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EXISTENCE RESULTS FOR NONOSCILLATORY
SOLUTIONS OF THIRD ORDER NONLINEAR NEUTRAL
DIFFERENCE EQUATIONS

E. THANDAPANI, R. KARUNAKARAN AND I. M. AROCKIASAMY

ABSTRACT. In this paper the authors consider the third order neutral
difference equation
A3 (l‘n +pnxn—k) + an (mn—l) = hn

where {pn},{qn},{hn} are real sequences. They use Krasnoselskii’s
fixed point theorem to establish the existence of nonoscillatory solutions.
The results are illustrated with examples.

1. INTRODUCTION

In this paper, we consider the third order neutral difference equation

AP (2 + pr@n—k) + @nf (Tni) = hn (1.1)

where A is the forward difference operator defined by Az, = xp+1 — =y, k
and ¢ are positive integers, {pn},{q,} and{h,} are real sequences defined
for all n € N(ng) = {no,no+ 1,n0 +2,...}, and ny a nonnegative integer,
and f is a continuous real valued function. Here we allow {g,} and {h,} to
be oscillatory.

Let 8 = max{k,¢}. By a solution of equation (1.1), we mean a real se-
quence {x,} defined for all n > N (ng — #) and that satisfies equation ( 1.1).
A solution {z,} of equation (1.1) is nonoscillatory if it is either eventually
positive or eventually negative and oscillatory otherwise.

The oscillatory and nonoscillatory behavior of solutions of difference equa-
tions has been considered in [1-8] and conditions for the existence of nonoscil-
latory solutions using either Schauder fixed point theorem or Banach con-
traction principle are obtained. The aim of this paper is to obtain a sufficient
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condition for the existence of nonoscillatory solutions of equation (1.1) with-
out using nondecreasing conditions and any sign conditions on the sequences
{gn} and {h,} via Krasnoselskii’s fixed point theorem.

In Section 2, we establish condition for the existence of nonoscillatory
solutions of equation (1.1).

2. EXISTENCE RESULTS FOR NONOSCILLATORY SOLUTIONS

In this section we establish sufficient condition for the existence of boun-
ded nonoscillatory solution of equation (1.1).

Lemma 2.1. [7], [Krasnoselskii’s Fixed Point Theorem]

Let X be a Banach space let Q) be a bounded closed convex subset of X
and let S1,S2 be maps of Q into X such that Six + Soy € Q for every pair
x,y € Q. If Sy is a contraction and So is completely continuous, then the
equation Six + Soy = x has a solution in €.

Lemma 2.2. [7], [ Schauder’s Fixed Point Theorem]

Let Q be a closed, convexr and nonempty subset of a Banach space X.
Let S : Q2 — Q be a continuous mapping such that SQ is relatively compact
subset of X. Then S has at least one fized point in Q. That is, there exists
an x € ) such that Sx = x.

We need the following factorial function in our main results.

Definition 2.3. The factorial function t") is defined as follows according
to the value of r :

(a) if r=1,2,3,..., then t™) =t (t —1)(t —2)---(t —r+1),
(b) if r=0, then t) = 1.
Whenever t\") is defined we have At") = rt=D  and S+ = t(;:ll) +c.

Theorem 2.4. Assume that —1 < ¢1 < p, <0 and that

o0

> 1P ga| < oo, (2.1)

n=ng

and
oo

> 0 hy| < oo, (2.2)
n=ngo

Then equation (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.2), we choose a N € N (ng) sufficiently large such
that

[e.9]

Z n(2) (|Qn| Ml + |hn|) S
n=N

w| N

(1+Cl)¢
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where My = maxaaiey 4 {[f(2)[}. Let By, be the set of all real sequences
3 —7—=3

with the norm ||lz| = sup,,>,, |za| < cc. Then B, is a Banach space. We
define a closed, bounded and convex subset (2 of B,,, as follows.
2 4
0= {x:{mn}EBnO : §(1+01) <z, < 3,n€N(no)}.
Define two maps S1 and Sy : @ — B,,, as follows.
1 - _ > N,
(Slx)n _ +c1—PnZn—g, N
(1) no <n<N
1§ @)
52(8—714—2) (QSf(xsff)_hS)7 n>N7
(SQx)n = S=n
(SZx)N7 no <n < N.

