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PICARD BOUNDARY VALUE PROBLEMS FOR SECOND
ORDER NONLINEAR FUNCTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS

YUJI LIU

ABSTRACT. Sufficient conditions for the existence of solutions of the
Picard boundary value problem for the second order nonlinear integro-
differential equation are established. We allow G to grow linearly, su-
perlinearly or sublinearly in our obtained results, see Theorem 2.1 and
Theorem 2.2. Examples are presented to illustrate the efficiency of our
theorems.

1. INTRODUCTION

Recently, many papers have discussed the existence of solutions or positive
solutions of two-pint boundary value problems for second order differential
equations, one may see the text books [1,2] and references therein.

In this paper, we study the solvability of Picard boundary value problems
for second order of functional integro-differential equations

2’ (t) + 1’ (t) + kx(t) + G(t, [ h(t, s)x(s)ds, x(t), x(t — 11(t)),
St —m(t)) = p(t), t€(0,7),
z(0) = z(w) =0, (1)
z(t) = ¢o(t), te€[-7,0],
x(t) =(t), t e [m,m+d],

where [,k € R, G : [0, 7] x R™*2 — R is a continuous function, p € C°[0, 7],
7; + [0,7] — R is continuous differentiable on [0, 7], and 7/(t) < 1 for all
t € [0, 7] with its inverse function being denoted pu; for i = 1,--- ,m, h(-,-):
[0, 7] x [0,7] — R is continuous, ¢ : [r,7+d] — Rand ¢ : [-7,0] — R are
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continuous functions with ¢(0) = ¢(7) =0, 7 and § are defined by

T = ma,x{trenax {r(t)}: i=1,--- ,m},
0=— mln{tg[léljr {mi(t)} : <o ymb.

This study is similar to the recent papers in which solvability of Picard
boundary value problems for second order differential equations are studied.
First, we find that BVP

2"(t) + 12/ (t) + z(t) = sint, t € (0,7), @)
z(0) =xz(m) =0
has no solution, see Remark 2 in Section 3. BVP(2) is a special case of
BVP(1) when k =1, G(t,z,y) = 0 and p(t) = sint.
In [6], Kuo studied the boundary value problem
u”(t) + k*u + g(x,u) = h(z), z € (0,m),
(3)
u(0) =u(mr) =0
under the assumption:

(H1) there is a constant rg > 0 and nonnegative functions p and b
such that ||p||p1 < 2k(k + 1) tan sty and for ae x € (0,7) and |u| > 1o
lg(x,u)| < p(x)|u|+b(x), holds, where h € L1(0,7) and g : (0,7) x R — R is
a Caratheodory function ( Condition (H;) admits g to grow linearly about

In [8,22], BVP(3) was also studied under the assumptions that (H;) holds
and k =1 and [ h(z)sinzdz = 0. In [7,21], BVP(3) was studied under the
assumptions that ||p||;1 < 2k, and a Landesman-Lazer condition

/0 h(z)v(z) < /v>0 g+ (x)v(x)dxr + /v<0 g—(z)v(x)dx
holds, where
g+(z) = lim infg(z,u),g-(z) = lim supg(z,u)

U——+00
and
v(z) = asinkzx for « € R\ {0}.
In [20], Han studied BVP(3) when k& = 1 under the following assumptions
(G) and one of (G1) and (G2) (Condition (G) allows g to grow linearly:
(G) limp, o g("Z’u) = 7(x), where v € L*(0,7) and the convergence is
uniform for a.e. z € (0,7);

(G1) for every a(z) € L*(0,7) with —1 < a(x) < v(z), BVP
u”"(z) + u(z) + a(x)u(z) =0, =€ (0,7), u(0)=u(r)=0

has only trivial solution in H}(0,7);
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(G3) BVP
u”"(z) + u(z) + a(x)u(x) =0, =€ (0,7), u(0)=u(r)=0
has no sign-changing solution for all a(z) € L'(0,7) satisfying 0 < a(z) <
V().
n [10], the authors investigated BVP(3) assuming that £ = 1 and

(H2) there are constants a, A\, > 0, Ay < 1, b € L*(0,7) such that
for a.e. x € (0,7) and all u > 0 g(z,u) < alu|* + b(z) holds and for a.e.
x € (0,7) and all u < 0 g(x,u) > —alul* —b(z) holds and other assumptions
((Hz) allows g to grow superlinearly in u in one of the directions u — oo
and u — —oo, and grow sublinearly in the other.)

