SARAJEVO JOURNAL OF MATHEMATICS DOI: 10.5644/SIM.16.02.0
\Vol.16 (29), No.1, (2020), 13 —32

THE STEINHAUS-WEIL PROPERTY: I. SUBCONTINUITY AND
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ABSTRACT. The Steinhaus-Weil theorem that concerns us here is th@esior
classical, ‘interior-points’ property — that in a Polistptdogical group a non-
negligible seB has the identity as an interior point Bf 1B. There are various
converses; the one that mainly concerns us is due to Simmuhdvaspan.
Here the group is locally compact, so we havélaar reference measung.
The Simmons-Mospan theorem states that a (regular Borelyune has such a
Steinhaus-Weil property if and only if it is absolutely cionious with respect to
the Haar measure. This the first of four companion paperséfee to the others
as Il [BinO11], lll, [BinO12], and IV, [BinO13], below). Her (Propositions 1.1-
1.7 and Theorems 11.-1.4) we exploit the connection bettleemterior-points
property and a selective form of infinitesimal invariancafed by a certain
family of selectivereference measures drawing on Solecki’'s amenability at 1
(and using Fuller’'s notion of subcontinuity).

In 1l, we turn to a converse of the Steinhaus-Weil theorers, Simmons-
Mospan theorem, and related results. In Ill, we discuss Wpblogies, linking
the topological group-theoretic and measure-theorepecs. We close in IV
with some other interior-point results related to the Stairs-Weil theorem.

1. INTRODUCTION

We begin by stating the Steinhaus-Weil Theorem in its sistgtam (Steinhaus
[Ste] for the line, Weil [Wei, 811, p. 50] for a Polish localtpmpact group, Grosse-
Erdmann [GroE]):

Theorem SW. In a locally compact Polish group G with (left) Haar measuyg,
for non-null Borel B, BB (and likewise BB') contains a neighbourhood of the
identity.

The context we work in here and throughout, unless othersfigied, is that
groups and spaces are assumed separable. This both sisnfiifieexposition
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and emphasizes that we need only the axiom of Dependent €h@xC — ‘what
is needed to make induction work’), rather than the Axiom dbiCe (AC); cf.

[BinO8]. For comments concerning non-separable settisgs,the arXiv version
[BinO10, §8.1].

The interior-point property of the measure-theoreticallgn-negligible’ setB
of the theorem is referred to as t&¢einhaus-Weil propertywhich encompasses
the category variant due to Piccard [Pic] and Pettis [P&t]Cor. 2 and Th. 1B
of [BinO12] (by reference, when appropriate, to theasi-interior of a set — the
largest open set equivalent to it modulo a meagre set). Tip®itant result has
many ramifications; for example, it is basic to the theoryegfular variation — see
e.g. [BInGT, Th. 1.1.1].

The results below hinge on work of Solecki [Sol2] on amenigbét 1 and on
an amendment of Fuller's concept of subcontinuity (see 82 lslow). These
are aimed at freeing up the classical dependency on locapacimess and the
corresponding standard (Haar) reference measure. To gteobeur knowledge
such aims, in respect of topological groups, were last uaklen by Xia in 1972
in Chapter 3 of [Xia], where the emphasis is on (relative)Sifiravariance (cf.
[BinO10, §7.2]), a topic we pursued in the related paper@h(cf. [Bogl, p.64])
with tools developed here.

For G a topological group with (admissible) metric(briefly: metric group),
denote byM (G) the family of regulaio-finite Borel measures o8, with P(G) C
M (G) the probability measures ([Kec, §17E], [Par]), 8 (G) the larger fam-
ily of finitely-additive regular probability measures (c{Bin], [Myc]), and by
Msun(G) submeasures (monotone, finitely subadditive set funciiomih p(0) =
0). Hereregular is taken to imply bothinner regularity (inner approximation
by compact subsets, also called tRadonproperty, as in [Bog2, Il §7.1] and
[Sch]), andouter regularity (outer approximation by open sets). We recadt th
a o-finite Borel measure on a metric space is necessarily oetgdar ([Bog2, Il.
Th. 7.1.7], [Kal, Lemma 1.34], cf. [Par, Th. 11.1.2] albedrfa probability mea-
sure) and, when the metric space is complete, inner reqédag®, Il. Th. 7.1.7],
cf. [Par, Ths. 11.3.1 and 3.2]). Whe@ is locally compact we denote Haar mea-
sure byng or justn (H denoting capital eta in Greek). F&rmetric, we denote
by X = K(X) the family of compact subsets of (the hyperspaceof X in §1,
where we view it as a topological space under the Hausdottfiener the Vietoris
topology). Forpe M (G) we write gl(-) := u(g-) andpg(-) := u(-g); M (p) de-
notes thgr-measurable sets @& and M, () those of finite positive measure, and
K (W) := K(G)N M, (W). ForG a Polish group, recall th& C G is universally
measurabléE € U(G)) if E is measurable with respect to every measgure?P (G)

— for background, see e.g. [Kec, §21D], cf. [Fre, 434D, 4B2ho]; these form a
o-algebra Examples are analytic subsets (see e.g. [Rog, Part 1 82 [ec, Th.
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21.10], [Fre, 434Dc]) and the-algebra that they generate. Beyond these are the
provablyA} sets of [FenN] — cf. [BinO8].

