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TWO TYPES OF MULTILINEAR STIELTJES INTEGRALS
IN THE HENSTOCK-KURZWEIL SENSE

ARMIN HALILOVIC

Dedicated to Professor Harry Miller on the occasion of his 70th birthday

ABSTRACT. In this paper we examine and compare two types of multi-
linear integrals considering their Stieltjes sums. The convergence of the
Stieltjes sums is considered in the Riemann, Moore-Pollard and Hens-
tock-Kurzweil sense.

1. INTRODUCTION

Multilinear Stieltjes integrals are natural generalizations of bilinear and
trilinear integrals. The aim of this article is to study how the existence and
properties of the multilinear integrals depend on both the way we define
the Stieltjes sums and the way we define the convergence of such sums. We
regard the theory of stochastic processes as one of the possible fields of ap-
plication for such integrals. We are concerned with multilinear Stieltjes-type
integrals such as [’ Ay (dgy, f1,dga, f2). [, Aa(dgy, fr. fo, dga.dgs), [7 As(fi,
f2,dg1), where [a, b] is a real interval, fx, g, are vector-valued functions de-
fined on [a,b], and Ay, is a multilinear operator. Another notation for such
integrals is, for instance, f[fj?} (dg1, f1,dga, fa).

Regarding the Stieltjes sums, two different kinds of definitions for a multi-
linear integral can be found in research papers on trilinear and, more gener-
ally, multilinear Stieltjes integrals. The basic difference in these definitions is
in the number of associated points in the subintervals [t;_1, ;] of the real in-
terval [a, b]. If we have more than one ”f-function”, then in each subinterval
[ti—1,t;] we can choose associated points in one of the following ways:

a) For every “f-function” we choose an associated point, so that we have as
many associated points in [t;_1,¢;] as “f~functions”. These types of integrals
have been considered in [1],...,[5].
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b) We choose only one associated point in [t;_1,t;] and evaluate all “f-
functions” at that point. See, for example, [8], [11], [12].
Using different types of the limit procedure we get various kinds of multi-
linear Stieltjes integrals such as Riemann-Stieltjes, Moore-Pollard-Stieltjes
and Henstock-Kurzweil-Stieltjes integrals of the first type (Type I) or of the
second type (Type II).

For example, if we consider the multilinear Stieltjes integral

b
/ A(f17f2adgl7f3))

we divide [a, b] into smaller intervals [t;—1,t;] ,a =t < t; <--- <t, =band
then choose associated points (numbers) in each [t;—1, ;] . We consider two
types of the Stieltjes sums and, consequently, two types of the multilinear
integrals:

Type I. We choose three arbitrary points, sﬁ, s%, sé, in each interval [t;_1,;],
which we substitute into fi, fo, and f3. Then we build the Stieltjes sum of
the first type,

n
S1(P) =Y A[fi(s1), fa(sh), g1(t:) — ga(ti1), f3(s5))-
i=1
A Type I multilinear Stieltjes integral is the limit of the sums S;(P). For
instance, if we consider the convergence in the Henstock-Kurzweil (HK)
sense, then, if the limit exists and has the value J;, we get the Type I
Henstock-Kurzweil-Stieltjes integral,

b
Ji = (HKS)) / A(fr, for dgn f3).

Type II. We choose only one point, s;, in each interval [t;_1,t;] and then
evaluate all ”f-function” using the same point, s;, to build the Stieltjes sum
of the second type,

Su(P) =" Alfi(s0), f2(s1), 91 (ts) — g1(ti=), f3(s:)].
=1
Then, if the HK-limit is J;; we denote

b
Jir = (HKSU)/ A(f1, f2,dg1, f3).

The main results are Theorems 5.2 and 6.1.

When we consider a multilinear integral in the sense of Henstock-Kurtz-
weil, then (in contrast to the bilinear case) the existence on the intervals
[a,c] and [c,b], a < ¢ < b does not imply the existence on [a, b]. In Theorem
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5.2 we add a new condition (pseudo additivity) and get sufficient conditions
for the existence of the multilinear integral on the hole interval [a, b].

In Theorem 6.1 we show that a multilinear integral exists in the sense of
Henstock-Kurtzweil on [a, b] if the integral exists in the Moore-Pollard sense
and the pseudo additivity condition holds at every point of the interval [a, b].

2. MULTILINEAR INTEGRALS

Definition 2.1. Let Xy,..., X, and Y be linear normed spaces over the
same field (R or C) . Then L(Xy,...,X,;Y) denotes the linear normed
space of bounded multilinear transformations A : X; X --- x X, =Y.