Concerning the solvability of BVP(3), based upon above mentioned pa-
pers, the assumptions imposed on g are either Landesman-Lazer conditions
or growth conditions, there has been no paper concerned with the solvability
of BVP(1) when G grows superlinearly or sublinearly.

In [9], the solvability of BVP

{ 2" () + k22 (t) + g(z,2') = p(t), t € (0,7), (4)
2(0) = 2'(n) = 2(n) = 0

was studied, where 0 < n < 7, g is bounded and continuous. BVP(4) when
k =1 was also studied in [11] by Nagle and Pothoven under the condition
that g is bounded on one side.

In [12], Gupta studied the existence of solutions to boundary value prob-
lems similar to (4) of the type

{ o(t) + 72! (t) + g(t, x, 2, 2”) %) t € (0,m), (5)

2(0) = /(1) = 2(y )’:6 6g n <

under the conditions that

1
/ p(t) sinwtdt = 0,
0

g(t,u,v,w)v >0, fortel0,1], u,v,w € R,
and

g(t’ u? /U’ w)

lim < 3n% uniformly for (t,u,v) € [0,1] x R?.

|v|—o0 v
Take the transformation x(t) = f; y(s)ds, BVP(4) is equivalent to
{y%w+mmw+g(ﬁmmwwu0:pm,temm» )

y(0) = y(m),
which is a special case of BVP(1).
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Boundary value problem for the fourth-order differential equation

{ y"'(t) = f (t,y(t),y"(t)), te(0,m), .
y(0) = y(m) = y"(0) = ¢"(7) = 0

has extensively applications and was studied by many authors, see [1,2,13-
16] and references therein. Let y”(t) = x(¢), then it becomes

a"(t) = f (¢, [y G(t,s)x(s)ds,z(t)), te€(0,m), (%)
z(0) = z(7) =0,

which is a special case of BVP(1), where G(t, s) is Green’s function for the
problem y”(t) = 0,y(0) = y(m) = 0. Obtaining solutions of problem (7)
is equivalent to obtaining solutions of the boundary value problem (x) for
second order integro-differential equations.

The present work is also motivated by the fact that a boundary value prob-
lem models various dynamical systems, see [13]. BVP(1) describes a vast
spectrum of nonlinear phenomena such as gas diffusion through porous me-
dia, nonlinear diffusion generated by nonlinear sources, thermal self-ignition
of a chemically active mixture of gases in a vessel, catalysis theory, chemi-
cally reacting systems, adiabatic tubular reactor processes, as well as con-
centration in chemical or biological problems; see [13,18,19] and references
therein for examples. It is important to study the solvability of BVP(1).

The purpose of this paper is to establish existence results for solutions of
BVP(1). We allow G to grow linearly, superlinearly or sublinearly, which is
weaker or different from conditions in known results. To compare with the
conditions of known theorems mentioned above, i.e. (H3) and (Hy4) in next
section to (Hy), (G), (G1),(G2) and (Hz) in this section, the assumptions in
the results in this paper are even new when G(¢, g, yo, %1, - ., ;) becomes
the special form G(t, z1), for example problem (3), G(¢, zo, yo), for example
problem (6) and problem (x). On the other hand, the results in this paper
show us that they are un-improvable, see Remarks in Section 3.

The outline of the paper is as follows. In Section 2, we prove the main
theorems in this paper. Examples and remarks will be given in Section 3.

