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EXISTENCE OF WEAK SOLUTIONS FOR NONLINEAR
SYSTEMS INVOLVING DEGENERATED P-LAPLACIAN
OPERATORS

H. M. SERAG AND S. A. KHAFAGY

ABSTRACT. We study the existence of weak solutions for the nonlinear
system

~Ap,u = a(@)|ul’"*u — b(z)[u|*|v]®v + f,

~Aq.qv = —c() u|*[v|"u + d(z)[v|""*v + g,
where, the degenerated p-Laplacian is defined as Ap,u = div[P(z)
|Vu|P~2Vu]. We prove the existence of weak solutions for this system
defined on bounded domains using the theory of monotone operators.
We also consider the case of an unbounded domain.

1. INTRODUCTION

The concept of weak (generalized) solution for boundary value problems
for the equation A(u) = f, have their background in applications (namely,
in the variational approach connected with the critical level of a certain
energy functional as well as in numerical methods). This type of approach
is closely related to the concept of Sobolev spaces and is well elaborated for
both linear and nonlinear equations.

In various applications, we can meet boundary value problems for elliptic
equations whose ellipticity is “disturbed” in the sense that some degener-
ation or singularity appears. This “bad” behavior can be caused by the
coefficients of the corresponding differential operators as well as by the so-
lution itself. The so-called p-Laplacian is a prototype of such an operator
and its character can be interpreted as a degeneration or as a singularity of
the classical (linear) Laplace operator (with p = 2). There are several very
concrete problems from practice which lead to such differential equations,
e.g. from glaciology, non-Newtonian fluid mechanics, flows through porous
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media, differential geometry, celestial mechanics, climatology, petroleum ex-
traction, reaction-diffusion problems, etc. [2, 3, 6, 13].

In our work, we consider a nonlinear system involving degenerated p-
Laplacian operators with model A of the form

Afu, v} = {=Ap pu — a(@)[ul’"*u + b(@)|u|*|v] v
— Agqv + e(@)ul*v|’u — d(x)|v] 0}

Here, we use the theory of monotone operators to prove the existence of
weak solutions for the following nonlinear system involving different degen-
erated p-Laplacian operators with variable coefficients defined on a bounded
domain Q of RN with boundary 942,

—Ap,u= —div[P(z)|VulP2Vu] = a(z)|ulP2u

—b(z)|u[*v’v+ f  inQ,

~Aqqv = —div[Q(x)|Vo|" 2 Vo] = —c(x)[ul[v| u (S)
+d(z)[v]" v + g in Q,
u=v=0 on 0f),

Then, we generalize the discussion to system defined on the whole space
RN,

The existence of solutions for such system (when P(z) = Q(z) = 1) have
been proved, using the method of sub and super solutions in [4, 5, 14] and
using the method of the theory of monotone operators in [15].

In [12], Khafagy and Serag have been proved the existence of positive
solutions for system likes (S) using the method of sub and super solutions.

In [13], a Degenerate Quasilinear Elliptic System (in a bounded domain)
is studied by means of Bifurcation Theory. The system is of a form similar
to (S) with more general driven terms f, g and different hypotheses on the
coefficients and the exponents.

Our paper is organized as follow: In Section 2 we introduce some tech-
nical results and definitions concerning the theory of nonlinear monotone
operators, also, the scalar case is discussed. We study the existence of weak
solutions for nonlinear systems defined on a bounded domain in Section 3
and on unbounded domain in Section 4.

2. TECHNICAL RESULTS AND SCALAR CASE

First, we introduce some technical results concerning the theory of non-
linear monotone operators [1, 9, 11, 16]

Definition 1. Let A : V — V' be an operator on a Banach space V.. We
say that the operator A is:
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Coercive iff lim,|—oo % = 00;

Monotone iff (A(u1) — A(uz),u; — uz) > 0 for all uy,us € V;

Strictly monotone iff (A(uy) —A(uz),u1 —uz) > 0 for all uy,us € V, uy # uo;
Strongly continuous if wu, — u implies A(u,) — A(u), for all up, u € V;
Weakly continuous if u, — u implies A(u,) — A(w), for all up,u € V;
Demicontinuous if u, — u implies A(u,) — A(u), for all u,,u € V;

The operator A is said to be satisfy the My-condition if u, — u, A(uy,)
—= [, and [(A(un), un) — (f,u)] imply A(u) = f.