(i) We shall show that for any x,y € Q, (S1z), + (S2y),, € Q. In fact for
every z,y € Q and n > N, we get

(S1z),, + (S29),

1 o0
<Tter—pntng+5 ) (5= 1+ 2P (g 1f (yae)| + s

sS=n

4 1
<tte—gatsd s (gl M+ |h)
S=n

Furthermore we have,

(1), + (S29),

1 (o, ¢]
> 1+ e —putnk — 5 ) (5= 1 +2) (|as] 1f wame)| + [Ds])
sS=n
1 (o]
>1+er =5 5@ (las| M+ [h])
S=n
l+c 2(1+¢)
>1+c— = :
+c1 3 3
Hence
2(1+c1)

4
3 < (S1z),, + (S2y),, < 3 for n > Ny.

Thus we have proved that (Siz), + (S2y),, € Q for any z,y € Q.
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(i) We shall show that S; is a contraction mapping on 2. In fact for
z,y € Qand n > N we have

|(S12),, — (S19),,| < —pn |Tn—k — Yn—k| < —c1 ||z —y]|.

Since 0 < —c; < 1, we conclude that S7 is a contraction mapping on 2.

(iii) Next we show that Sy is uniformly Cauchy. First we shall show that
S is continous. Let {m(i)} be a sequence in Q such that () — 2 = {z,}
as ¢ — 00. Since, {2 is closed z € ). Furthermore, for n > N we have,

IN
N
(]
vy
S
-
L

‘(Sga:(i))n _ (sga:)n‘

7 (#0,) = a0

IN

N |
[]e
»

S
S

7 (20) - £ @),

Since }f(:vgg) — f(:ps_g)} — 0 as ¢« — oo by applying the Lebesque
dominated convergence theorem, we conclude that

lim H (SQac(i)>n — (S2x),|| =0.

1—00

This means that S5 is continuous. Finally we prove that Ss is uniformly
Cauchy. By (2.1), for any € > 0, choose N; > N large enough so that

€
Py Z Ml IQn|+|h D 5
n=N1
Then for x € Q,ny > ny > Nj.
‘(Szx)nz - (52:”)711‘
1 & 1 &
<3 > 5@ (gl 1f (wamo)] + |Ds]) + 3 > 5P (lgsl 1f (s—)| + |hs])
S=ng s=nq
<= Z @) (|qs| My + |hs|) + Z @ (gs| 1 f (ws—e)| + |Ps])
S=no S=n2
< E_|_E —
-2 2

Therefore (Saz),, is uniformly Cauchy. By Lemma 2.2, there is an z* € Q
such that Sja*4Sex* = *. It is easy to see that * = {z*} is a nonoscillatory
solution of the equation (1.1). This completes the proof of Theorem 2.4. O
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Example 2.5. Consider the difference equation

A3 (a: — 13: > + ! T
Pt ) T it ) (n+2) (n+3) !
15— 2n
p— ) > 2. 2~3
n—Dnm+)(n+2)(nt3) = (23)
_ 1 _ 1 _ 15—2n :
Here pn = —3,0n = smrnmroess 24 e = Gomnman iy - 1t 18

easy to see that all conditions of Theorem 2.4 are satisfied and hence equa-
tion ( 2.3) has a bounded nonoscillatory solution. In fact {z,} = {1+ 1}
is one such solution of equation (2.3).

Theorem 2.6. Assume that —oco < p, = c2 < —1 and that (2.1) and (2.2)
hold. Then (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.2) we choose N € N (ng) sufficiently large such that

(2 +1)
2

1
— ST s =0 ks (| My + Jh]) < -
2

where My = MAX_(e41) <oc g, {1/ ()]}
Let By, be the space defined as in the proof of Theorem 2.4. We define a
closed bounded and convex subset €2 of B,,, as follows:

Q—{m—{xn}eb’no:—(@;—l)

<x< —2c,n > no}.
Define two maps S and Sy : @ — B,,, as follows.

—co—1— Lo, n>=N
(Sll')n:{ 2 pn Ntk

(Sl‘r)N7 nOSnSNa

— 5 s—n—Fk @ QSf Ls—r _hs ) TL}N,
N Eapol O (quf (24-0) — o)

(S2m) ng <n < N.

We shall show that for any x,y € .In fact for any z,y € 2, we get
(512),, + (529),,

1 R —
<—er—l——zpip—5— . (s=n—k+2)P (g |f (ys—o)| + |hs])

Pn 2pn “

s=n+k
< o142 L S WO (g My )
>~ 2 9 S 2 S
s=N+k
1

<—cp+1-— (‘32; ) < —2¢y.
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Furthermore we have

(S12),, + (S29),

1  [—
Zz-e—l=—apyp+ 5 - Z (s = n+2)® (Igs| | (ws—o)] + |s])
Pn Pn Ja—
1 o
oy — 7 (2)
= —C 1+2C2 ZS (lgs| M2 + |hs|)
s=N
1 — 1
> (cep -y (2D _Zler D)

Hence w < (S12),, + (S2y),, < —2c2, for n > ny.