2. MAIN RESULTS

In this section, we establish existence results for solutions of BVP(1).

Lemma 2.1. [3] Let X and Y be Banach spaces. Suppose L : D(L) C X —
Y is a Fredholm operator of index zero with KerL = {0}, N : X — Y s
L—compact on each open bounded subset of X. If 0 € Q C X is an open
bounded subset and Lx # ANx for allx € D(L) N0 and X € [0,1], then
there exists at least one x € € such that Lx = Nzx.
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Choose X = CV[—7,7+ 6], Y = CO[—7, 7 + §]. Let X be endowed with
the norm [[z]| = Supye(_ypiq) |o(t] for o € X and |lyll = supye_r prg) [2(¢]
for y € Y, then X and Y are Banach spaces. Let

DomL = {x e X : 2 2" e Cl0,n] with z(0) = z(n) = 0} .
Define the linear operator L : Dom L N X — Y by
2" (t) + 12/ (t) for t € [0, 7],
Lz(t) =< xz(t) for t € [-1,0], x € Dom L.
x(t) for t € [m,m+ 6],
Define the nonlinear operator N : X — Y by
—k‘[l?(t) - G(t7 f(]ﬂ- h(t7 S)ﬂl‘(S)dS, ZE(t), ZL‘(t - Tl(t))v
oo x(t = T (t))) +p(t), t €0,
QS(t), te [_7—7 O]a
P(t), t€[mm+0]
for x € X. It is easy to prove that

(i) z(t) is a solution of BVP(1) if and only if x is a solution of the
operator equation Lz = Nz in Dom L and
(ii) KerL = {z(t) =0, t € [-7, 7+ d]};
(iii) L is a Fredholm operator of index zero, N is L-compact on any open
bounded subset of X.

Suppose that (Hg) there are continuous functions g and h such that

Nz(t) =

G(t7m07y07$17 o 7xm) — g(tal‘anOaxla cee 7xm) + h(t7x07y07x17 ce. 7xm),

and there are numbers 3 > 0 and § > 1 such that

g(t7 Zo,Y0, L1y - - - 7xm)y0 < _ﬁ|y0‘9+17

and there are continuous functions hi, hs, i, q1, g2, Pi, € such that

‘h(tax&y(]axla s >$m)| < h‘l(tvx(]) + h’2<ta yO) + Zgi(t,lti) + €(t)

i=1
with
hy(t
lim | 1’( |,6:c)| = ¢1(t) uniformly for ¢ € [0, 7],
Tr— 00 €T
hao(t
lim | 2’2"5” = ¢2(t) uniformly for ¢ € [0, 7],
and
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(Hy) there are continuous functions hy, he, g;, and functions q1, g2, p;, € €
L*(0, ), and number 0 < § < 1 such that

|G, 0, Y0, 1, -, )| < ha(t, o) + ha(t,yo) + Y gilt, i) + ()

i=1
and
man;o ‘h1|g|’9$)| = ¢1(t) uniformly for ¢ € [0, 7],
lergO \h2’S‘76$)| = ¢o(t) uniformly for ¢ € [0, 7,
and
ﬁlingo |gl|(;9x)| = p;i(t) uniformly for t € [0,7], i=1,...,m
hold.

,i=1,...,m. Suppose that

Theorem 2.1. Let \; = max¢c[o ] m
(H3) holds. Then BVP(1) has at least one solution provided

ktllall | max At s)m+ el + 3 lpld <Bifo=1, (@)

s)€(0,m]? P
[lqa ] (o uax Ph(tw?)?fe +lgall + D IIpilIAY < B if 6> 1. (9)
ST i=1

Proof. To apply Lemma 2.1, we should define an open bounded subset €2 of
X such that conditions Lemma 2.1 hold. Let

O ={zr €DomL, Lv = ANz for some A € (0,1)}.