Theorem 1. Let V be a separable reflexive Banach space and A : 'V —
V' an operator which is: coercive, bounded, demicontinuous and satisfying
My—condition. Then the equation A(u) = f admits a solution for each f €
V.
Second, we also introduce some technical results concerning the degener-
ated homogeneous eigenvalue problem
—Ap, u=—div[H(z)|Vu|P~2Vu] = \G(z)[u[P~?u in Q,
P (2.1)
u=20 on 0f),

where H(z) and G(x) are measurable functions satisfying

") & H(r) < ewla), (2.2)
c1
for a.e. x € Q with some constant ¢; > 1, where v(x) is a weight function

in Q) satisfying the conditions

VE Li(®), v € Lho(Q), v7* € L), (2.3)
with N )
s€(—,00)N|——,00), 2.4
o)) (2.4)
and X
Gz) € L7 (), (2.5)
with some k satisfies p < k < p¥ where p% = ]\],V_Plgs with ps = 2 <p < pi.

Lemma 2. There exists the least (i.e. the first or principal) eigenvalue
A= Ag(p, Q) > 0 and at least one corresponding eigenfunction v = ug >
0 a.e. inQ of the eigenvalue problem (2.1).

Theorem 3. Let H(x) satisfies (2.2) and G(z) satisfies (2.5), then (2.1)
admits a positive principal eigenvalue Ag(p). Moreover, it is characterized
by
Aalp) [ Gl < [ H@)|vul, (26)
Q Q
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Now, let us introduce the weighted Sobolve space WP(v, Q) which is the
set of all real valued functions u defined in €2 for which (see [9])

1
\uuwwmz[ /Q ul? + /Q u(qurp} < o, @.7)

Since we are dealing with the Dirichlet problem, we define also the space
Wol’p(u, Q) as the closure of C§°(Q2) in WP (v, Q) with respect to the norm

1
p
lll gy = Uﬂu(x)vuv?] < oo, (2.8)

which is equivalent to the norm given by (2.7). Both spaces WP (v, Q) and
I/VO1 P(v,Q) are well defined reflexive Banach Spaces. The space WO1 Py, Q)
is compactly imbedded in the space LP(2), under the conditions given by
(2.3) and (2.4), i.e.

Wy P (v, Q) < LP(Q), (2.9)

which means that
Ll <er [ @IVal?, e el < ¢ lullygoga- — (210)

for every u € VVO1 P(v,Q) with a constant c2 > 0 independent of u.

In this paper, we shall take ¢; =1 in (2.2) i. e. v(z) = H(x).

Now, we prove the existence of a weak solution u € I/VO1 P(P,Q) for the
following scalar case:

~Ap,u = —dielP@)[VuP Vil = a@luP s i 2]y
u=0 on 0f), ’

where P(x) and a(z) are satisfying the conditions (2.2) and (2.5) respec-
tively. The scalar case (2.11) can be written in the form:
Au = —Ap u— a(z)|ulP>u = f. (2.12)

Now we are in a position which enables us to prove that, according to
Theorem 1, the scalar case given by (2.11) admits a weak solution u €
WaP (P, Q) if Aa(p) > 1.

First, we prove that A is a coercive operator.

We have from (2.6),

(Au,u):/QP(;U)|Vu|p—/Qa(x)|u|p

1 p
> [ P@IVAr = s [ P@IVUP = (1= ) [l




EXISTENCE OF WEAK SOLUTIONS FOR NONLINEAR SYSTEMS 45

and hence,
(Au,w)

||U’”W&’P(P7Q)

p—1

= 0l ey

— 00 as HuHW&,p(P’Q) — 00.