When denoting functions in a specific case, using different letters for the
?d” coordinates is convenient, such as in the integral ff A1(dg1, f1, f2,dg2),
but in order to define multilinear integrals in the general case, we use an
ordered set C, which indicates those functions and coordinates where we
consider ”df” (differences in the Stieltjes sums).

For example, C' = (1,0, 1,0, 1) means that we consider a multilinear Stielt-
jes integral of this type

b
/A(df17f2,df37f4,df5)-

Let C = (c1,¢2,,...,¢p) be an ordered set of p elements where ¢; = 0 or
cj =1 Wedenote Iy ={j :¢; =0}, Ig ={j : ¢;j = 1}, K = card(I,) and
assume that p > 2, Iy # 0 and I # 0.

Let [a,b] C R. A partition of [a,b] is a finite set of numbers (points)
P = {to,t1,...,tn} such that a = tg < t; <--- < t, = b. The norm of the
partition is defined as

|P| = max{|t; — ti—1]|, i=1,...,n}.

Let fj : [a,b] — Xj;, j=1,...,pandlet A € L(Xy,...,X,;Y). We
define two types of Stieltjes sums, S;(P) and S;;(P), and consider the con-
vergence in the Riemann, Moore-Pollard or Henstock-Kurzweil sense. Con-
sequently, we obtain two types of Stieltjes multilinear integrals:

Stieltjes sums, Type I
For every i = 1,...,n, let sé be K points arbitrarily chosen in the interval
[ti—1,t;] of the partition P. Then, the Type I Stieltjes sum is

n
Si(P) = Y AIF.F.....F)
i=1

Fi— { fj(Sé-), it ¢; =0;
’ fiti) = fi(ti1), if ¢ =1.

where
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Stieltjes sums, Type II
For every i, let s; be an arbitrary point chosen in the interval [t;_1,¢;] of the
partition P. Then the Type II Stieltjes sum is

Si(P)=> A[F},Fj, ... F]]
i=1
where
Fi— { fi(si), if ¢j=0;

Thus, in the case of the Type II Stieltjes sum, for an interval [t;_1,t;] we
choose only one point that we then substitute in each function f;,j € Is.

3. RIEMANN-STIELTJES MULTILINEAR INTEGRALS (RS)

Definition 3.1. We say that the Type I multilinear Riemann-Stieltjes in-
tegral of f;,j € I, with respect to A and fj,j € Iq, exists on [a,b] if there
exists a vector J; € Y with the following property:

For every e > 0, there is a constant 6 > 0, such that for any partition
P ={to,t1,....tn}, a =19 <t1 <--- < t, =b and any choice of points s,
tic1 <s! <tj,jels,i=1,...,n, we have

|P| <= |J[ — S[(P)| < €.
We write

b
Ji = (RS)) / A(dofr, dofo, ... dof)

where

_ f'7 Zf C':O;
djfj_{ d}j, if cj~=1.

Definition 3.2. We say that the Type II multilinear Riemann-Stieltjes in-
tegral of f;,j € I, with respect to A and f;,j € Iq, exists on [a,b] if there
exists a vector Jiy € Y with the following property:

For every e > 0, there is a constant 6 > 0, such that for any partition
P ={to,t1,...,tn}, a =ty <t1 <--- <t, =b and any choice of points s;,
ti1<s;<t;,j€ls,i=1,...,n, we have

|P| <d=> |JH — SU(P)| < €.
We write

b
Jir = (RSH)/ A(d1f17d2f2>-'-7dpfp)'
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Remark 3.1. It is obvious that the existence of the integral

b
Jr = (RSI)/ A(dyfi,dafa, ... dpfp)

implies the existence of

b
Jir = (RSH)/ A(difi,dafa, ..., dpfp).

However, the converse conclusion is not valid as we see by the following
examples:

Example 3.1. Suppose that X; = Xo = X3 =Y = R. We define A as the
ordinary multiplication, A(x1,x2,x3) = x1T273.
0, for0<t<1 1, for0<t<1
Letfl(t){ 1 forl<t<g 2= { 0, for1<t<2’
() = 0, for0<t<«<1
W=V 1, for1<t<2

and

We shall show that the RS integral of the first type does not exist, but
that (RSyr) fo (f1, f2,dg) does exist.
a) (Type I) Assume 0 < 6 < 1. Let P be a subdivision of [0, 2] which
includes the interval [t;_1,t;] = [1—§/2,140/2]. Note that g(t;)—g(ti—1) =0
if ¢ # k, since g(t) is constant in any of the intervals [0,1) and (1,2]. Thus

=Y A[f1(s1), fa(55), 9(ti)—g(ti-1)] = fr(sh)- fa(s5)-(9(te) —g(tr—1))

i=1

= fu(s?) - fa(s5) - L.