We prove €2y is bounded. For y € Qy, we get
y'(t) +1y'(t) = A [ — ky(t) — G<t, /07r h(t, s)y(s)ds,y(t), y(t — (1)),
elt= 7)) +a(0)] (10

and
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Hence

/0 W) + 1 Ol
_ /0 [ky(t)a(t, /0 Bt s)y(s)ds, y(1), y(t — 71(1)),
oyt — Tm(t))) +p(t)] y(t)dt.

Since y(0) = y(7) = 0, integrating (10) from 0 to 7, we get

B T o ™ ) ™
/O [ (£)]2dt = —kA /0 ()t + A /O p(B)y(t)dt
—A ; G<t,/0 h(tS)y(S)ds,y(t),y(t—ﬁ(t)),---,y(t—Tm(t)))y(t)dt-

So

e[~ [ oo
+/07T G<t, /07r h(t,s)y(s)ds,y(t),y(t—711(t)),... ,y(t—Tm(t))>y(t)dt > 0.

We will prove that there is a constant B > 0 such that ||x|| < B. We divide
this into two steps.

Step 1. Prove that there are constants M > 0 such that [ ly ()| dt <
M. Tt follows from (H3) that

[ pt s o), ueh e = 0.t - rm<t>>)y<t>dt
(e[ h )00 = )t 7)) )i
- /O p(Hy(t)dt > 0.
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Hence (H3) implies that
3 / Ty < k / "R ()t
/ ( / B, s)y(s)ds, y(0), y(t—a(t»,...,y<t—fm<t>>) y(t)dt

_ T 2
/0 p(t)y(t)dt < k /0 2(0)di

h (t, [ bt siuds, )t = (0. e - Tm<t>>) ] ()|

+f " p®lu()ldt < k / "R (bt

b (t, [ v s)y(s)ds) ] wolde-+ [ hatee)lute)ae

+ Z / ity (t — ()| (8)|dt + /0 "(le®)] + Ip(®)) () dt.

+/
0
/

0

From (8) and (9), choosing € > 0 so that

—(HQ1||+€)(t max ]2h(t s)m—(llgall+-e) =Y (IIpilloo+e)Xi > 0 for 6 =1,
o n =1
(11)

and

—([lg1]|+¢€) « I)nz[agc " h(t,s)w" —(||q2||+€) — E (|pilloo+€)A? > 0 for 6 > 1.
s)e|0,m
) I Z:O

(12)
For such e, there is § > 0 so that

lgi(t,2)| < (pi(t) + )lal’ for |z > 6, te[0,a], i=1,---,m

and
hi(t,x) < (qi(t) + e)]:r\e for |x| >4, t € [0, 7],
ho(t,x) < (qa(t) + €)|z|® for |z| > 6, t € [0, 7].
Denote,
i — 7 t) ’
9o = max lg:(t, y)l
ly|<s
and

hs1 = max |hi(t,y)|, hs2 = max |hao(t,y)],
te[0,m] te[0,m]

ly| <6 ly|<d
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and fori=1,..., m and
Al,i = {t tte [077-(]7 ‘y(t - Tl(ﬂ)’ S 5}7
Agﬂ' = {t it e [0,71’], |y(t — Tl(t))’ > (5},
and

Ay = {t e [0,7], <6},

/7r h(t,s)y(s)ds
0

/07T h(t,s)y(s)ds
Av={te 0,7 ly(t)] <6}, g ={te 0] lyt)] > o}

Hence

? 0+l 4s < k "2 d
ﬂ/o ()" ds < /Oya)t

+/A1 i <t’/07r h(taS)y(s)ds)

+Z [ttt = m@)lar+ [ e+ Do
+; /A oty )l + [ thate el
+/ h1< / h(t,s)y >

gk/oﬂ ()dt+/Al h1< /0 h(t, s)y(s)d )

2

+ /A RIS /A ot (=) s /A ROl
s /A e+ g /A JZCEREEED /0 Tylde< k /0 (e

+/A2 i (t’ /Oﬂ h(tvS)y(s)ds>

+Z/ it (¢ — it ))Iy()ldt+<h52+h51+Z%+H6H+Hp!\)