Thus we have proved that Six + Soy € € for any z,y € Q). We shall show
that S7 is a contraction mapping on 2. In fact for z,y € Qand n > N we
have

—1 1
[(S12),, + (S19) ] £ — [Tnsk — Ynsn] < —— |z =yl
Pn C2

Since 0 < —é < 1, we conclude that S is a contraction mapping on (.

Proceeding similarly as in the proof of Theorem 2.4 we obtain Ss is uniformly
Cauchy. By Lemma 2.1 there is an z* € Q such that Six* + Sez* = z*.
Clearly z* = {z}} is a bounded nonoscillatory solution of equation (1.1).
This completes the proof of Theorem 2.6. U

Example 2.7. Consider the difference equation
1 _11(2")+16

3
A° (zy, — 2wp-1) + ontn-1= Sy n>2. (2.4)
Here p, = —2,¢q, = 2% and h, = %. It is easy to see that all condi-

tions of Theorem 2.6 are satisfied and hence equation (2.4) has a bounded
nonoscillatory solution. In fact {z,} = {1 + 2%} is one such solution of
equation (2.4).

Theorem 2.8. Assume that 0 < p, < c3 <1 and that (2.1) and (2.2) hold.
Then (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.2) we choose N € N (ng) sufficiently large such that
1 o0
23 5 (au] My + [y < 15,
s=N

where M3 = maX2(1,CS)§x§4 {f(ﬂ?)} .
Let By, be the space as defined in the proof of Theorem 2.4. We define a
closed, bounded and convex subset €2 of By, as follows:

Q={z={x,} € By, :2(1 —c3) <z, <4}.
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We define two maps S1 and Sy : Q@ — B, as follows.

{3 +¢3 — pnTn—k, N = Nj;
Six =

(S1z) N, nop <n < N.
o0
13 (5= n+2)? (gf (ram) —h), n>N;
S2x: s=n
S2$)Na noSnSN

We shall show that for any x,y € Q, Six + Sqy € Q. In fact for any
xz,y € Q and n > N, we obtain

(S1),, + (S29),

1 [e.9]
<3ty = putnt+ 5 3 (5= 1+ 2@ (ol IS (-] + hs)

S=n
1 o
<34c3+ 5 Z 3(2) (|QS‘ M3 + ’hs‘)
s=N
<3+c3+1—c3=4.
Furthermore we have

(S12),, + (S29),

1 o0
>3+ cs = putnk — 5 Y (s =1+ 2P (sl 1F (@amp)| + [hal)
s=N
1 o
>3+ e —dey =g ) o (lal M+ [hi)

23+03—463—(1—03):2(1—63).

Hence,
2(1 —¢3) < (S12),, + (S2y),, < 4, for n > ng.

Thus we have proved that Syx + Soy € Q for any z,y € €. Proceeding
similarly as in the proof of Theorem 2.4 we obtain the mapping S; is a
contraction mapping on €2 and the mapping Sy is uniformly Cauchy. By
Lemma 2.1, there is an 2* € Q such that Sjz* + Syz* = 2*. Clearly * =z},
is a bounded nonoscillatory solution of the equation (1.1). This completes
the proof of Theorem 2.8. O
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Example 2.9. Consider the difference equation

3 . 24(n +2)° 3
. (m”+n+1 ”‘1>+(n+1)3<n+3)<n+4><n+5)<n+6> "
B 24(n+1)
“ i) mrnmre "2 29
Here
1 _ 24(n + 2)3
b=y 7 (n+1)° (n+3) (n+4) (n+5)(n+6)
and

24(n+1)
n+2)(n+3)(n+4)(n+5)(n+6)

It is easy to see that all conditions of Theorem 2.8 are satisfied and hence

hp =

equation (2.5) has a bounded nonoscillatory solution. In fact {x,} = {Z—ﬁ}

is one such solution of equation (2.5).

Theorem 2.10. Assume that 1 < ¢4 = p, < 00 and that (2.1) and (2.2)
hold. Then (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.2) we choose N € N (ng) sufficiently large so that
1 o
i E (2) M+ |k 1
2¢4 :n+ks (las| My + [hs|) < ca =1,

where My = maxy(c, —1)<z<ac, 1./ (%)} . Let By, be the space as in the proof
of Theorem 2.4. We define a closed bounded and convex subset 2 of B,,; as
follows:

Q={z={zn} €8y :2(ca — 1) <z, <4dcy,n >ng}.