To prove that A is a bounded operator, we have

(Au,v):/P(x)\Vu|p_2Vqu—/a(z)|u|p_2uv,
Q Q

using Hélder’s inequality, we obtain

p—1

Aol < | [ paiwa] | [ P<x>|wf

P ES

-1/ a(m)uw]”l [/Q mwf’

—1
S ||u||p 1,p ||’UHWLP PO)
Wy P (PS) 0 (PQ)

To prove that A is continuous, let us assume that u,, — u in VVO1 P(P,Q).
Then ||u, — U||W01,p(P7Q) — 0, so that

Vun =Vl ppq) — 0.

Applying the Dominated Convergence Theorem, we obtain

1P @) (|Vnl”*Vun = [VulP2Va) | ) — 0,
and hence
|Aun = Aull,, ) < [|P@)(Vunl2 Vi = [Vl 2V0) [ 0
+ [|lun PP = JulP ] o) — 0.

Finally, A is strictly monotone:
(Auy — Aug,up — ug) = / P(x)\Vul\p_QVmVul
Q
+/ P(z)|Vug[P"2VuyVug — / P(z)|Vup [P2Vu; Vg
Q Q

—/P($)|VUQ"D—2VU2VU1,
Q

using Hélder’s inequality, we obtain

p—1

(Aul—AUQ,ul—UQ)z/P($)|Vu1\p—|— QP(a:)]Vu2|p—[/QP(az)]Vu1|p] !

Q
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U P(x)\qupr _ U P(m)VuQ]p]p;l[/ P(x)\vulpr

= 1y + 1020y = Iy 1021 o
HU2HP WP (PQ) ||UIH€V1 P(PQ)’
and hence,
(Auy — Aug, uy — ug)
> (s gy = 102 g 01 o) = T2 ) >

This proves the strictly monotone condition and so, the existence of a
weak solution for (2.11)

3. NONLINEAR SYSTEM DEFINED ON BOUNDED DOMAIN

Let us consider the nonlinear system

—~Ap,u = a(z)|ulP~*u — b(z)ul*v|*v + f in Q,
—Agqv = —c(@)[u|*|v]’u + d(z)[o|"Pv+g  inQ, (3.1)
u=v=20 on 0f2.

where Q is a bounded domain of R,
Let us assume that

a,3>0; p,qg>1, a+1+@:1’ at+B+2<N
11 1 1 (3.2)
fELX(Q), ge LY (Q), —+—=1land -+ — =1,
p D q q
and
P(x) € L},,(), (P(2)) 77 € Lb,o(Q), (P(x))™ € L}(9),
N 1
1 N 1
wit se(p,oo)ﬂ[p_l,oo), )
Q) € L1o(), (Qz)) 7T € Ly, (Q), (Qx)™" € L'(Q),
N 1

We also assume that the variable coefficients a(z), b(x), ¢(z), and d(x) are
bounded smooth positive functions such that
a(z) € L¥7(Q) N LP(Q), with p < k < pt, -
d(z) € L™1(Q) N LY(Q), with ¢ <1 < ¢
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Theorem 4. For (f,g) € LP (Q) x L7 (Q), there exists a weak solution
(u,v) € Wol’p(P, Q) x Wol’q(Q,Q) for the system (3.1) if the following con-
dition is satisfied:

Aa(p) > 1, Aa(q) > 1. (3.5)

Proof. We transform the weak formulation of the system (3.1) to the follow-

ing operator form
A(u,v) — B(u,v) = F,

where, A, B and F are operators defined on Wol’p(P,Q) X Wol’q(Q, Q) by
(A(u, v), (B1, Bp)) = / P()|VulP2Vuvd, + / Q)| V0|7 VoV,
Q Q
(3.6)

(Bu.0).(@1.82)) = [ a@lu2utn + [ d@)olr-2ov,

Q

— 2)|ul®v|Pod, — c(2) P lu|®u .
/Qb(>|||r o, /Q<>|||| B, (37)

(F.®) = ((f.9), (@1,85) = /Q o /Q 4®s. (3.8)

The operator A(u,v) can be written as the sum of the two operators
Ji(u), J2(v), where

(Jl(u),(q>1)):/QP(:C)Wuvauvq)l and

(J2(v), (®2)) = /QQ(:I;)WU;MWV%.