Recall thatE is left Haar null, E € # 9/, as in Solecki [Sol1,2,3] (following
[Chr1,2]) if there areB € U(G) coveringE andp € P(G) with

H(gB)=0  (9€G).
(The terminal brackets here and below indicateversal quantificatiorover the

free variable.) So iB € U(G) is not left Haar null, then for eaghe P(G) there
is compacK = K, C B andg € G with

gH(K) > 0.

The question then arises whether there is &lso0 with gu(Kt) > 0 forall t € Bg,
for By = Bs(1g) the opend-ball centered atd : a right-sided property comple-
mentingthe earliedeft-sidedproperty (of nullity, or otherwise). If this is the case
for somey, then (see Corollary’2n §2) 1 € int(K—1K) C int(E~1E); indeed, one
has

KNKt e My (gH) (t € Bs), (*M)

(‘M for measure’, cf«xB below , ‘B for Baire’), which implies (Lemma 1, 82):
Bs C int(K 1K) Cint(E~1E);

cf. [Kem], [Kuc, Lemma 3.7.2], [BinO1, Th. K], [BinO6, Th. #)]. As this
clearly forces local-compactness Gf(see Lemma 1 below), for the more general
context we weaken the ‘complementing right-sided propeohhold only selec-
tively: on a subset (cB5 (1) in §2) of Bs of the form

{z€ By : [u(K2) — p(K)| < &}
We are guided by the close relation between the measureetiedteinhaus-Weil-
like property (*M) and its category version

KNKt e B,(1), (B)

where the latter ternB, (1) refers to non-meagiBaire sets (= with the Baire prop
erty) of 1, a refinement of the ambient topologls = 73 of G, the latter con-
veniently taken to be generated byedt-invariant metricd = dl‘_3 with associated
group-norm (85), or ‘pre-norm’ as in [ArhT]|x|| := d(x,1g) = d(tx,t) (so that
Bs(t) = tBs — see Prop. 1). We refer to the (left) invarianceff(t) (under trans-
lation) as the (leftNikodym propertyof t.

Here in Part |, in the context of a metric or Polish graspwe study continuity
properties of the mapsg : t — p(Kt) in the light of theorems of Solecki [Sol2] and
of converses to Theorem SW above (see Theorem SM in Pard Nedaited results.
The key here is Fuller’'s notion of subcontinuity, as apptiethe functionm (t) at
t = 1s. This yields a fruitful interpretation of Solecki’s notiai amenability atlg
via selective subcontinuitsind linkage tcshift-compactnesgsee Th. 3 below; the
term is borrowed from [Par, 111.2]). Since commutative Bblgroups are amenable
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at 1 [Sol2, Th. 1(ii)], this widens the field of applicabiliyf shift-compactness
to non-Haar-null subsets of these, as in [BinO5], and leads tonjecture (see
remarks preceding Theorem 3) as to whetheX comprises the negligible sets of
some refinement topology af.

We frequently refer for background to the extended commiestand associ-
ated extensive bibliography of [BinO10], the unified arXersion of this four-part
series.

2. MEASURE UNDER TRANSLATION— PRELIMINARIES

We begin with a form of the ‘telescope’ or ‘tube’ lemma (cf. {, Lemma
5.8]), applied in 82. Our usage of upper semicontinuity iatren to set-valued
maps follows [Rog], cf. [Bord].

Proposition 1 (cf. [Hey, 1.2.8]) For a metric group G and compact K G, the
map t— Kt is upper semicontinuous; in particular, forquM (G),
mg : t — p(Kt)
is upper semicontinuous, hence p-measurable. In particifilang (t) = O, then
m is continuous at t.

Proof. ForK compact an 2 K open, pick for eack € K ad(k) > 0 with kB
C V. By compactness, there akg, ..., ky with K C [J;k;jBg(,) € V; then ford :=
min;r(kj) >0

thUj ij5(kk)thj ijzé(kk)gV (HtH<6)

To prove upper semicontinuity afi, fix t € G. Fore > 0, asKt is compact,
choose by outer regularity an opgro Kt with p(U) < u(Kt) +¢€; as before, there
is an open balBj at 1z with KtBs C U, and thenu(KtB;s) < p(U) < u(Kt) +¢.
The final assertion follows from positivity ofi. O

We continue with an analogue. The result is folklore, cf. §BeTh. 3.2(i)]; it
comes close to matters touched on in [Ost, 83]. Here and bblewertical section
of a setAis denoted?, := {y: (x,y) € A}.

Proposition 2 (Sectional upper semicontinuityJor a metric group Gcompact
F C G and compact KZ G?, the map
X = Ky (xeF)
IS upper semicontinuous.

