@4ds

+2 (21 — zo1) (22 — Zo2)

or

2
O0x3

(zo + s (2 — xp))

+ (ZQ — IE02)2

B 1 K _, 0°f
= a0 gy [ =9 5 o+ sl o))

+2 (21 — xol) (2’2 — :1302)
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X [11(21_]/) /Ot (t = 5)'" 8335125;2 (o + s (2 — z0)) ds]

t 2
+(2’2—$02)2 <P(21)/0 (t—S)l Vg Lé(xO"i‘S(Z_xO))dS)

-V

— (21 — 701)? <Jgu (;é (2o + (2 — xo)))>

2

8:?1ng (zo +t(z— iUo))))

+2 (21 — zo1) (22 — Z02) <J3_V <

+ (29 — m02)? <J3—V <;£ (xo—i-t(z—:cg)))). (15)

That is we get

DYg- (t) = (21 — z01)* (JgV <gzé (zo +1t(z — xo))>)

2

ot (a+t(z-a0) )

+2 (21 — z01) (22 — Z02) (Jg_y (

+ (2’2 — :p02)2 <Jg'/ <82‘§ (xo +1 (Z — xo)))) , 0<t< 1. (16)
Thus by (6), (7), (9) and (16) we obtain

f(z) = f(w0) + (21 — z01) aajl( 0) + (22 — zo2) 6852 (o)

rrgr om0 [ (B (G ot —a)
(

2
+2 (Zl — 5601) (ZQ — .%‘02) <Jgu

(20 — 209)’ (Jg—V <gi§ (20 + £ (2 — mo)))ﬂ dt (17)

= £ (x0) + (21 — z01) gj

+ (21 — xo1)? <F(11/) /01 (1—¢) ! (Jg—u <82J; (zo+t (2 — wo)))) dt)
1 1
42 (21 — 201) (22 — 0) (r@)/o 1

(Jgu (8:?125332 (2o +t (2 — xo))>) dt)

(@0) + (22 — 202) ()
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(29 — 202)’ (P(ly) /01 (1— ! (Jg—V (;é (w0 + ¢ (= — xo))>> dt> |

(18)
We have established the following fractional bivariate Taylor formula.

Theorem 7. Let f € C?(Q), Q C R? compact and conver, z := (21, z2),
xo = (To1,%02) € Q, and 1 < v < 2. Then

1) f(z1,22) = f(xo1,x02) + (21 — o1) 38;1 (xo1,02)

of
8{[}2

(F (17/) /o1 (- (Jg_y <8Q£ (o +1t(z— xo))>> dt>
+2 (21 — zo1) (22 — T02) <F(1V) /01 (1—
(Jgu (8366125};2 (2o +t(z— $O))>> dt)

+ (22 — xg2)? (p(l,,) /01 (11—t (Jgu (;é (zo+1t(z— :co))>) dt) .
(19)

+ (22 — z02) (xo1, xo2) + (21 — 1301)2

Additionally assume that
_9f _ _
f(fI,'()) - 83’:1 (x()) - 33:2 (.’EO) - 07

then

1
2) f(z1,22) = (21 — 3301)2 (g)/o (1-— t)y_l

(Jg—” (;JQE (20 +t (2 — z0) )> dt
#2000 (=20 (s [ (10"
(Jgu (8225:62 (2o + 1 (2 — xo))>) dt)

(22 — @02)* <r2y) /01 (1—t)" ! <J§” <;"; (zo+1t(z— xo)))> dt> .

(20)
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‘We make

Remark 8. This is another continuation of Remark 4.
Let v>0,n=[v], feC"(Q). By (4), (6) and (9) we get

f(z)=f(wo) + i (21 — woi) % (20)
i=1 v
= P (2 — 20i) 22 l x
+§ [(Em( l(; ) 3%) f] (&) + P(ly) /01 (1—1)""" D¥yg- (¢) dt.
(21)
But we have
D%y (t) T (nl_ ” /Ot (t— s)”_”‘1 ggn) (s)ds
t k n
— I‘(nl_y)/o (t o S)nfl/fl |:<Z (Zi — 5501') ai) f:| (550 + s (Z — :L’o)) ds
i=1 ¢
k n
=Jy" 2 — To; o T z—x .
=i {[(Se - g) et} e

We have proved the following general multivariate fractional Taylor for-

mula.
Theorem 9. Let v > 0, n = [v], f € C"(Q), where Q is a compact and
convex subset of RF, k> 2; 2 := (21,...,21), x0 := (zo1, ..., Tox) € Q. Then

1 (zi — xoi) ag(;iO)

k
1) f(2) = f(xo) +

]

n— ; Zi — X0i) B : z
+Zl[(zz_1< ;ui)f]( O)Hé,)/ol“—f)”‘l

Jo ™" Ek: (zi — z0i) % nf (zo + (2 —x0)) ¢ |dt. (23)
— i

Additionally assume that fo (o) = 0, o := (a1,...,ax), a; € ZT, i =
...,k o == Zleal- =r,r=0,...,n—1, then

1
2 1() = | -0
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JnY zk:(zi—m);; Hlaostc—m) Yar=r. (@1
— i

We continue with

Remark 10. Here we estimate the remainder of (23), which the same as
R, of (24).
The function

Gy (1) 1= Iy~ {[(Z =00 ) | Gt e an) ., ee 0]

(25)
which appears in R, is continuous, see Proposition 114 of [1] and R, € R.
Similarly the remainder of (14) exists and the same holds for all the
integrals of (19), they are all real numbers.
So we can write

S PR 5
R,,—F(V)/O 1-t)""'G, () dt, v>0. (26)

When v > 1 we get

1 ! v—1
\Ryrsr(y)/ (1 - 1)1 (G, (1)) dt

1 1
F(u / |G, (t)]| dt = o) 1Gull 10,1 >

i.e.
1
[Ry| < O) 1Gvll L, 0,1y - (27)

Alsoforp,q>1:%—i—%:landwithp(y—l)—i—l>0f0ry>0,we
obtain

1 1
R, < / (1— 071G, (1) dt
F 0

(v)
) </o (=) ) "’ (/0 G0l ) )
- ng) (p(,/_ll) 175 1G Iz, 0.1))
Le.
IR, < 1 el o -
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In case of p=¢ =2 and v > 1/2 we have

1 1
’RV’ < mm HGV”LQ([O,H) : (29)
Finally we get that
1 ! -1 Gy
R|<—— [ (1-""YG, (@) dt < -V
R < oy [ =07 G )i < po
i.e. Gy
< 7 Vleo .

We have established the following remainder estimate.

Theorem 11. All here as in Theorem 9. Let R, be the remainder in (23),
and Gy, (t), t €[0,1] as in (25), v > 1.
Then

1Gull L, (o.1)) 1Gu L, 0,17)
L) "Tw(pw-1)+1n)""

|R,| < min

1G o) 1IG Il
FW)var—1T(w+1) [’

(31)

where p, ¢ > 1:

D=
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