=1

[Twolar < [Tpwars [ awea ([ ﬂh(t,sny(s)\ds)e (0 lds

2

AL = {te o], > 6},

(t)]dt + /A Ity (0) Iy ()|t

(t)|dt

(t) dt

(1)]dt + / () |y ()t
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+ [ @)+ O a3 [ i)+ olute - (o) ol

(haz+hm+Zgaz+ueu+rpu)/ ot <k [y (lal+o

=1

max _ht, s)r / |y<s>|9+1ds+<||qz||+e> / ()] de
(t,s)€l0,m]? 0

m

I CINSIVATEE |9“d8) ([ 1 \9+1ds>99

=1
<h52+h51+2951+||€”+HPH>/ y(t)lde.

=1

Since 7/(t) < 1, and p; is the inverse function of 7;, we see

/ﬂ Iy(t—r(t))leﬂdt:/ ('y@‘ >9+1ds
0 ' eft—mi(t), tefo,mnox \ 1 — 7 (1 (s))
0+1
+/ < !y/(S)! ) s
e{t—mi(t), te[0,7]M[r,m+4] 1 _Tz(/u’l( )
0+1
+/ < \y/(S)! > s
se{t—mi(t), te0,mn—r0] \ 1 — 77 (1i(s))
™ T+8 0+1
<)\(.’+1/ s 6+1ds+/ <W}(S)’ > ds
S f )] . \T= b))

f = e )HH ds =20 [ la(s) s + Q.

1 T
0+1 2
ﬁ/o 2(s) dsszc/o ()t + (lar]| +€)

max _h(t, s)r° / |y(5)!9+1d5+(||qz||+6) / ()P dt
(t,s)€[0,7]? 0

Hence

m

/]
" 0+1
+2_(lpillos +€) (Af“ /0 \y<s>19+1ds+cgi) (/ (s ‘eHdS)
=1
3 o [ 0+1 T
+(h‘i?*h&l+Z%¢+HeH+HpH)w (/ (o)l dt) ,
0

i=1
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. . 14a)v—1
Since lim,_,o+ ((lig;)x = 1+y < 1 for y > 0, then there is ¢ > 0 such
that (14+2)Y <14 (1+y)z for 0 <z <o. Let

I :{ze{l s | ry<t>|9“dt§0§§;},

I, :{ze{l L,m} /]y )|%+dt > );QOZH}

Then
1 T
8 / ()] +1ds < & /0 PO dt + (lar]] + o)
0

max _h(t, s)n’ / 1y(8)[**1ds + (lgal] + ) / ()P dt

(t,s)€[0,m]?
N o
+Z||pz||oo+e>< w@) (/ y(s |9+1ds>
€l
Ml + ) (14 T ) [ wteeias
i€l )\ fO |y | dt
m - m
N (hm Fhaa+ > gat llell + |!p|!>7r‘9 ( / \y(tﬂ@“dt)
i=1 0

gk/;y?(t)dwuqme)

max _h(t, s)n’ / \y<s>19+1ds+<|rqz||+e> / ()P dt
0

(t,s)€[0,m]2
L
i 0+1
Sl Z @) ([ i)
i€l
+ 3 il + 1+ (14 0 )| [ s
i€l + )\ fO |y | dt
Y 0 " 6+1 7
+<h52+h&1+2%¢+HeH+|!pH>¢r </ 1y (2)] dt)
i=1 0

:k/oﬂyQ(t)dt+(|ql|\+€)

max _h(t, s)r° / ly(8)[*+1ds + (lgal + / ()P dt
(t,s)€l0,m]? 0 0
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S (pilloe + (QZ +Ql)* (/ (s |9+1ds)+

el
+> M(lIpilloo + €) y $)|P s + > M ([[pilloc + €) 140 ) 9
Pilloo Yis Pilloo 0+1) N0+
i€l i€ls i
- o [" or1 ) 7
+(h5,2+h5,1+295,@-+|re\|+upu)w ([ weoeiar) ™.
i=1 0
If 6 =1, then