Proof. ForV C G open withKy C V, suppose fok, € F with x, — X that (Xn, ¥n) €
K\(G x V). By compactness ok, we may suppose w.l.o.g. thgt — y. Then
(x,y) € K\(G x V), and so(x,y) € {x} x Ky andy ¢ V; buty € Ky CV, a contra-
diction. O

From Prop. 2 oruppersemicontinuity, we obtain information aboun : t —
H(Kt) below. This links withlower semicontinuity. By a theorem of Fort, tiee
continuity points (defined in terms of the Hausdorff metsee [For]) of an upper
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semicontinuous compact-valued mapping of a metric spaoeaitotally bounded
metric space form a dense open set, implying in a real-vatoetext such as here
continuityon a co-meagre set. We return to this shortly in Theorem LBvhel

Proposition 3 (Sectional upper semicontinuity under a measuf@y a metric
group G, compact FZ G and compact K- G?, and pe M (G), the map

m: X+— M(Kx) (xe F = proj;K)
is upper semicontinuous, and so Borel.

Proof. Fix x € F. Let € > 0. By outer regularity, tak¥ open inG with Ky CV and
(V) < H(Ky) +€. By Prop. 2x+— {Xx} x Ky is upper semicontinuous df; so for
some open neighbourhodd of x

Uy V1 X Ky = KN(U X G) SKN(U xV).

So, fory e FNU, u(Ky) < (V) < u(Ky) +€, proving the first assertion. The second
assertion follows since

m *(ab) =)

For further results on Borel-measurability of regular Boneasures see [BeeV,
Th. 2.2] (there termed ‘Radon measures’).

We will need the following result in [BinO12,13] (see Lemm&2, and [BinO12,
Th. 1, 82]), preferable to the usual Fubini Theorem as usiraitgtive rather than
quantitative measure theory (like the Kuratowski-Ulam diieen [FreNR]). Inter-
estingly, it may be proved by mimicking the proof of Prop. Db, yielding a
simplification to that by Eric van Dowen [vDo], itself a sinfptation of that in
[Oxt2, Ch. 14]: for the proof (omitted here), see [Bin010,188.

Theorem FN (Fubini theorem for null sets)For a metric group G and A~ G2
measurable under g v, with pv € M (G): if the ‘exceptional set’ of points x for
which the vertical section,As v-non-null is itself p-null, then A is g v-null.

m~1[0,b)\m~1[0,a+ 1/n). O

neN

We close this section with a study of the continuity progsriof the mapry :
t — p(Kt) for compactk, extending Prop. 3.

Corollary 1 (Fort [For]). In Proposition 2, t— p(Kt) is lower semi-continuous (so
also continuous) on a co-meagre set.

We can improve on the preceding result by recourse to a naengralization,
for our compact sectional context, of the classical coittyntheorems of Luzin
[Hal, 855] and Baire [Oxt2, Th. 8.1] — see also [Sch, Ch. 1, &5§l [Bog2,
Th. 2.2,10, Th. 7.1.13]. Below foreompactmetric spaceX, recall thatx (X) the
hyperspace of Xthe space of compact subsets{ofs equipped with the Hausdorff
metric, or Vietoris topology; here this is also a compactsgdEng, 2.7.28], [Kec,
Th. 4.25], [Mic]). Then (LB for ‘Luzin-Baire’):
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Theorem LB. For G a metric group and compact & G2, the max : G — X (G):
x— Ky is Borel-measurable, and so

i) K is continuous relative to a co-meagre .set
For pe P(G):
i) for eache > 0 there is a Borel set Swith W(G\S) < € such that x— Ky is
continuous on & equivalently:
i)’ there is an increasing sequence of Borel sgtsvigh union p-almost all of G
such that x— Ky is continuous on each,S

Proof. See the arXiv version [BinO10, Th. LB], based on [Zak]. O

A first corollary is the following result on the continuity tfe map
x> |[X|[g = HXEAE),
for measurable Eby compact approximation (cf. Part Ill). Below, the s&s
associated with points should be interpreted as neighbourhoods of the spirit
of a Hashimoto ideal topology for the ideal jghull sets, for which see [LukMZ],

or [BinO6]. This mimicks Weil'sproof of the ‘fragmentation lemma’ ([BinO12,
Part lll, 81 Lemma 2]) in [Hal, Ch. XIl 862 Th. A] (cf. [Wei, CHhVII, 831]).

Proposition 4 (Almost everywhere continuity)For a metric group G5 > 0, pe
P(G), E e M, (p), and Fe K. (W):
there is a compact € F with p(F\C) < & such that for anye > 0 and each
x € C there is a p-non-null measurablg C C containing x with
IMXEAE) —(YEAE)| <e (Y€ Cy).

In particular, there is an increasing family of compact sgtswith union p-almost
all of G satisfying the above withGor C.
Proof. See [BinO10, Prop. 4]. O

A proof similar to but simpler than that above (omitted hersee [BinO10,
88.13]) improves Prop. refpropl:

Proposition 5 (Almost everywhere upper semicontinuityjor a metric group G,
0>0,ue P(G), E e M (M), and Fe K. (M):

there is a compact € F with y(F\C) < & such that for anye > 0 each xc C
has a neighbourhood uwith

H(YE) <M(XE)+e  (yeCnUy).