Therefore, we have

[ 1, ifsf>1and sk <1,
SI(P){ 0, if sk <1orsk>1.

Thus, for any § > 0 we can build two Stieltjes sums, Si(P) and S?(P),
that differ only in their associated points in the interval [tx_1, ], such that
|P| < & and |S}(P) — S?(P)| = 1. Therefore, the RS-integral of the first
type (Type I) does not exist.

b) (Type II) Since fi(s;) - fa(s;) = 0 for all i, we have that, for every
partition P,

Srr(P ZA f1(s0), fa(si), g(ti) — g(ti-1)] = 0.
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Therefore, the RS integral of the second type exists and

2
(RSH)/O A(f1, f2,dg) = 0.

Example 3.2. Let B([0,1], R) denote the normed space of real bounded
functions on [0, 1] with the supremum norm, |f| = sup(|f(z)| : x € [0, 1]).
Suppose that X; = Xo = X3 = Xy =Y = B([0,1], R). We define A as the
ordinary multiplication of functions, A(f1, fa, f3, fa) = fifafsfa.

Let fi(t) = X0, f2(t) = X1, 91(8) = g2(t) = X[ and C=(0,0,1,1),
where xjs is the indicator function of the set M, that is,

(z) = 1, ifee M,
XMAEI= 0, ifz¢ M.
Note that:

i) The functions fi, f2, g1 and gy are discontinuous at each point of the
interval [0, 1].
ifb<a

i) f1(a)f2(b) = { Q‘S’;“]’ if a <b.

iii) (g1(d) — g1(c))(92(d) — g2(c)) = X(c,q if ¢ < d.

We now have the following:

a) The integral of the first type (RST) fol A(f1, f2,dg1,dgs) does not exist
since for any § > 0 we can build two Stieltjes sums, St(P) and S?(P), such
that |P| < § and |S}H(P) — S3(P)| = 1.

To form such sums, consider any partition P = {to,t1,...,t,}, a =ty <
t; <--- <t,="b, such that |P| <.

For the first sum, S} (P), we choose s} = s} in each of the intervals [t;_1, ;]
so that f1(s})f2(s4) = Oy. Therefore, for every i,

Fi(s0) f2(s5) (g1 (t) — gr(ti1))(92(ti) — g2(ti-1)) = Oy
and consequently S}(P) = Oy.
For the second sum, S?(P), in the first interval [tg, ¢1], we choose different

associated values s > si. In other intervals of the partition P, we choose

the same values as those of the first sum, S}(P). Hence
S%(P) = X(s%,s%]'
Now,
|SH(P) — S7(P)| = suplx (s, — Oy| = 1.

Therefore, the integral of the first type (RSr) fol A(f1, f2,dg1,dg2) does not
exist.
b) Since, for every i,

fi(si) f2(si)(91(ti) — g1(ti=1))(g2(ti) — g2(ti—1)) = Oy,
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we have S77(P) = 0y. Therefore, the integral of the second type exists and
(RS1r1) fol A(f1, fa,dg1,dg2) = Oy

4. MOORE-POLLARD-STIELTJES MULTILINEAR INTEGRALS (MPS)

Definition 4.1. We say that the Type I multilinear Moore-Pollard-Stieltjes
integral of f;,j € I, with respect to A and f;,j € Iy, exists on [a,b] if there
exists a vector J; € Y with the following property:
For every € > 0, there is a finite set E C [a,b], such that for any partition
P D E, P={tyt1,...,tn}, a =ty <t < --- < t, = b, and points sg,
ti—1 Ssg <t,j€ls,i=1,...,n, we have
‘J[ — S[(P)‘ < €.

We write

b
J; = (MPS)) / Aldifr dofor. . dyf)

_ f'7 Zf C'ZO;
djfj_{ d}j, if cj-zl.

In a similar way, when using S7;(P), we define

where

b
(MPShr) / A(dyfr.dafa, ... dpfp).

Remark 4.1. We see from the definitions of RSt r and M PSy rr that the
following implications are valid:

a) I (RSy) [PA(di f1,dafa, ... dpf,) exists, (RSrr) [P A(dy fr,dofo, - .., dpfp)
also exists and has the same value.

b) If (RSy) [PA(di fi1,dafo, ... dypfy) exists, then (MPSy) [PA(dyf1,dafo,
..., dyfp) exists and has the same value.
¢) It (RSyy) [P A(di f1,dafa, . .., dyf,) exists, then (M PSyr) [2 A(dy f1, da fo,
...,dpfp), exists and has the same value.
A) If (MPSy) [PA(dy f1,dafa, . . ., dpf,) exists, then (M PSyr) [PA(dy f1, do fo,
..., dpfp), exists and has the same value.

