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SOME NEW INEQUALITIES FOR THE STRICTLY MONOTONIC
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ABSTRACT. In this paper we give the generalization of the inequalitie

niiap > i:ia} i:iqnft > éa‘siian—s > (éaig)z
O<t<s< g, a>0Vvie{l... n},

(see [3] and [1, p. 377]), and the new results for the stricthnotonic functions
and positive n-tuples.

1. INTRODUCTION AND BASIC TERMS

Leta= (al,...,an),B: (b, ...,bn) be positive n-tuples. Thus the positive n-
tuples are:
& = (a5,...,a5), (c € R),ab = (azby, .., anbn),
a = (ag, ..., 1,81, --»an+1),1<k<n+1,
andalna = (ajlnay, ...,anlna,) is real n-tuples.

Let f(t) be a real function and let be
n

s(@) = _Zlen””-

Thus we have

n+1 n+1
Zi 'V = 5 (@ e Zi si(a") =nS.1(@®)
i£k

Definition 1.1. Letl = (a,B) C R, g: I — R. The function g is strictly monotoni-
cally increasing (decreasing) dn if

a<u<v<B=g(v)—g) > (<)O0. (1.1)
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The fact that g is strictly monotonically increasing (dexsimg) onl, we will
denote by ¢ (g ).

Remarkl.1l In this paper, the features of strictly monotonically irasimg (de-
creasing) functions, characterized by strict inequalityttee right side of the im-
plication (1.1), will be considered.

2. SOME THEOREMS ABOUT THE STRICTLY MONOTONIC FUNCTIONS AND
POSITIVE N-TUPLES

Lemma 2.1. Let g be a function that satisfies the conditions of definitidn If the
function g is also differentiable dn then we havc%EJ <)0,Vvt € I where the sign

= is valid only for a discrete set of points i and it does not exist any interval
J C Tsuch that‘(jj—“t11 =0Vt el.

Proof. If we assume that the intervalc I, such thal‘g—? =0,vt € J, exists, then it
would appear thag(t) = const Vvt € J , which contradicts the assumption that g is
strictly monotone ori. O

Theorem 2.2. Let g: I — R, I = (a,B), a positiv n-tuples and ¢ a real number,
then for a sequence of function.$'FH —R

21 C+9 Za (t>)Sn(§°‘9(t>),

is valid
21 if (g>0,g1) or (g<0,9}), then R,
22. if (g>0,9]) or (g<0,91), then R .

If the function g is differentiable oh we can relax the conditions 2.1. and 2.2. on
the next way
.. d . d
21" |fgd—g>0 then F4: 227 |fgd—g<0 then | .
According to the Lemm2.1 the sign = valid in 2.1.* and 2.2.* only for a discrete

set of points ir.

Proof. For all integers1 > 2 anda < u < v < 3 we will by mathematical induction
prove that

2.1.(or 22) = Fn(E g(v)) > (or <)Fy(a,g(u)) (2.1)
where the sign =is valid ifyy = --- = a,.
Since

F2(a,9(v)) — F2(a g(u)) Zi g o Zi Zng Zl

_ a0 580) (8901 _ 8v)-G(1)) a0 8(t) _ av)+alu)y
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it comes out
sgn(F2(a,9(v)) — F2(a,g(u))) = sgr(a; — az)* > 0, if applicable 2.1.

sgn(F2(a,9(v)) — F2(a,g(u))) = —sgr(a1 — a2)* < 0, if applicable 2.2.
where the sign = is valid iffy = a,
Thus, (2.1) is true for n = 2.
Suppose that (2.1) is valid for sommé> 2) and the sign = in (2.1) holds ifi; =
.- =an. Then fork € {1,...,n,n+ 1} we obtain the inequality

Fn(a,9(V)) > Fn(a,9(u)), for a<u<v<f (2.2)

where the sign=isvalidify =--- = a1 =ak 1 = --- = ans1.
By applying the conditions 2.2, instead of the conditiorfs & (2.2) the opposite
sign of the inequality holds. So,

C oo v v o e erel) e e-o)
g g z g g )
i=11#k i=11#k i=11#k i=1]1#k
fora<u<v<p,
and summing these n + 1 inequalities we obtain
n+1 n+1
Z<&+1<é°+g<v>> —a. ) Z<&+1<é°*g<v>> —a )
i= =
n+1 ntl

> 3 (Sn@Y) - a v > (Sual@ ) - g ™),

(N— DS (@ 9)G,,1(89Y) > (n— 1)Gy 1 (8F9Y) Sy (89 e

Fri1(8,9(V)) = Fnpa(a,g(u) fora<u<v<p (2.3)
where the sign =is valid iffy = --- = a1 1.
By applying the conditions 2.2, instead of the conditiors #h (2.3) the opposite
sign of the inequality holds, which gives us the proof. O

Theorem 2.3. For every cc R, 0 <t < s< oo, the following inequalities hold
Si(@)? < SiEH)S(ET) < @)@ ), (2.4)
whence for &= n, t = k € N we get a series of the inequalities

SE<sE@HSHE Y < <HE@ESET)
< Sq(é_nJrkJrl)S.l(énfkfl) < ...