In particular, there are disjoint compact sets C with uniomlmost all of G for
which this holds.
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3. SUBCONTINUITY OF MEASURES

Proposition refpropl above, on upper semicontinuity, wadéis the following
definitions, the key one being an adaptatiorsabcontinuity(of functions) due to
Fuller [Ful] (for which see Remark 4 below) to the context afamures. We focus
on theright-sided version of the concept. Subcontinuity is a natural auxiliar
the quest for fuller forms of continuity: as one instance, [®ou] for the step from
separate to joint continuity; as another (classic) inganote that a subcontinuous
set-valued map with closed graph (yet another relative peugemicontinuity) is
continuous — see [HolIN] for an extensive bibliography. Hiéserelevance to the
Steinhaus-Weil Theorem (which seems to be new here) yidi@g®Ems 1 and 3,
linking amenability at lwith shift-compactnesspr which see Theorem 3 below
(the latter term is borrowed from [Par, 111.2]). Thus subtiounity passes between
local compactness and the pathology of invariance asgocveith non-local com-
pactness: see [Oxtl] and [DieS, Ch. 10].

Definition ([BinO6]). For p € %in(G), and (compactK € X (G), noting that
Us(K) := inf{pu(Kt) : t € Bs} is weakly decreasing id, put

- (K) := sups.oinf{u(Kt) : t € Bs},
and, fort = {t,} anull sequencgi.e. witht, — 1g,

W (K) == liminf e p(Kty).
Then

0< i (K) < p(K) = inf-oSUp{H(KL) : t € Bg},
by Proposition refpropl. We say that a null sequenhcenon-trivial if t, # 1g
infinitely often. Define as follows:

i) Wis translation-continuoug’ continuousor ‘ mobilg) if p(K) =p_(K) (K €
K(G));
ii) pis maximally discontinuouatK € X (G) if 0 = p_(K) < u(K);
iii) pis subcontinuousf 0 < p_(K) < pu(K) (K € K (W));
iv) Wis (selectively) subcontinuous at& &, (1) alongt if gt (K) > 0.

Remarksl. mk(.) is continuousf W is continuous, sincex (st) = mgs(t) andKs

is compact whenevéd is compact; for directional continuity of measures in linea
spaces see [Bog3, 83.1]. In [LiuR] (cf. [LiuRW], [Gowl,2])Radon measure
K on a spaceX, on which a groupG acts homeomorphically, is calledobile if

t — u(Kt) is continuous for alk € K (X).

2. ForG locally compact (i) holds fop the left Haar measurgg, and also for

M < Ng (absolutely continuous w.r.t. 1g).

3. A measurau singular w.r.t. Haar measure is maximally discontinuousit®
support: this is at the heart of the analysis offered by Simsr{and independently,
much later by Mospan) — see Corollarylizlow.
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4. Subcontinuity in the sense of [Ful], of a map: G — (0,) requires that, for
everyt, —t € G, there is a subsequentg, with f(ty)) convergent in the range
(i.e. to a positive value). The distinguished role of nulijsences emerges below
in the Subcontinuity TheorerfTheorem 1). Null sequences should be viewed here
as selecting stepwise (or even pathwise, under local coeuheess, as suggested
by Tomasz Natkaniec) ‘asymptotic directions’ justifyifigetphrasedlongt’ in (iv)
above, and allowing (iv) to be interpreted asedective subcontinuitiy ‘direction’
t. The analogous selective concept in a linear space is ‘aomgtor’ as in [Bog3,
§3.1].
5. Selective versus uniform subcontinuBefinition (iii) is equivalent to demand-
ing for K € % (W) thatany null sequence = {t,} have a subsequenggKty )
bounded away from 0; then (iii) may be viewed as demandingdtm subconti-
nuity”: selective subcontinuity alongacht for all K € & (l).
6. Left- versus right-sided version#/riting i(E) := u(E 1) with E Borel in G for
theinverse measureaptures versions associated with right-sided transiaich
as|t and

it (K) := liminf e p(thK).
Definition. We will say thatu is symmetridf p= f; thenB is null iff B~ is null
for B a Borel set, oB € U(G).

In Lemma 1 below it suffices fqu to be a bounded, regular submeasure which
is supermodular:

WEUF) > uE)+uF)-uENF)  (E,F € UG));
recall, however, from [Bog2, 1.12.37] the opportunity t@lexe, for anyK €
X (G), a supermodular submeasyueby a dominatingy € M;n(G), i.e. with
M (K) > p(K).
ForK € % (i) andd,A > 0, put
BS = By () := {z€ Bs: p(K2) > A},

which is monotonic i : BS € BS for 0< A’ < A. Note that & € By for 0< A <
H(K).
The specialization below to a mobile measure (see above) badpund in

[Gowl,2].
Lemma 1 (cf. [BinO6, Th. 2.5]) Let pe %in(G) for G a metric group. For Ke
K (W), if Wt (K) > 0for some non-trivial null sequendethen forA > (it (K)/4 >
Othereisd > Owith t, € B§ for all large enough n and

A<uKNKY)  (teB)),
so that

KNKte M, (W)  (tcBf). (%)
In particular,
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KNKt#£0  (teBf),
or, equivalently,
Bf C KK, (%)
so that B has compact closure.
A fortiori, if p_(K) > 0, thend,A > 0 may be chosen with < p_(K) and
Bs C B so that (*) and (**) hold with B replacing B, and in particular G is
locally compact.