These implications are illustrated in the following figure:

RS[ = RS[[

4 4
MPS] = MPSH.

Remark 4.2. The existence of M PSj; does not imply the existence of
MPS;, as we show below by using the same functions as those used in
Example 3.1.
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a) Let E be an arbitrary partition of the interval [a, b]. For any refinement
P D E, we can build two Stieltjes sums, S+(P) and S?(P), differing only in
associated points in one interval which contains point 1, such that

|S1(P) = S(P)| = 1.

To show this, we consider two cases, al) 1 ¢ P and a2) 1 € P.
al) If 1 is an interior point of an interval defined by the partition P, we
construct the sums S}(P) and S?(P) in the similar way as in Example 3.1.
a2) Let 1 € P. For this case, suppose that ¢, = 1. In the interval [t;_1, tx],
we can choose points s¥ = 1 and s§ < 1 to build the sum Si(P). In the
same interval, for the sum S?(P) we can choose s¥ < 1 and s§ < 1. In other
subintervals, we can take the same associated points for both Stieltjes sums.
Then we have

ISHP) - S3(P)| = 1.

Therefore, the MPS-integral of the first type (Type I) does not exist.

b) (Type II) Since fi(s;), f2(si) = 0 for all 4, we have that, for every
partition P,

Srr(P)=0

This shows that the MPS integral of the second type exists and has the
value

2
(MPS]])/O A(fl,fz,dg) = 0.

5. HENSTOCK-KURZWEIL-STIELTJES MULTILINEAR INTEGRALS (HKS)

The difference between Riemann-type integration and Henstock-Kurzweil
(HK) integration is that ¢ in the definition of HK-integrals is not necessarily
a constant but a positive function defined on [a, b], see [6],[9] or [10].

The basic concept in the theory of the HK integral is that of a d-fine
division which we now extend to the case of the multilinear integration.

Stieltjes sums, Type I

Note that in this case we have K (= card(ls)) associated points in each
subinterval.

Let P = {to,t1,...,tn},a=1t9g <t1 <---<t, =>band let

Dr = {Si, [ti—lvti]}

denote a collection of intervals [t;_1,t;] and points S; = {sg}, where t;_1 <
sl <ti,j €L, i=1,....,n. Wesay that Dy is a division of the interval
[a, b].

Let 0 : [a,b] — R be a positive function. We say that a division Dj of the
interval [a, b] is J-fine if

sl —6(s))<tin<s <ti<s+0(s), jel, i=1,...,n.
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The associated Stieltjes sum of the first type we define in the same way as
in the definition of the RS-integral

Si(Dr) =Y _AlF{,Fj,...,F)]
=1

where ,
F;_{ i(s5), if ¢ =0;
J fj(tz') — fj(ti_l), if Cj = 1.
Stieltjes sums, Type II
In this case we choose only one associated point, s;, in each interval
[ti—1,ti], and denote
Dirr = {si, [ti—1,ti]}-
A division Dy in this case (Type II) is d-fine if

S; —5(57;) <ti1<s5 <t < 57;4—5(81'), 1=1,....,n.
The second type Stieltjes sum is

n

Si(Dir) =Y AlF{,Fj,...,F)]
i=1
where
! fi(ts) = fi(tic1), if ¢;=1.

Lemma 5.1. If § is a positive function defined on [a,b], then there exists
at least one d-fine division Dj.

Proof. When we consider a H K .S multilinear integral of the second type,
we can prove this lemma in the same way as for the ordinary H K S integral,
see [6],[9] or [10]. So, for any positive function § defined on [a, ], there is a
division Dy = {s;, [ti—1,t;]}, such that

Si—(5<8i) < ti—1 §3i§ti<si+5(si), 1=1,...,n.

If we consider Stieltjes sums of the first type then we can simply take sg =s;
for j € I;, i=1,...,n and obtain at least one J-fine division Dj. O

Definition 5.1. (Henstock-Kurzweil-Stieltjes multilinear integral) We say
that the Type I (Type II) multilinear Stieltjes integral of f;,j € I with
respect to A and fj,j € Iy, exists in the Henstock-Kurzweil sense on [a,b],
if there exists a vector J;y € Y (Jrr € Y') with the following property:

For every e > 0, there is a positive function 0 : [a,b] — R such that for
any d-fine division Dy (Drr)we have

‘J[ — S](D[)’ <€
(‘J[] — S][(D[])‘ < 6).
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We write

b
Ji = (HES)) / Adifr, dofor.. dy 1)

b
(Jir = (HKSH)/ A(dyfr,dafa, ... dpfp))

where

dfj, ’Lf CjZl.