<ﬁ k- (lall 4o max s — (ol + 0 — (bl + ew)

(t,5)€[0,m]2 il
N )
/|y |ds<Z|rpz||oo+e>< @+@) (/ ||x<s>|2ds)
i€l 0
1\ Qi
£ Nl + 0 (1+5)
i€ls 7
m - %
+ (s haact Soase lell il ) ([ oterae)
i=1 0

It follows from (11) that there is an M; > 0 such that [ |y(¢)[*dt < M.
If 0 > 1, then

1 _ T QL
5 /0 (2(s) "1 ds < ko ( /0 |y(t>|"+1dt) B

+(laull +) max _ht, sy’ / ' \y<s>r"“ds+ gzl + ) / "yt

(t,5)€[0,7]2
+ St o (L +QZ) ([ et |@+1d5>
i€l
3 Ml +0) [ 1) s SNl +) (14 507 ) 2
i |]oo i |]oo 011 )\‘?+1
icls icly i

m _1
™ 0+1
N (hm Fhaat Y gsi b llell + upu)w@ ( / ry<t>re+1dt) .

i=1
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Then

(5= hall+ o) max_ a7 = laall + 0 = Xl + )

t,5)€[0.7] icly

./01 ly(s)[**ds <> ([[pilloo +€) (% +Qi>9i1 </07r IIw(s)IGHds)J'l

i€l

2
o1 [ [T 01 2.\ 0 0 Qi
+ [k os (/0 ly ()" dt) + > A(lIpillos + €) <1+9+1) e

i€l

m _1
™ 0+1
+ <h5,2 Fhsa > e+ llell + ||p||)7r9 ( / |y<t>|0“dt> .
0

=1

It follows from (12) that there is an M > 0 such that [ |y(¢)|*T1dt < Mo.
Hence above discussions imply that there is M > 0 such that

/ ly(s)|°Ftds < M = max{M;, My}.
0

Step 2. Prove that there is a constant B > 0 so that ||z|| < B.
Since

[ wora =k [" 2w - [ povod

+ /\/Oﬂ G (t, /01 h(t, $)y(s)ds, y(8), y(t — 71 (1)), -, y(t — Tm(t))> oL
W sxlk | = [ oo =5 [y

NIy HE Y40t~ 0.l (0 ) w0
fk | e+ [ il

o (1 [ 195010 = 1O = 70 (0) )0

/Ow
< k:/oﬂyQ(t)dt—i—/Ow hy (t,/ow h(t,s)y(s)ds)’w(t)\dt

T /0 ”|h2<t,y<t>>uy<t>\dt+; /0 it y(t — m(0)ly(0) di+ /0 el (e dr.
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Similar to the proof of that of Step 1, we get

/ W ()]t < & / P(O)dt + (larl| +¢) max ft, s)r’ / ly(s) [P 1ds
0 0 (t,s)€l0,m]? 0

(ol + / ' |3/(75)!'9+1dt

+ e+ 0 (L +@z) ([ e m)f

el
LY szuoﬁe/ ly(s)|*+ds

i€l

1
0 Q ™ o+1
011, i 0 6+1
# Ml +) (14 547 it + el ([ worsa) ™.

i€ls

It follows from [ [y(t)|’"'dt < M that there is Ms > 0 such that
Jo [/ (£)]?dt < M3. For each t € [0, ], we get

AN
Q
@
—w
QL
~
~__
7N\

()
3
5
=
o
QL
~
~__
I
AN
N
3
<
=
N~—
S
QU
~
~__
5

IN
=

IA
—
B
=
1\7

It follows that there is a constant B > 0 such that supco - [y(t)| < B. It
follows that

y|| < max{B max |¢(t)|, max W(t)]} for all x € €.
te[—7,0] te[m,m+0]
Then Q7 is bounded.