(2.5)

In (2.4), (2.5)the sign =isvalid iffa=---=ay.
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Proof. Letg(t) =t,i.e.g(t )dg =t. By the condition 2.1.* (2.2.*) from the Theorem
2.2 we have the following continuous function

Fa(@t) = ,_iaﬁ’“ __izf-t —SENSE () fort> ()0

Therefore the functiof,(a,t) = S,(a%™) S (a° 1) has a minimum for t =0, i.e.
minFy(a,t) = $(&)° < S@HS(E ) 1(1) fort>(<)0.  (26)
From (2.6) we obtain the inequalities (2.4), (2.5). O
Remark2.1L From (2.4), forc =0,t= 1, we obtain
S@)?2=r<s@)s@"),

which is the inequality between the arithmetic mégia) and the harmonic mean
Hn(a) of the positive n-tuplea
Si(at) n
= > — pry

Theorem 2.4. Let g: I — R, I = (a,B) . Then for a finite series of functions

Gy 1R,
Zﬁ Z o0 = 5,(@)5,(8%9),

where c is any real number, holds the following conditiond on
23.if (g>c,gt)or(g<c, gl), thenG 1,

24.if (g>c,gl)or(g<c, gt), then G, .
If the function g is differentiable oh we can relax the conditions 2.3. and 2.4. on
the next way:

237if (g—c)%J >0,then G 1; 2.4." if (g—c)% <0,then G| .

According to the Lemm2.1 the sign = valid in 2.3.* and 2.4.* only for a discrete
set of points ir.

Proof. Since
Gn(a,9) = SH(&@"1979)5,(a 979) = Fy(ag—c),
from Theorem 2.2 we obtain Theorem 2.4 O

Theorem 2.5. Let ne N and c> 0.
i) For —oo <t < s< 0, the following inequalities hold

Si(@)S(@°7") > §(8°)S(8% %) = nS, (). (2.7)
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i) For 0 <t < s< c the following inequalities hold
N$(8%) > S(@)SH (@) > §(8)SH (%) > Si(@)2 (2.8)
In (2.7)and(2.8)the sign =isvalidiffga =--- = a,.

Proof. If we takeg(t) =t in the Theorem 2.4, we obtain

(g(t)—c)%zt—cse) 0,ift<(>)c

Therefore, a continuous functids, : I — R has a minimum fot = ¢ and we have
minGp(a,t) =Gn(a,c)
teR
=S@)P < @)SE@H LM ift<(>)c
Forc > 0, the nequalities (2.7) end (2.8) follow from (2.9). d

(2.9)

Remark2.2. If we take Z = n, then
a) for—oo <t < s< 0, from the inequality (2.7), the following inequalitiesltio

SI(E)S(E@ ) > $(&)S(@ %) > (@), (2.10)
b) for0<t < s< 3, from the inequality (2.8), the following inequalities hold
NS (@) > SH(@)S(@ ) > Si(@)S(@ %) > Si(a2)2 (2.11)
In (2.10) and (2.11) the sign =is valid & = ... a,

Remark2.3. Inequalities (2.11) have been otherwise proved in [3].

3. MAIN RESULTS

Theorem 3.1. Suppose that all assumptions of the Theorem 2.2 hold ancbthe c
dition 2.1.* (or 2.2.*) of the Theorem 2.2 is satisfied. Thendg > (<) 0onI we
have the following inequality

(&0 $H(E9) > (<)S(E*9)SH (& Ylogd), (3.1)

Proof. From the Theorem 2.2 follows if functiog satisfies condition 2.1* (or
2.2%), the functionF, is strictly increasing (decreasing), differentiable Iband
it holds

dfy s+ St St St dg
Gt = [SE N0gAS(E )~ SENS@E NogA) T (5
> (<)0.
The sign =isvalidin (3.2) iay = --- = ap.

Forg > (<)0 onl, (3.1) follows from (3.2). O
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Example 3.1. If we take @t) = logt, t € (1,) in the Theorem 3.1 we obtain the
following inequality

S (@1 0ga)S, (& 10%) > (@105, (& '*Moga), (3.3)
and for te (0,1) the opposite inequality holds {i3.3).
The sign =isvalid in(3.3)ifa; = --- = a,.

Example 3.2.1f we take dt) = sint(> 0), t € Ukez[2KTT, (2k+ 1)11 in the Theorem
3.1. the following inequality holds

S (@S log ]S, (&) > §,(&1°9) S, (&1 0ga), (3.4)
and for te Uyez[(2k+ 1)1t (2(k+ 1)1, the opposite inequality holds {3.4).
The sign =isvalid in(3.4)ifa; =--- = a,.

Theorem 3.2. Suppose that all assumptions of the Theorem 2.4 hold andbthe c
dition 2.3.* (or 2.4.*) of the Theorem 2.4. is satisfied. Tlieng > (<)c onl we
have the following inequality:

$H(&%10ga)$h(8%79) > (<) (8%)SH(8 %loga). (3.5)
The sign =isvalid in(3.5)ifa; =--- = a,.

Proof. From the Theorem 2.4 follows:
If the function g satisfies condition 2.3.* (or 2.4.*), th&, is strictly increasing
(decreasing) and differentiable énand we have

4G _ (o 2200y _ g (39)S.(5291oqa) 99
> ()0,
where the sign =is valid iy = --- = a.
Forg> (<)conlI, (3.5) follows from (3.6). O

Example 3.3. If we take gt) = e'/!(< 1), t € (—,0) in the Theorem 3.2 the
following inequality holds

Si(@ " log@s(@ ") < s (@ )s(@ " loga). (3.7)
Fort € (0,) is g(t) = e"!(> 1), and in(3.7) the opposite inequality holds.
The sign=isvalidin (3.7) ifa=--- = a,.

Example 3.4. Let g(t) = logt. Then for te (€°,») we have ¢) > c, and by the
Theorem 3.2 we have

(@ loga)s,(@ ) > (@)@ ogd]  (39)

Fort € (0,€°) we have ¢t) < c, and be the Theorem 3.2 the opposite inequality in
(3.8) holds.
The sign =isvalid in(3.8)ifa; = --- = a,.
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