Remark 5.1. We see from the definitions of RSt ;; and HK Sy that the
following implications are valid:

a) If (RS;) [0 A(d1f1,dafs, ..., dyf,) exists, then (HKSy) [* A(dy f1,dafo,
..., dpfp) also exists and has the same value.

b) I (RS1r) [2 A(da f1, dofa, - . dpf,) exists, then (HKSyr) [2 A(dy f1, da fo,
...,dpfp), exists and has the same value.

) If (HKSy) [P A(di f1,dofo, ..., dpfy) exists, then (HKSrr) [PA(da f1, da fo,
..., dpfp), exists and has the same value.

d; fj :{ S ¥ G0

Note that the existence of RS; implies the existence of RS;;. We can
illustrate these implications in the following figure:

RS[ = RSH

4 I
HKS] = HKS[[.

Since the theory of the multilinear H K Sy is very similar to that of the
bilinear Henstock-Kurzweil-Stieltjes integral and moreover, the existence of
HK Sy implies that of HK Sy;, we shall mainly discuss the HKS-integral of
the first type.

Lemma 5.2. If the integral (HK Sy) fab A(dy fr,dafa, ..., dyfp) exists then
it 1s uniquely determined.

Proof. Suppose J; and Jo are two values of this integral. Then, for any
e > 0, there exist functions §; > 0 and dy > 0 such that |J; — S;(D1)| < €
for any d;-fine division Dy and |Jo — S7(D2)| < € for any do-fine division Ds.

Define § = min(d1,d2) and consider d-fine division D = {S;, [ti—1,t]}
where S; = {s]}. Since such division D satisfies

sl —6(s)) <ti1<sl <ti<sl+0(s), jel, i=1,...,n

we have that any J-fine division D is also d1-fine and d2-fine.
Thus |J1 — S1(D)| < € and |Jo — S;(D)| < e. Therefore, |J; — Ja| < 2e,
which means that J; = Js. O
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Lemma 5.3. (Cauchy condition) Let Xi,...,X, and Ybe linear normed
spaces over the same field (R orC ), A€ L(Xy,..., X Y) and f; : [a,b] —
X;. If 'Y is a Banach space, then the integral (HIKST) f; A(dy f1,d2 fa,
.. dpfp) exists if and only if for every e > 0 there exists a positive function
d(s), defined on [a,b], such that for any §-fine divisions D1 and Dy we have

1S1(D1) — S1(D2)| < e.

Proof. Necessity. (Note that for this part we do not need the assumption
that Y is complete.) Suppose that the integral exists and has the value of
J. Then, for every e > 0, there exists a positive function §(s), defined on
[a, b] such that

7= Si(D)| < 5

for any d-fine division D = {S;, [ti—1,t;]}. Let Dy and Dy be two d-fine
divisions of [a, b]. Then

[S1(D1) = S1(D2)| < |S1(D1) = J| +|J = S1(D2)]| <e.

Sufficiency. Assume that the Cauchy condition holds. For each k € N we
choose a positive function & such that for any dg-fine divisions D7 and Do
of [a,b] we have
1

|S1(Dy) — S1(D2)| < s
We may assume that dxy1(s) < 0x(s); otherwise, we replace 0p11(s) by
min(dk+1(s),0k(s)). Now, for each k, we fix a di-fine division Dy and denote
Jr = S1(Dy). For m > k, since d,,(s) < dx(s), it follows that D,, is a di-fine
division of [a, b]. Thus, for m > k,

1

This implies that Ji, £ = 1,2,... is a Cauchy sequence in Y. Since Y is
a Banach space, the sequence converges. Let J be the limit of the sequence.
It remains to be shown that J is a H K Sr-integral, according to Definition
5.1. It follows from (5.1) that |J, — J| < ¢ for k € N. Now, for € > 0, we
choose K > 1. Let D be a dx-fine division of [a,b]. Then,

2
51(D)=J| < [S1(D)=Jk |+ Ik =J|= |S1(D)=S1 (D) |+ Tk = I| < 5= < 2e.
Hence, the integral exists and (H K St) f; A(dyfr,dafa, ... dpfp) = J. O

Theorem 5.1. If Y is a Banach space and the integral (HK St) f(f A(dy f1,

dafa,...,dpfp) exists and if a < ¢ < d <b then (HKST) fch(dlfl,dzfg,
.. dpfp) also exists.
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Proof. Let € > 0. Since the integral exists on [a,b], the Cauchy condition
holds and there exists a positive function (s) on [a, b] such that

|S1(D1) — S1(D2)| < € (5.2)

for any d-fine divisions D and Dj of [a,b]. Consider two -fine divisions D’
and D" of [¢,d]. In order to show that