As in the scalar case, operators Ji(u) and J2(v) are bounded, continuous
and strictly monotone; so their sum, the operator A, will be the same.
For the operator B(u,v),

B(u,v): WyP(P,Q) x Wy 9(Q,Q) — LP() x LI(Q),
we can prove that it is a strongly continuous operator. To prove that, let us
assume that u, — w in Wol’p(P, Q) and v, — v in Wol’q(Q, Q). Then, using
(2.9), (tn,vn) — (u,v) in LP(Q) x L1(Q). Also, (Vun, Vvn) — (Vu, V)
in LP(Q) x L9(€2). By the the Dominated Convergence Theorem, we get

a(z) |un’ > up — a(@) [u’ " u, in LP(£2),
d(z) [vp| T2 v, — d(x) |v]T %, in LI(Q),
— b() [un]® [vn]® vn — —b(z) |ul* [v]P v, in LP(Q),

()

— () [vn]” un|* tn — —c(x) o] [u]* u, in LI(Q).
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Since

(B(un,vn) — B(u,v), (w1, ws)) = /Qa(x)(lun\wun — [ulP?u)wy

e oy o T A e
~ [ @ enl ey

it follows that

HB(umvn) _B(u U H < H |un|p QU' - |u’p 2 HLP(Q)
+ ) (onl* 2o = 20|, )+ [ Gunlonl = ol
+ el tonlfunl =g |0

This proves that —B(u,v) is a strongly continuous operators. Similarly,
as above, we can prove that A(u,v) — B(u,v) satisfies the Mp—condition.
Now, to apply Theorem 1, it remains to prove that A(u,v) — B(u,v) is a
coercive operator

MWM—BWMMW»=AH@WW+AQMWN—AMMW
—1}@WW+AM@M%WW“+44@MMWMH

> [ P@Ivar+ [ Q@Ivel = [ a@lar - [ dr

Using (2.6), we get
(A(u,v) = B(u,v), (u,v)) = / P(z)[Vul? + /Q )[Vol?

/Iv —/\v

) L P@v 0= ) [ e
From (3.5), we deduce

(A(usv) = By ), (1,0)) = k(ulf 15,
= kl|(u, )

a(p

a

q

HWOLP(P,Q)XWOL‘I(Q,Q) .
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So that
(A(u,v) — B(u,v), (u,v)) — oo as ||(u,v)

HWOl’p(P,Q)xWOl’p(Q,Q) > 0.

This proves the coercivity condition and so, the existence of a weak solu-
tion for system (3.1). O
4. NONLINEAR SYSTEM DEFINED ON §RN

We consider the nonlinear system,

—Ap,u=a(@)ulf"?u—b(@)ul*vfv+ f, e RV,

~Agqv = —e@u o u+ @)l +g, ze RN ()
lim u(z) = lim v(z) =0, u,v >0 in RV,
1Z1—00 1x1—00

We assume that 1 < p,¢ < N and the coefficients a(z),b(z), c(z) and
d(x) are bounded smooth positive functions.
To discuss our problem, we need the following lemma [7, 8, 9, 10].