Let © D Q1 be a bounded open subset of X centered at zero. It is easy
to see that Lz # ANz for A € (0,1] and = € D(L)(99Q. It follows from
Lemma 2.1 that Lz = Nx has at least one solution x in €. Then zx is a
solution of BVP(1). O
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Theorem 2.2. Suppose that (Hy) holds. Then BVP(1) has at least one
solution if |k| < 1.

Proof. Similar to that of the proof of Theorem 2.1, we get (10). It follows
that

[Twerza = (s [Twopa

" /O G (t, /0 Wt s)u(s)ds, y(8), y(t —ma(£)), -yt — Tm<t>>) y(t)dt

- [ wtowoar).

Let

y(t), t e (0,7,

O SN

_y(t)a e —m, 0]

Suppose
y1(t) = Z an sinnt,
n=1

then

o
= E na,, cos nt.

It is easy to see that f y1(t)dt = 0 It follows from the Parseval equahty,

fﬁ [y ()]2dt S 1|an\2 and f (t)]2dt=>"°° | n?|a,|?, that fo t))?dt
< Jo'ly (1)]2dt, and the equality holds if and only if y(¢) = csint, see [17].
Hence

/[ dt<|k:|/ 2dt+/ h1<t,/01h(ts)y >‘]y )|t

<[ |h2<t,y<t>>|\y<t>dt+§j [ laiteute = lvcerae + /0 et 1)

+|p||/ y(t |dt<|k:|/
hl(,/ohu,s) )\ry |dt+/ ot y(0) Ly (1)

+;/0 \gi(t,y(t—n(t))y\y(t)dwr(HeH+HpH)/O ly(£)|dt.

o,
0
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Then
(1—muéﬁwaﬁ
™ 1 -
S/O h1 (t,/o h(t, s)y(s)ds)‘ ]y(t)\dt—i—/o ha (£, y(0)||y(t)|dt
+ ; /07r lgi (t, y(t — () [ly(®)|dt + (|]e]] + |Ip|]) /07r Iy (t)|dt.

Now, using the notations defined in the proof of Theorem 2.1, the methods
used in the proof of Theorem 2.1, we get

(1 [k]) /0 ()

< (laill+¢ max At 5)r° / ' |y<s>|9+1ds T+ (la2ll + ) / Ty

(t,s)€l0,7]?
9
0\
30 ||pz|oo+e>< e /|y () ds
i€y
AH 9+1d )\9 1 0 Ql
+ > X (llpellsote) w ) s+ A lpilloo ) ( 145~ R
i€ly i€ls 7
m _1
m 0+1
N (m Fhat £ g5+ llell + [lpllbige)r” ( / \y(tW“dt)
=1
+1
<(lall+6) max h(ts)r (/ 1y(s \ds)2
>~ 1
(t,s)€[0,m]2
9+1
T (laall + < |ds>
e
+
+Z<upz-uoo+e( +Qz) . (/ 1y(s \ds)
i€l
9;1
9
£ X (pilloo + O (/ y(s \ds)
i€l
0 Qi
0 7
A (e +0) (14 557 ) 3
1€12 K3

l
+ (aa+ ha £ gsatlell + ol w2275 ([l )

=1
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6+1

2
s<uq1u+e>(t;)ré?0>§ﬂ2htsw2 ([ weopas)
9+1

el + o5 ([T veras)
)"