1S1(D") — Sr(D")| < e, (5.3)

we shall construct two divisions D; and Dy of the interval [a, b] that include
D" and D”. Let D, be a d-fine division of the interval [a,c] and let D, be
a o-fine division of the interval [d,b]. Now, we put D; = D, U D’ U D}, and
Dy = D, U D" U Dy and get two 0-fine divisions of the interval [a, b]. From
(5.2), we have

|S1(D1) — S1(D2)| < e.
Since S7(Dy) — S1(D2) = S(D') — S1(D"), we obtain
1S1(D") — S(D")| < e.

So, the Cauchy condition holds on the interval [c, d]. Consequently, since Y
is a Banach space, the integral (H KSy) fcd A(dy fr,dafa, ..., dyfp) exists. O

As a consequence of this theorem we have that the existence of the H K St
multilinear integral on [a, b] implies the existence on the subintervals [a, c|
and [c, b], where a < ¢ < b.

The converse statement is true in the case of bilinear H K'S integral. This
is also true in a special case of H K .S multilinear integrals when I; has only
one element (see remark 5.2 below).

But, in the general case when I; has more than one element, the existence
on the subintervals [a, ¢] and [¢, b], a < ¢ < b does not imply the existence of
the HK S multilinear integral on [a, b], as we see in the following example.

Example 5.1. Suppose that X; = Xy = X3 =Y = R. We define A as the
ordinary multiplication, A(x1,x2,x3) = x1T23.

0, for0<t<1

Let fi(t) =1for 0 <t <2, and fo(t) = f3(t) =< 1, fort=1

2, forl<t<2.
Then, the HK Sy integral exists on the intervals [0,1] and [1,2]; (HKSy)
[ A(f1,df2,dfs) = 1 and (HKS;) [? A(f1,df2,df3) = 1. But, the integral
does not exist on the interval [0,2]. To show this, we consider a positive
function ¢ : [0,2] — R. We can always choose a d-fine division, D;, that
includes 1 as an associated number (point) which is in the interior of a
subinterval. Let [ty_1,tx] be the interval which contains the number 1 and
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tr_1 < 1 < tg. Since functions fy and f3 are constant in other intervals, we
have

Si(D1) =1+ (f2(te) = fo(t—1))(fs(tk) — f3(tk—1)) =1-2-2=4.
Now, we construct another d-fine division, Ds, by replacing [tx_1,tx] with

two intervals [tx_1, 1] and [1,¢g]. In both intervals we use 1 as an associated
number (point). So, we have

S1(Da) =1+ (f2(1) = fa(tr—1))(f3(1) — f3(tx—1))
+1-(faltr) = f2(1)(fa(te) = f3(1)) =1-1-1+1-1-1=2.

Thus, S;(D1)—S7(D2) = 2. Since ¢ is an arbitrary positive function on [0, 2],
the Cauchy condition does not hold. Consequently, the HK St integral of
the function fi, with respect to functions fo and f3, and the operator A,
does not exist on [0, 2] even though it exists on [0, 1] and [1,2].

Note that there is no difference between HKS; and HK Sj; in Example
5.1, since I, has only one element.

In the next theorem, assuming that the H K'S; integral exists on both [a, ¢]
and [c,b], we add a new condition at the point ¢ and obtain the existence
of the integral on [a, b]. In the case of ordinary Stieltjes integrals, a similar
condition is called pseudoadditivity, see [7])

Theorem 5.2. Let a < ¢ < b. Assume that:
a) The integrals (HKSp) [* A(d1f1,d2f2, ..., dpfp) and (HKST) fcb A(di fi1,

dafa,...,dpfp) exist.
b) For any € > 0, there exists d. > 0 such that c —d. <t' < ¢ <t" <c+d,
implies

‘A[F]_,FQ, .. .,Fp] + A[Gl,GQ, .. .,Gp] — A[Hl,Hg,. . .,Hp” < €,

where
£ :{ fi(e), if ¢ =0
! file) = fi(t), if ¢j=1"
— f’(C), if ¢;=0
G]_{ FD — fi(e), if ¢ =1 o4
‘(C)a if Cj =0

H; = { f] " / ) .
! fi®") = £, if ey =1
Then, the integral (HK St) f; A(dy f1,dafa, ..., dyfp) exists.
Proof. Let us denote the integrals on [a,c] and [c,b] by Ji and Jp. Fix
e > 0. There exists a positive function d;, defined on [a, c| such that |J; —

Sr(D1)| < € for any d;-fine division Dy of [a,c|. Similarly, there exists a
positive function dy, defined on [c,b] such that |Jo — S7(D2)| < e for any
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do-fine division Dy of [¢,b]. Now, we shall construct a positive function 6,
defined on [a, b], which forces the point ¢ to be an associated point for every
d-fine division of [a,b]. We denote the distance between s and ¢ by d(s, ¢)
and define § as follows:

min(d1(s),d(s,c)), if s€a,c)
d(s) = ¢ min(d2(s),d(s,c)), if se(cd]
min(de, d1(c),d2(c)), if s=c.