Lemma 5. The degenerated homogeneous eigenvalue problem
— A u = —div[H(z)|VulP"2Vu] = A\G(z)|ulP*u in RV,
G(z)lulP >0, (4.2)
RN
has a pair (Aq(p),u1) of a principal eigenvalue A\g(p) and an eigenfunction

uiwith Ag(p) > 0 and u; > 0. Moreover, the principal eigenvalue Ag(p) is
characterized by

Aa(p) | GT(@)ulf < / H(z)[Vul, (4.3)
RN RN
with G(z) = G (x) — G~ (z), GT(x) > 0,G~(z) > 0, where the positive part
of G(z) = GT(x) = max(G,0) and the negative part of G(z) = G~ (z) =
max(—G, 0)are satisfying
GH(x), G (z) € L» (RY) N LoRN). (4.4)
For this section, the basic function space will be the separable uniformly
convex Banach space [9]
DLP(RY) = {u € L35 (RY) : |Vu| € LR},

which is defined as the completion of C§°(R"™) with respect to the norm

1

P
lull prp gy = [/ H(x)lvuli”} < 0.
Q
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N
Moreover D}f (RN) is embedded continuously in the space LNiz’GRN ),
which means that

‘|UHL]\1,V_PP (R <k Hu”DL‘”(?RN)' (4.5)

We will write the function a = a(z) in the form a(z) = a*(z) — a™ ()
and the function d = d(z) in the form d(z) = d*(z) — d~(x) such that
ot (), a~(z) € L7 (RY) N L=®(RY) and
d*(z), d(z) € L't (RY) N L2 (RM). (4.6)

N N

Theorem 6. For (f,g) € LNG-7p (RN x LNG-17a (RN), there exists a
weak solution (u,v) € DEP(RN) x ng(%N) for system (4.1) if the following
condition is satisfied:

Aa(p) > 1, Aalg) > 1 (4.7)
Proof. As in Section 3, we transform the weak formulation of the system
(4.1) to the operator form

A(u,v) — B(u,v) = F,
where, A, B and F are operators defined on DpP(RN) x Dclg’q(ﬂ%N ) by

(A, v), (B, By)) = / P()|Vul > VuVd, + /% QW)U Vev ey,

h (4.8)
(B, o), (@1,82) = [ a@lul2utr+ [ dlolrop,
- 2)|u|vPod, — c(2) 018l .
/%Nb()”"@l /%N()Hllcbg,(z;g)
(F’ (I)) = ((f)g)a (q)laq)2) = fq)l —|—/ g®o. (410)
RN RN

First, we prove that A, B and F' are bounded operators on Dllgp (RNV) x
D (RN).

For the operator A, by using (4.8) and applying Holder inequality, we
have

(A0 @1.02) < [ P@IVA T+ [ Q)IVol vy

P

<| [, pe] § . P<x>|<1>1|P]’l’
[ NQ(x)Iv\qrql . Q(m)@ﬂq];
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=l gy 121y + 115y 192 gy
< Ul ey + 1915 1@ gy + 122 )

(HUHDI LP(RN) + ||U||D1 LIRN) ) [[(@1, (PQ)HDllgp(éRN)XDcqu(ﬁRN) )

This proves the boundedness of the operator A(u,v).
For the operator B, we have

oo [(wt) (L)’

(p—1)(N—p)

x [/%N \u<x)|$fp}w [/g?N|¢1|§fp]%;’+ [</§RN(‘1’+($))IQV>J%

q (¢=1)(N—q) N—g

(et o] o]

a+B+2 a(N—p) (B+1)(N—q)

Np_ (Np Nq Ngq
o] [
RN RN

at+pB+2 (a4+1)(N—=p)

Np Np
§RN

Q

+ _/%N(b(x))o#w]

x :/%N\q)lyz&}w + [/%N(c(x))aﬁfm]

B(N—q)

- N—q
Nq Nq Ngq Ngq
(o] [
L J RNV RN
Therefore,
[(B(u,v), (P1, P2))|

< bl oy 121y + K2 101 e 192 gy
o

+ ks HUHDI»P (RN) v 1‘1(§RN \I‘PlHD;p(%N)

a-+1 B
+k HUH 11’ ?RN ”UHDCBQ(%N) ||@2HD1Q’LZ(%N)

-1
< [k 1 ey 2 101 gy 3 T [0
1
R 5y 1y 1 121 @2 vy e

For the operator F', we have

[(F, @) = |((f, 9), (®1, P2))]

N(p—=1)+p

N—p
Np Np Np Np
< |:/ |f’N(P1)+P:| |:/ |<I)1|N—p:|
RN RN
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Ng
w| [ 1o
%N

< (Ilfa L

N(g—1)+g N—

_Ng_ TJI
o227
RN

+lrl )

711’)+p (§R 1)+q (§RN)

H(q)la (1)2 HD};"(%RN)Xng(é)‘EN) .

