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ANOTHER HARDY-HILBERT’S INTEGRAL INEQUALITY

W. T. SULAIMAN

ABSTRACT. We give a new kind of Hardy-Hilbert integral inequality via
homogeneous functions as well as some other generalizations. Special
cases are also obtained.

1. INTRODUCTION

Let f,g > 0 satisfy

0</ fA(t)dt < oo and ()</ g2 (t) dt < oo,
0 0

/OOO/OOOdedy<ﬂ(/Ooof2<t)dt/ooogz(t)dt)l/2’ ”

where the constant factor 7 is the best possible (cf. Hardy et al. [2]).
Inequality (1) is well known as Hilbert’s integral inequality. This inequality
had been extended by Hardy [1] as follows:

Ifp> 1,%+%:1,f,9208atisfy

then

~—

0</ fP(t)dt <oo and 0</ g(t) dt < oo,
0 0

then

(2)
m is the best possible. Inequality (2) is
called Hardy-Hilbert’s integral inequality and is important in analysis and
applications (cf. Mitrinovic et al. [3]).

B. Yang gave the following extension of (2) as follows:

where the constant factor
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Theorem [4]. If A\ > 2 —min{p,q}, f,g > 0, satisfy

0</ 1A fP(t) dt < oo and / =2 g9(t) dt < oo,
0 0

then
oo 1/p 00 1/q
/ / dmdy<k (p )(/ tl_’\fp(t)dt> (/ =2 ()dt) ,
(x + y 0 0
(3)
where the constant factor ky(p) = B (I’Jr].#, W) is the best possible, B

is the beta function. The function f(x,y) is said to be homogeneous of degree
A, if
flte, ty) =t f(z,y), t>0.

The object of this paper is that to give some new inequalities similar to
that of Hardy-Hilbert’s inequality.

2. NEw RESULTS.

We state and prove the following:

Theorem 1. Let f,g > 0,h be a positive function of two wvariables and
homogeneous of degree A > 0, p > 1, % + % =1, v>0. Then

¥ VM w dv 1 7ua(27p)+17>\ (0 W) du
//0 h<u,v>ddép/0 FP(w) Ky (u) d

y
o [ K @) du, (1)
q.Jo
where
K( ) /'y/u ya p K( ) /v/v % p
u) = 5 V)= €,
' o ALy T o h(z1)
and

T a@-g+1-x L Y f(u) p
Ky
/0 v 5 1(v) (/0 B v du) dv
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Inequalities (4) and (5) are equivalent. In particular, for v = oo, a =
A/2 — 1, we have

/0 ” /0 ” Wdudv
<K <]19 /OOO w2027 P (y) du + ; /Ooo p(1=2)a=1ga(y) dv) (6)

where

K/p AV »
Sl—f(/p/o ui=2)p 'f (w) du. (7)

The inequalities (6) and (7) are equivalent.

Proof. Making use of the inequality

aP bl
ab<——{——, a,b>0,p>1, 7+*
q

~ a _ o
/ / JWe) ., dv_/ / hl ””’f ) o w0 P90 b
h(u, v) hP (u,v) ha(u,v)
(1 pa « p 1 qa a
/ / “ f dudv+ / / U)dudv

p q

M= /7 wIP P () du, /KY v dv
0 o h(u,v)

Observe that on putting v = uy, dv = udy, 0 < y < v/u, we have

Tt M (uy)*u 1 v ye
dv = dy = u' oA / dy,
/0 A(u,0) /0 A, uy) " o ALy

which implies

M = / (2—p)a+1— Afp( )Kl( )du

N = / pI=ae (v)dv/o h(uvdu
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Now, on putting u = vz, du = vdz, 0 < z < /v, we have

_/ (211)a+1/\ 9(v) Ko (v) dv.
0

Therefore (4) is satisfied. To prove the equivalence of (4) and (5), let (5) be
satisfied. Then, we have

[ k@ ;yhﬁsgod“)pd“

(2 q)a+1 A w p—1
 f K57 0) (i)
/L/ 7w, v) o
1 Y
g/“”pMIV%>&<m
P Jo
1
_%1Q/VUQ—®a+lAvlq(Q Dat1-N) e, < f )q@ v
q.Jo
L 7 (o_plati-r
-~ / W@ I=N 2 () K () du
0

1/7 (2—q)a+1—X 1% </V f(u) >p
+ - v 1-a K, (v du | dv.
qJo 2" () o h(u,v)

P
u> dv
<

.
/ u<2_p)a+1_>‘fp(u)K1 (u) du.
0

This implies

v (27q£(ij;17>\ qu Y f(u)
fE o ([

Now, let (4) be satisfied, we have

Yo Y (2—q)a+1—X 1 (2—q@)a+1-X
/ / f(w)g(v) dudv:/ U*Wg(v)K;(v)v&iqm(u)
o Jo h(u,v) 0

1

<6 (] ue) @
s/oW (Bmaet 129 (0) Iy (v) do

q
Y (2—q)a — _1 Y p
_|_1/ o AKzl_q (v) </ f) du> dv
P Jo o h(u,v)
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g g
i/o v DeF1I=Aga (1)) Ko (v) dv—&—;/o wPOFI=A P () K (u) du.