Proof. For the first part fix a null sequent@ndK € X, (1) with it (K) > 0; take
anyA >t (K)/4 > 0, and, as above, writg} for By®. Then, forp(Kt) > 2A >
W (K)/2 andd > 0 arbitrary,t € BS; and sot, € B§ for all large enough (since
alsot, € B; for all large enoug). SoB%(K)\{lG} is non-empty fott non-trivial.

PutH; := KNKt C K. By outer regularity ofs, choosdJ = U (A,K) open with
K CU anduU) < u(K) +A. By upper semicontinuity of — Kt, we may now
fix & = 8(A,K) > 0 so thatk B; C U. Fort € B, by finite additivity of i, since
20 < p(Kt)

20+ pu(K) — p(Hy) H(KE) + K(K) — p(Hp) = p(KtUK)

<
< V) <p(K)+A.

Comparing the ends gives
O<A<pH) (teBf).

Fort € B, asK NKt € A, (i), takes € KN Kt # 0; thens = kt for somek € K,
sot =k 'se K~1K. Converselyt € Bf C KK yieldst = k1K’ for somek, Kk € K;
thenk’ = kt € KNKt.

By the compactness ¢f 'K, B§ has compact closure.

As for the final assertions, if_ (K) > 0, now takeA := p_(K) /2. Then inf{ pu(Kt) :
t € Bg} > Afor all small enough® > 0, and so in particulap(Kt) > Afort € By, i.e.
Bs C B§. So the argument above applies for small enodghO with By in lieu of
B%, just as before. Here the compactnes&otK now implies local compactness
of G itself. O

As an immediate and useful corollary, we have

Lemma 1. For p€ Bin(G), with G a metric group, any null sequentand any
K € X(G) : if p* (K) > 0, then there is me N with

O< W (K)/4<puKNKt)  (n>m). (+')

In particular,
th € KK (n>m). (xx")

Proof. Apply Lemma 1 to obtaim),d > O; fort € BS, u(Kt) > A, so as above
th € B§ for all large enoughn. O
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This permits a connection with left Haar null sets; recalitth groupG is
amenable al [Sol2] (see below for the origin of this term) if, given=: {pn }nen C
P(G) with 1 € supg ) (the support oft, ), for n € N there ares anda,, in P(G)
with 0, < U, satisfying:

on*x0(K) — o(K) (K e X(G)).
In view of Theorem 1 below, we term (or () if context requires) aelective

measureand to the measures,, if needed, asssociated measurgésorresponding

to the sequencéi, }nen)-

Solecki explains ([Sol2, end of 8§2]) the use of the term ‘aaimlity at 1’ as a
localization (via the restriction that supports contag) df a Reiter-like condition
[Pat, Prop. 0.4] which characterizes amenability: far ?(G) ande > 0, there is
v € P(G) with

vep(K)—v(K)| <& (K€ K(G)).

Lemma 1 and the next several results disaggregate Soldatdisor-point The-
orem [Sol2, Th 1(ii)] (Corollary 2 below), shedding moreHtgon it and in par-
ticular connecting it to shift-compactness (Theorem 3Wgldndeed, we see that
interior-point theorem itself as an ‘aggregation’ phenaore Theorem 1 of Part
Il identifies subgroups with a ‘disaggregation’ topologsfiming 7¢ by using sets
of the formB'gA(o), the measures being provided in our first result:

Theorem 1(Subcontinuity Theorem, after Solecki [Sol2, Th. 1(ii}far G Polish

and amenable atg andt a null sequence, there = o(t) € P(G) such that for
each Ke X, (o) there is a subsequense= s(K) := {tyy) } with

limno(Ktyn)) = o(K) (neN),so  o%K)>D0.

Proof. Fort = {t,} null, putp, :=2""1 Sm=n2 Q1 € P(G); then k5 € supfpn) 2
{t=1: m> n}. By definition of amenability atd, in P(G) there ares ando, <
Hn, With o, x 0(K) — o(K) for all K € K (G). For n € N choosetmn > 0 with
S menOmn= 1 (n € N) and witho, := zmznamnéml.

Fix K € %, (o) and® with 0 < 8 < 1. As K is compactg,* o(K) — a(K); then
w.l.o.g.

onx0(K) > 60(K) (neN).
Then, for eacn € N,
sup{o(Kty) :m>n}- Zmznam” > Zmznamno(Ktm) > 00(K).
So for eacn there ism= m(8) > n with
o(Ktm) > 60(K).