The operator A(u,v) = Ji(u) + J2(v) is continuous and strictly monotone
on DpP(RN) x Déjq(ifﬁN), since

(Ji(ur) = Ji(ug), up — ug) > (IImelpGRN [|u 2Hp1p(§RN))
(g, — Izl sy ) > 0
(JQ(/Ul)_JQ(UQ) U1 _UQ) (HUlquq(éRN - HU2||D1 <I(§RN)>

(llorll prgagny = ozl pyaeny ) > 0-

For the operator B(u,v), we can prove that it is a strongly continuous
operator by using the Dominated Convergence Theorem and continuous

imbedding property for the space DpF(RY) x Dl’q(ﬂ?N) into LN]\%(%N) X
LNN*EQ(%N ). To prove that, let us assume that u, — u in Dy’ (%N ) and
vy — v in DQ’Q(%N).Then (Un,vn) — (u,v) in LV (RN x Lﬂ(%N)
and (Vup, Von) — (Vu, yv) in LP(RY) x LI(RY). Now, the sequence (u,)
is bounded in D};p (RN), and hence contains a subsequence again denoted
by (u,) converging strongly to u in LNLPP( B,,) for any bounded ball B,, =
{x € RN : ||lz|| < ro}. Similarly (v,) converges strongly to v in LN (Bry)-

Np
Since uy,u € L™ (By,) and vy, v € v (Br,)- Then using the Dominated
Convergence Theorem, we have

o) lunl2 0 — 20|y =0,

N(p—1)+p

|at@)(enl"2 00 — or=20)] sy —0,
N(qg—1)+q

B+1 U, B+1 v) H

[b@) Quwal " ol o =l o) —0

P
N(p—1)+p

@) (oal”™ )™ = ol )| vy 0.
N(g—1)+q
Then

1B (un, vn) = B(w, v)l pre(s, )« Diya(B,,)
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IN

@)l w0 — P w)||
+ [[a@) (= v, — o= o)

+ o) Gl ol v = [l ol )|

N(p 1)-4—17

Nq
N(g—1)+g

N(p 1)+p

e G T e e P ]|

Ng
(¢—1D)+q
In [15], it is proved that, the norm
| B(tn, vn) — B(u,v) HDllgp(éRN)ngq(éRN) )
tends strongly to zero and then the operator B(u,v) is strongly continuous.

Finally, it remains to prove that the operator A(u,v)—B(u,v) is a coercive
operator

(4w = B, o) = [ P@Tr+[ Q@ve= a@lup
- [ @l [l [l
= | P@rvar+ [ e@iver— [ ot @l
- [ @i [ e @+ [ @

b(ﬂf)lﬂ\aﬂleﬁHJr/ c(a)[ul* ol
RN

> [ Pawer [ Q@ivit=] at@hr=[ dt @)

Using (4.3), and (4.8), we have

(A(u,v) — Bu,v), (u, v) /P IVl + /Q [ Vo|?
1

+
S~

- Aa(p)/QP(w)vulp—/Q(:ﬂ)lvvlq
1 p 1 q
:“‘w»)/g P@IVuP+ (1= 1) [ Q@7

S QQQ 10, 9) gy e @i -
So that:
(A(u,v) — B(u,v), (u,v)) — o0 as ||(u,v)

HWOl’p(P,Q)xWOI’q(Q,Q) - 0.
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This proves the coercivity condition and so, the existence of a weak solu-
tion for system (4.1). O
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