Suppose that D is a d-fine division of [a,b] and that ¢ € [/, "]. We consider
|J1 + J2 — S7(D)]. In the Stieltjes sum S;(D) we “approximate” the c-term
A[Hl, Hs, ..., Hp] by A[Fl, ... ,Fp] + A[Gl, Go,. .., Gp] and obtain the
following;:
S[(D) = S1(D1) + SQ(DQ) + A[Hl, Ho, ..., Hp]
— AR, Fs, ..., Fp] — AlG1,Ga,...,Gp).

Hence, using the conditions a) and b), we have
’Jl + Jo — S](D)‘ < ’Jl — S[(Dl)‘ + ‘JQ — S](D2)| + ‘A[Hl,HQ, R ,Hp]
—A[Fl,FQ,...,Fp] —A[Gl,GQ,...,Gp] <e+e+te

So, the integral (H K Sy) f:A(dlfl, dafa,...,dpfp) exists and has the value
of Ji + Js. O

Remark 5.2. The condition b) in Theorem 5.2 is identically fulfilled if
I = {j : ¢;j = 1} has only one element (i. e., we “differentiate” only one
function). For example, if we consider (H K Sy) f; A(f1,df2, f3), we have:

Alfi(c), fale) = f2(t), fa(c)] + Alfi(c), f2(t") = fa(c), f3(c)]
— Alf1(c), fo(t") = fa(t'), f3(c)] = Oy.

Thus, if (HKS;) [ A(f1,df2, f3) and (HKSy) [* A(f1,dfa, f3) exist, where
a < c¢<b,then (HKSy) f:A(fl,dfg, f3) also exists.

So, when I has only one element, the existence of the HKS; (HKSrr)
multilinear integral on the subintervals [a, c] and [c, b] implies the existence
of the integral on [a, b], without new conditions, as we state in the following
corollary.

Corollary 5.1. Let a < ¢ < b. If the integrals

Jl = (HKSI) /CA(flv"'7fk—17dfkafk+l-"afp)

a

and

b
JQZ(HKSI)/ A(fl)"')fk—ladfkafk+1°"afp)
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exist, then the integral

b
J=<HKso/‘Awh”wﬁ%hﬂhﬁ%yu,@>
exists and J = Jy + Js.

Proof. Assume that the H K St integral exists on the intervals [a, ¢| and [c, b].
It is enough to prove that condition b) in Theorem 5.2 is fulfilled. Assume
that a <t < ¢ <t’ << b. Then, we can write

fr") = fit) = f@") = fr(c) + frlc) — fir(t).
Since A is a multilinear operator, we have

A[FlaFQa"'an]+A[G17G27"'aGp]_A[H17H27"'3Hp] :OY7

where
o c), if j#£k
j_{ o)— ft'), if j=k’
) it j#k

)~ fi(e), i j=k

= 5e) it j#k
PO L) = S, i =k
Thus, the condition b) in Theorem 5.2 is identically fulfilled. Hence, the in-

tegral J = (HKS) [2 A(fi, .., fe1sdfi, fori-- -, fp) exists and J = J; +
Js. O

S SRS &

6. MPS AND HKS MULTILINEAR INTEGRALS

In this section we shall discuss the relationship between the existence
of the multilinear Stieltjes integrals in the Moore-Pollard and Henstock-
Kurzweil sense. If we consider ordinary, bilinear (or multilinear integral
where I; has only one element), the existence of the MPS integral implies
the existence of the HKS integral. But, in general case, the existence of the
MPS; (MPSj) integral does not imply the existence of the integral H K S}
(HKSpr). To show this, we again use Example 5.1. When we discus the
existence of an M PS integral, we can always include any given point in a
subdivision. We consider a division D of the interval [0, 2] which includes
t=1 as a division point. For any such division we have: S7(D) = 2. Hence,
the M PS; integral exists and (M PSy) [Z A(f1, dfs, df3) = 2.

(Note again, since I has only one element, that there is no difference be-
tween integrals of the first and second types in this example.)