Now choosem(n) > n inductively so thato(Ktyn)) > (1 —27")o(K); then, by
Proposition 1, limo(Ktyy)) = o(K) : 0 is subcontinuous along: = {ty} on
K. O
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Remark.The selection above of the subsequesaaeirrors the role of ‘admissible
directions’ which we encounter subsequently in Cameromtiéheory ([BinO13,
§2] and [BinO10, §8.2)).

We are now able to deduce Solecki’s interior-point theonemslightly stronger
form, which asserts that the séig reconstruct the open sets Gfusing the com-
pact subsets of a ‘non-negligible set’, as follows. We rdbalt X (X) denotes the
family of compact subsets of; below we use the notatiod(A,K) established in
the proof of Lemma 1.

Theorem 2 (Aggregation Theorem)For G Polish and amenable dig, if E <
U(G) is not left Haar null — then, setting

E:= UA>O796GI{B§FQ’§A) (a(t)) : K e K(E),0 < a(t)(gK)/4 < A < o(t)(gK)},
1 cint(E) CE CE'E.

In particular, for E open/lg € int(E).

Proof. Suppose otherwise; then, as in Lemma 1,dar G, any null sequence,
compactk C E with 0 < 0(z)(gK)/4 < Aandd = d(gK,A),

BY“4(0(2)) C (gK) 1gK = KK C E"IE,
so thatE C E~1E. Next suppose there is for eanh
Considero = a(t). As E is not left Haar null, there ig with g(gE) > 0. Choose
compactk C gE with o(K) > 0. Then withh:=g~! andH := hK C E, o(K) =
0(gH) = 0°(gH) > 0 for some subsequense= {ty }. So, again as above and as
in Lemma 1, withA := o(gH) /4 for somed = d(K,A) >0

B (a(t)) C (gH) 'gH =HH CE'E.
Choosen with n > 1/3. Thent,, € B for all m > n; so for infinitely manyk

tmiy € BY "4(a(t)) CE,
a contradiction. As for the last assertion, feropen, D countable and dense,
G C Ugep dE, so for anyu € P(G) (in particular foro) u(dg) > 0 for somed € D,
and soE is not left Haar null. O
The immediate consequence is

Corollary 2 (Solecki’s Interior-Point Theorem [Sol2, Th 1(ii)]lFor G Polish and
amenable allg, if E € U(G) is not left Haar null, therlg € int(E~1E).

Corollary 2’. For G a Polish group, if Ee U(G) is not left Haar null and is in
M, (n) for some subcontinuousquZin (G), then for somé > 0

Bs C int(E"1E).
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In particular, this inclusion holds for som&> 0 in a locally compact group G,
for any Baire non-meagre set. E
Proof. The first assertion is immediate from Lemma 1. As for the sdcdor
a non-meagre Baire sé&, if E is the quasi-interior ané& C E is compact with
non-empty interior, theng(K) > 0. Sincen is subcontinuous, there &> 0 with

KtnK£0 (It <),

EtNE #£0 (IIt]| < 9);
thenU := (Et)NE # 0, since(Et) = Et (the Nikodym property of thasualtopol-
ogy of G). So sincelU is open and non-meagre, al&tNE # 0, and so again
(**). D
The next result establishes the embeddability by (lefedjdranslation of an
appropriate subsequence of a givernl sequence into a given target set that (like-
sidedly) is non-left-Haar null. This property of embeddingp a non-negligible
set, first studied in respect of category and measure neijligion R by Kestelman
and much later independently by Borwein and Ditor and tHerealso by other
authors, mostly for combinatorial challenges, has emeageth important general
unifying principle, termedshift-compactnessThis is applicable in a much wider
context embracing metric grous under various topologies refinings and so
defining various notions of negligibility; for the backgralihere see [Bin02,3,7],
[MIlO]. Its consequences include various uniform-bountess theorems as well
as the Effros and the Open Mapping Theorems. Here we estdbéisaid property,
announced in [MilO], in relation to the idedal A’ of left Haar null sets. (It is @-
ideal for PolishG in the presence of amenability at 1 [Sol2, Th 1(i)].) Thisviesa
open the ‘converse question’ (this is the ‘conjecture’ of &flthe existence of a a
refinement topology for whiclH A is the associated notion of negligibility; this
seems plausible under the continuum hypothesis, CH, if esteicts attention only
to Borel sets it A\ and their subsets by lifting a result concernidgn [CieJ, Cor.
4.2]toG — see also the Remark 1 following our next result.

and so

Theorem 3(Shift-compactness Theorem f@f\). For G Polish and amenable at
1, if E € U(G) is not left Haar null and g is null, then there are s E and an
infinite Ml C N with
{sz:meM} CE.
Indeed, this holds for quasi alls E, i.e. off a left Haar null set.

Proof. Putt, := z;*, which is null. Withc = a(t) as in the Subcontinuity Theorem,
sinceE is not left Haar null, there ig with o(gE) > 0. For thisg, put g :=¢o.
Fix a compactky C E with p(Kg) > 0 and then, passing to a subsequence of
as necessary (by Th.1), we may assume thdKo) > 0. Choose inductively a
sequencam(n) € N, and decreasing compact séis C Ko C E with p(Kp) > 0

such that
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To check the inductive step, suppdsg already defined. As(K,) > 0, by the
Subcontinuity Theorem, there is a subsequesees(K;) of t with p° (K,) > 0.
By Lemma 1, there isk(n) > n such tha(Kn N Kpse(n)) > 0. Puttingtiy,) = Sqn)
andKn, 1 := Kn N Kntmny € Ky completes the inductive step.