IN

In the particular case, (6) and (7) follows from (4) and (5) respectively,
noticing that for « = A/2 — 1, v = o0,

00 Z%—l
Ki=Ky=K = d
e /0 n1, )"
follows as
A A A A
oo 335_1 oo x§—1 00 ,fc_f_l 00 2’5_1
dr = ————dx = ——dx = d
/0 h(w, 1) /0 W, zo )" /0 n( e /0 h(1, )"
This completes the proof of the theorem. O

The following lemma is needed for the coming result.

Lemma 2. Leta; >0, p;>1,i=1,...,n, Z?ﬂp%.:l- Then

n n
[Me=y"
=1 i=

1 P

pi
L .
(2

Proof. We shall prove the lemma using induction. Obviously it is true for

n = 1,2. Suppose it is true for n — 1. Since

R S N !
YL Wr) e S e (20 m)

n—1 n—1 ne1 \ V(XIS Vi) 1
H ai> an < (Z 1/p,~> (H a¢> + —abr

i=1 =1

L Y S A
> Vi | [ [Ta" + ;aﬁ"

Sim) S ! S (S 1/m) (B2 /p)e
: (Z Upl) ; <Z:‘L;11 1/2%) i ( i )

=1,

=1
n—1 n ;
Loy 1, al
= g a;' + —ap" = E .
=1 Di Pn i—1 Di
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Theorem 3. Let f; >0, p; > 1, A\>p;—1,i=1,...,n, Z:’L:lz%
Then

*® < fitr) ... fu(tn)
/O ; (t1+"‘+tn)>‘dt1“.dtn

Proof. Define, fori=1,...,n

Observe that, via Lemma 2,

* a1 a1 Al
/ s Fl(S)...Fn(S)dS—/ s Pt Fi(s)...svn Fy(s)ds
0 0
oo N )\ lez )\ n
< ds— / Fpl
/O Z bi sz

=1

Since

[e¢) Di o0 oo} pi—1
Fg’i(s):< / e_tsfi(t)dt> < / e ' fPi(t)dt < / e_tsdt>
0 0 0
:sl_pi/ e_tsffi(t) dt
0
we obtain

/OOO SR (s) . Zp/ / eI fP(t) dtds

1 > o0
Z / Vis (t)dt/ NPTt g
- D 0

1 o ] o0
- Z — tpi_’\_lffl (t)dt/ uPie™" du
P pl 0

0
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On the other hand,

/OOZ“Fl(s)...Fn(s) ds=/o;“ /OZS“fl(tl)dtl.../oozSt”fn(tn)dt
/ / fi(th) ... fu(tn)dty ... dt, / g lemsltitttn) g

o fl(tl) fn( ) /\—1 —z
_/0 -, dt1...dt /0 e “dz

(t1+ -+ tp)
_ > * filt1) - fultn)
_I‘()\)/O |

Summarizing, we have

> - fl(tl)"'fn(tn)
/0 ; (tl—i-"-—l-tn))‘dtl”.dtns

3. APPLICATIONS

Corollary 4. On putting h(x,y) = (z+y), which is homogeneous of degree
A in Theorem 1, inequality (6), we obtain

/ / x+y da:dy
() (i [ rse)

Corollary 5. On putting f(x,y) = 2+, which is homogeneous of degree
A, in Theorem 1, inequality (6), we obtain

// ey +y R dedy

< (1 /Oox(l 3)P=1fp(g) dac+;/ooo y(1=2)1g7(y) dy)-
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Corollary 6. On putting f(x,y) = (wﬁ + yﬁ)ﬁ, which is homogeneous
of degree A, in Theorem 1, inequality (6), we get

e flx)gly)
/0 /0 (a:ﬁ—i-y\[\)ﬁdxdy

1 VA VAN (1 = (1=3)p-1 1% (1-2)a1 4
Sf)\B TS (p/ox( ) f(l')dm‘i‘q/oy( ) g(y)dy>.
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