We have already shown in Example 5.1 that HK Sy (HK Syr) does not exist
over [0,2]. So, in the general case, the existence of the M PS; (MPSyy)



36 ARMIN HALILOVIC

integral does not imply the existence of the HKS; (HK Srr) multilinear
integral.

In the next theorem we assume the existence of the M PS; multilinear
integral. Then, to obtain the existence of the HK St integral, we add the
pseudoadditivity condition at every point x € [a, b]).

Theorem 6.1. Assume that:

a) (MPSy) fab A(difi,dafa, ..., dpfp) exists and

b) for any x € [a,b] and € > 0, there exists de > 0 such that t',t" € [a,b]
and v —d. <t <x <t'"<ax+d. implies

‘A[Fl,FQ, o ,Fp] —|—A[G1,G2, .. .,Gp] — A[Hl,HQ,. . .,Hp” <€,

where
F. = { fj(SU), if C; = 0
T7 fi@) = £, if ¢ =1"
@ _{ fj‘(t”)—fj(:c), if cj» _q o
H.:{ fj($>, if c;j =20
’ () = f(8), if =1

Then (HKSt) fab A(difi,dafa,...,dpfp) also exists and has the same value
as (MPSy) [2 A(dy fr,dafa, .., dpfp).

Proof. Fix ¢ > 0 and denote (MPSy) [* A(dyf1,dafa,. .. dpfp) by Ju.
Then, there exists a finite set

E ={zp,z1,...,2m} Cla,b], a=x0<w1 < -+ <Tp =0,
such that for any partition
P:{t07t17--'7tn}a a=ty <t <---<t,=0,

which contains F, and for points s} tig < sj- < t;, where j € Iy and
1=1,2,...,n, we have

|Jyr — S1(P)| < e. (6.1)

We apply condition b) on the points of the finite set £ = {xg,z1,...,Tm}.
So, there exists d. > 0 such that z;, —d. <t < xp <t" < 2}, + d, implies

€
|A[F1,F2, - ,Fp] + A[Gl,GQ, - ,Gp] — A[Hl,HQ, .. .,Hp” < E’



TWO TYPES OF MULTILINEAR STIELTJES INTEGRALS 37

where
($k), if Cj = 0
(xk) = fi(t), if ¢;=1"
(xk), if Cj = 0
()~ i), it =1 ¢
o (), if ¢;j=0
! (") = f; (@), if ¢ =1"
Now, using a distance function, we construct a positive function 6 on the
interval [a, b] that forces the points of the finite set E to be associated points
for every d-fine division D.
Let d(s, E') denote the distance between s and FE, that is,
d(s,E) = min{|s —xg|, k=0,...,m}.
So, if s ¢ E then d(s, F) > 0. Let
0 =min{|zr —xp—1|, k=1,...,m}.
We define §(s) to be

i(s) = { min(de,01/2), if sekE

d(s, E), if s¢FE "
Let D = {{sf}, [ti—1,ti]} be a d-fine division of [a,b]. Due to the definition
of §(s), the points {xg, z1,...,x,} are associated points. Furthermore if x,
lies in the interval [t [ i—1, ti, then the relation

sl —0(s]) <tig <sl <t;<s+0(s)),

is possible only if si = xy, for all j.

Consider the Stieltjes sum S7(D). In order to obtain a partition P which
includes E , we divide every interval [¢;_1, ¢;] which contains zj as an interior
point into two parts, [t;—1, x| and [xg,t;]. Then, we “approximate” the term

AlHy, Hs, ..., Hp)

by the sum

A[Fl,FQ, - ,Fp] + A[Gl, Go,..., Gp],
where
$k) if Cj = 0
i(zg) — fi(tizn), if ¢g=1"
), if ¢,=0
tl)) fian), if ¢ =1 2
a:k) if ¢j=0

) fj(l 1) if CjZl.'
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Let us denote Ly, = A[H;, Ho, ..., Hp]—A[Fl, Fo ... ,Fp]—A[Gl, Go, ... ,Gp].
Then using (6.1) and condition b) we have

[Jar — S1(D)] < |Jar — S1(P)| + 3 [Li| < e+ m% = 2.
k=1

This means that (HKSt) fab A(dy f1,d2f2, ..., d,fp) exists and has the value
Ju = (MPSy) [P A(di fr,dafo, . dpfp)- O

Note again, that in the case when I; has only one element (we “differen-
tiate” only one function for example fi), condition b) is identically fulfilled
and we have the following;:

Corollary 6.1. If

b
(MPSI)/ A(froe o fo—todfis frv1 -0 fp)

exists, then

b
(HKS[)/ A(fr, -5 fo—1,dfi, frosr -, fp)

also exists.
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