By compactness, selestvith

choosingky € Kn € K with s= Kntyyn) givess € Ko € E, and
SZn(n) = Sty = kn € Kn C Ko CE.

Finally takeM := {m(n) : n € N}.
As for the final assertion, we follow the idea of the Genericrpteteness Prin-
ciple [BinO1, Th. 3.4] (but withtl(G) for Ba there): define

F(H) = _U,.,HNHm  (HeUG));

thenF : U(G) — U(G) and F is monotone(F(S) C F(T) for SC T); more-
over,se F(H) iff s€ H andsz, € H for infinitely manym. We are to show
thatEy := E\F(E) is left Haar null. Suppose otherwise. Then renangrandKg
as necessary, w.l.o.g. bofiiEg) > 0 andKg C Eg (andp(Kg) > 0). But then, as
above0 # F(Ko) NKo € F(E) NEy, a contradiction, sincé (E) NEy = 0. O

Remarks.1. In the setting of Th. 3 any non-empty open Seis not left Haar
null (as{dU : D € D} with D countable dense cove®), hence neither i&) \H

for H € HA(. So the (Hashimoto ideal) topology generated by such selisdes

H N among its negligible sets.

2. Recently the speciabeliancase of Th. 3 has been independently established
by Banakh and Jabtohska in [BanJ]. A similar result extetoddhe Haar-meagre
sets of Darji [Dar]; cf. [Jab]. See also [BinO10, §8.9].

Corollary 3. For G Polish and amenable dt; and z null, there is pe 2(G) such
that for K€ K, (W)

KNKz.te M, () for infinitely manyme N,
iff for p-quasi all se K there is an infiniteVl C N with
{SZn:me M} CK.

Proof. We will refer to the functiorF of the preceding proof. First proceed as in
the proof of Th. 3 above, taking := z;* andg = 1 (so thaty = o). Fix K with
K(K) > 0. For the forward direction, continue as in the proof of Th. 3wy = K
and observe that the proof above needs only $qat € K 1K, occurs infinitely
often whenevep(Ky) > 0. This yields the desired conclusion tipgéK\F (K)) = 0.
For the converse direction, suppose th@d (K)) > 0. Since for eaclm € N

F(K)C Um>n|< N Ktm,
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we havep(K NKty) > 0 for somem > n; so
KNKty € M, (p) for infinitely manym. O

Remark. With E as in the Shift-compactness Theoremgz,itc Bl/n\EflE, then
z, is null; so, for somes € E, sz, € E for infinitely manym. Then, for any sucim,

Zn€ E7'E,

contradicting the choice &,. So Is € int(E~1E), i.e. E has the Steinhaus-Weil
property, as before.

The following sharpens a result due (for Lebesgue measut®)do Mospan
[Mos] by providing the converse below; it is antitheticalltemma 1 (and so to
Theorem 3).

Proposition 6 (Mospan property) For G a metric group, € %in(G) and compact
Ke K (W:
i) if 1g ¢ int(K~1K), then W (K) = 0, i.e. W is maximally discontinuous; equiv-
alently, there is a null sequence-t> 1 with lim, u(Kty) = 0;
i) conversely, if (K) > p_(K) = 0, then there is a null sequence-t> 1 with
lim,u(Kt,) = 0, and there is a compact C K with w(K\C) = 0 with 1 ¢
int(C~1C).

Proof. The first assertion follows from Lemma 1. For the conversandbdlos]:
suppose thafi(Kt,) = 0, for some sequenck — 1. By passing to a subse-
quence, we may assume theKt,) < 2-"1. PutDp, := K\ Np=mKth € K; then
H(K\Dm) < ¥ n=mH(Kty) < 2™, sou(Dp) > 0 provided 2™ < p(K). Now choose
compacCy, € Dy, With i(Diy\Cm) < 2~™. Sopu(K\Cpn) < 21-™. Also CyNCitn =
0, for eachn > m, asCy, C K; butt, — 1, so the compact sé],;lcm contains no
interior points. Hence, by Baire’s theorem, neither doesC, sinceC = |J,,Cn,
which differs fromK by a null set. O

Proposition 7. A (regular) Borel measure p on a locally compact metric toge!
cal group G has the Steinhaus-Weil property iff either
i) for each Ke K (), the map m :t — p(Kt) is subcontinuous élg;
or
i) for each Ke K, (p), there is no sequencg+ 1 with u(Kt,) — 0.

Remark.This is immediate from Prop. 6 (cf. [Mos]).

We now prove a strengthening of the Subcontinuity Theoretaioéd by as-
suming a ‘concentration property’. That this property Isoid a abelian Polish
group emerges from an inspection of Solecki’s proof of hitiem that an abelian
Polish group is amenable at 1.