1 0(1-0)
Ul + 0 (L @)™ 0 ([Tes |ds)
0

i€ly
0+1

79 2
3 Ml + O (/ (s |ds)

i€l

0 Qi
[% [
+ > Mlpill + ) (1+ 9+1> Vi

i€l

m 1-9 7T 2
- (hsa + an + 3 g+ el + ol ) / (s)as )
— 0

It follows from |k| < 1 that there is M > 0 such that ["[y/(t)]*dt < M. One

sees that
m 3
/ Y/ (t)|dt < 72 (/ [y’(t)]zdt) <miMs.
0

o= [ Vi

Hence there exists a constant B > 0 such that max,c|o r) [y(t)| < B. Then

[N

Iyl = max |<>\<max{B max_ |6(t)], max \w<t>|}

te|—7,m+9) te[—7,0] te|m,m+0]

for all z € Q4. Then Q4 is bounded. The remainder of the proof is similar
to that of the proof of Theorem 2.1 and is omitted. O

3. EXAMPLES

In this section, we present examples of equations, which can not be solved
by known theorems in [4-8,10], to illustrate the main result in Section 2.

Example 3.1. Consider the following problem for delay differential equa-
tion
2(8) + 1/ (t) + ka(t) = o7, aife(t))’ Jr@O[m’(t)]Q"+1
i— 2n+
+Zz lpl( ) [ (2 1t)] —I—p(t), te (077‘-)) (13)
z(0) = z(w) =0,
x(t) = o(t), t€[-1/2,0], ¢(0)=0,
where n > 0 an integer, [,k € R, a; € Rfori=1,...,2n,a0 <0, t—7;(t) =

2"2_Z.1t, and p; and p are continuous functions. Corresponding to BVP(1), we
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get,

—G(t, 20, Y0, 1, - - - Tm) = aoyy" T + Zazyo + sz w4 p(t),

2 Jrl
_g(tam()ay()axla"'vxm) — aoy "

m
—W@@mmwhuw%ﬂZE:%%+§ZMUM?H+p@,

h (t $0) = 0
2(¢,Yo) Zazyo,

gi(t, ;) = m@QM%

i =

max
te[0,m]

1 %
T AGu®)| 21

We see that g2(t) = 0. It follows from Theorem 2.1 that, for each p, BVP(15)
has at least one solution if n = 0 and

m .
21
kY 5 lnil < —ao
i=1

and n > 0 and

m

2 2n+1
S () Inll< o

i=1

Example 3.2. Consider the following problem for the delay differential
equation

" (t) + 12 (t) + ka(t) = po(t)[=(t)]
+szlpi(t)[ (2Z_ )] +p( )7 tE(O,?T), (14)
2(0) = (?

2(t) = 6(t), ¢ € [~1/2,01, 6(0) =0,

where I,k € R, t — 7;(t) = 21t and p; are continuous functions as in
problem (1). It follows from Theorem 2.2 that problem (16) has at least one
solution if § € [0,1) and |k| < 1.

Remark 3.1. In Example 3.1, G may grow superlinearly and linearly. In
Example 3.2, G grows sublinearly.

Remark 3.2. For BVP(2), we have k¥ = 1. BVP(2) has no solution. In
fact, if (2) has a solution z, then

2(t) + 12/ (t) + z(t) = sint, te€ (0,m), x(0) ==xz(m)=0.
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Ifl =0, we get

/m”(t)sintdtJr/ x(t)sintdt:/ [sin t]2dt.
0 0 0

It follows that [[sin]*dt = 0, a contradiction.
If I #0, we get

Wx” T Wx' T 7r:L‘ 2dt = 7r:Jc sin
/O (D)t + 1 /O (Da(t)dt + /0 w(t)]2dt /0 (t)sint dt,

/ x”(t)costdt—kl/ 1:’(t)costdt+/ :c(t)costdt:/ sint costdt.
0 0 0 0
It follows that

_ /0 "l ()]2dt + /0 "l(t)2dt
:/wa(t)sintdt, l/owx(t)sintdt:/Oﬂsintcostdt.

Since x(t) # csint we have ['[2/(¢)]dt > [ [x(t)]*dt, we get [ @(t)sintdt
< 0. I # 0 implies foﬂ sintcostdt # 0, a contradiction. One sees that
conditions (Hy) and |k| < 1 in Theorem 2.2 are un-improvable sufficient
conditions.
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