Definitions. Say that a null sequendeis regular if t is non-trivial, |[tk|| is non-
increasing, and
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It | < r (k) :=1/[2%(k+1)] (keN).
For regulart, put
i = P (t) == 252 Ym=k2 M(O 1+ ) 46tk 46t 1+ 86 Lt
Then (B, ) = 1 for k € N. Mergingt™ Lwith t by alternatlon of terms if nec-
essary, it is now convenient to assume thebntains as successive pairs inverses
of its terms. So, ¥y < |k, then

Vg = Zmzkakmétal,

for some non-negative sequersge= {ay a k+1,8k+2;--.; Of unit{1-norm. Say
that {ax} has the coefficient concentration property if for some inflard some

0
a= ak+j >0 >0 for all large k;

then say the measurdsy} have the concentration property. (This will failag
has &k = 1, which concentrates measure in an unbounded fashion.)

Definition. Say that a group G is strongly amenable at 1 if G is amenable at 1
and for each regulatt a selective measure(t) exists with associated measures
ok(t) < Kk(t) having the concentration property.

Theorem 4(Strong amenability at 1, after [Sol2, Prop. 3.3(iny abelian Polish
group G is strongly amenable at 1.

Proof. This follows the construction in [Sol2] of the reference @@ in the case
of k(t) above. First define the normalized restriction

Ok = M|Br k) /M (Br (i)
and then set o , 1 ko
(Convolution powers intended here.) Then the argumentai2]Shows thaby
o(K) — o(K) (for K compact). However, asis regular,u, = ox. Butay =1/2
(all k), so the measuras, here have the concentration property. O

Definitions (Sequence and measure symmetrization):

1. Merging t—! with t by alternation of terms yields the regular sequersce

(s1,%,...) i= (tg,t; L to, 152, ...); we term this thesymmetrized sequence of t. (It is

‘symmetric’ in the sense only thasy_1|| = [|Sx«]|.)

2. For odd k as (lk(t) + p(t~1))/2 is symmetric as a measure, takiog(s) =

O2k1(8) = (l(t) + i (t™1)) /2 in lieu of (t) above yields eacpx symmetric.
So, in the abelian context of Theorem 4 above, the limitingvaloition o is a
symmetric selective measwét).

Remark. Performing the symmetrization of the Definition above givethe proof
of Theorem 4 above thaZkfl’zkfl = Qk-12k = Ak 2k = Ak 2kl = 1/4, which
presentsimultaneous concentraticadongt andt—?.

We now re-run the proof of Theorem 1 with improved estimabegeld:



28 NICHOLAS H. BINGHAM AND ADAM J. OSTASZEWSKI

Theorem 1S(Strong Subcontinuity Theoremfjor G a Polish group that is strongly
amenable at 1, ift is regular ando = o(t) is a selective measure — then for

Ke %, (o)
a(K) = limo(Kty) = o' (K).

Likewise, passing to the symmetrized sequendeasfabove and to a symmetric
selective measure(t) with the simultaneous concentration property (fandt—1)
corresponding to an abelian context:

oK)= Iirr]n o(tK).
Proof. Fix t and a corresponding selective measute and its associated sequence

Vk, Which as in Th. 4 has the concentration property. Wojte= zmzkakmétal; as
ok has the concentration property, there myej anda > 0 with

akk+j20(>0 (k> no).

Now fix K compact witho(K) > 0 ande > 0. Put

d:=¢/(2-1) >0,
asa < 1. Then, by upper semicontinuity and by ‘amenability at 1".(ogxo(K) —
o(K)), there isn; = ny(g,K) > ng with

o(Kty) < o(K)+dandoyxo(K) > o(K)—o (k>ng).
So (by upper semicontinuity) fde> ny
Zmzk,m#k-i-j &m0 (Ktm) < Zmzkm#k-&-j am(0(K) +98) = (o(K) +9)(1— akk+j)'
Also (by ‘amenability at 1") fork > ny
akk+jo-(Ktk+j) Z G(K) - 6_ szK,m#k-l-j aka(Ktm)
> 0(K)+8— 25— (0(K) +8)(1— ar )
Akt jO(K) — O(2 — Ak )-

Soform=k+j>n;+]

0(Ktm) = 0(Ktyy ) > a(K) -5 <akk+j - 1> >0o(K)—9 <§ - 1) =0o(K)—c¢.

As for the final assertion concerning symmetrization, nbgs t
o(tK) = o(K~ ;1) — (K1) = g(K), by symmetry ofo. O

We note an immediate corollary, needed in Part Il §2.

Corollary 4. For G,t and ¢ as in Th1S above, and KH € X, (0),d > O: if
0<A<0o(K)and0< D < a(H), then there is n with

B?'Am B?’D O {tm: m>n}.
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Proof. Takee := min{c(K) —A,o(H) —D} > 0. AsK,H € %, (o), there isn such
that||tm|| < & for m>nand

o(Ktm) > o(K) —e > A, o(Hty) >o(H)—e>D (m>n). O
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