Define two maps S and S : 2 — B, as follows:

(S12), = 3C4+1—p%l‘n+k, n > N;
" (Siz)y , no <n < N.

2’%” S (s—n—k+2)P (qf (xe_g) — hs), n>N;
(SQx)n = s=n+k

(S22) no <n < N.
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We shall show that for any z,y € Q, S1z+ Sy € Q. In fact for every z,y € Q
and n > N, we get

(S1z),, + (S29),

[e.e]

1 1
<3c4+1— —xpyp+ 57— Z (s—n—k+ 2)(2) (las| | f (ys—e)| + |hs])
Pn 2pn s—mtk
1 (o)
<Ber 145 > s (Jgs| My + |hsl)
€ s=N+k
<3cs+ 14 (cqg— 1) =4ey.
Furthermore, we have
(S1),, + (S29),,
1 JR—
_ = _ _ (2
>3cs+1 pnfﬁm-k 2n Z% (s =n+2)" (lgs| | f (ys—e)| + |Rs])

1 o0
> 1—4— — @ (|qs| My + |hs
> 3c4 + 2C4§Vs (lgs| My + |hs))

2364—3—(04—1):2(04—1).

Hence,
2(cqa — 1) < (S1),, + (S2y),, < 4eq forn > ng.

Thus we have proved that Six + Say € ) for every z,y € Q. Proceeding
similarly as in the proof of Theorem 2.4 we obtain that the mapping 57 is
a contraction mapping on {2 and the mapping Ss is uniformly Cauchy. By
Lemma 2.1, there is an z* € ) such that Sjz* + Syz™ = z*. Clearly 2* = z},
is a bounded nonoscillatory solution of the equation (1.1). This completes
the proof of Theorem 2.10. U

Example 2.11. Consider the difference equation

 81-29(3")

1
3

o n>2. (2.6)

Here p, = 2,q, = 3% and h, = %92(5’;). It is easy to see that all condi-
tions of Theorem 2.10 are satisfied and hence equation (2.6) has a bounded
nonoscillatory solution. In fact {z,} = {1+ 5=} is one such solution of

equation (2.6).

Theorem 2.12. Assume that p, = 1 and that (2.1) and (2.2) hold. Then
(1.1) has a bounded nonoscillatory solution.
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Proof. By (2.1) and (2.2) we choose N > ng sufficiently large so that

o0

1
B Z s®) (lgs] Ms + |hs) < 1

s=N+k

where Ms = maxo<z<a {f(z)}. We define a closed bounded and convex
subset ) of B,,, as follows.

Q={rx={a,}€By, :2<z, <4, n>np}.
Define a map S : @ — B,,, as follows.

00 n+2jk

3+ Z Z (S*’I’L+2)(2) (QSf(xs—Z)*hs)a TLZN;
(Sm)n: Jj=1s=n+(2j-1)k
(S12)y ng <n < N.
We shall show that S C € for every = € Q) and n > N, we get
) n+2jk

(Sz), <3+ 3 Z Yoo (s=n+2P (gl (o) |+ |hs])

j 1 s=n+(2j-1)k
%) n+2j5k

3450 Y s ls + ) < 4

j 1 s=n+(2j-1)k

Furthermore, we have

(52), 23-5> " D (5= n+2)P (gllf @s-e) | + [hal)
Jj=1s=n+(2j-1)k
00 n+2j5k
Z Y s (gl Ms + |h|) > 2
j 1 s=n+(2j-1)k
Hence, SQ C Q.
Proceeding similarly as in the proof of Theorem 2.4 we obtain that the
mapping S is uniformly Cauchy. By Lemma 2.2, there is an z* € ) such
that Sz* = x*, that is

fe%s) n+2jk

L3y Y 5=+ 2P (gf (@eme) —hs), n=N;
Lp = ] 1s=n+(2j—-1)k

TN, ng <n < N.

It follows that

1 (o9}
Ty + Ty =6+ 52(3 —n+2)P (gof (ze_s) — hs).
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Clearly x* = {z} } is a bounded nonoscillatory solution of the equation (1.1).

This completes the proof of Theorem 2.12. O
Example 2.13. Consider the difference equation
12
A? - _
—12
= , n>2. 2.7
(n—=1)n(n+1)(n+2)(n+3) - 27)
Here
1 B 12
e T ) (4 2) (n+3)
and 19
hy =

(m—=1n(n+1)(n+2)(n+3)

It is easy to see that all conditions of Theorem 2.12 are satisfied and hence
equation (2.7) has a bounded nonoscillatory solution. In fact {z,,} ={1+ 1}
is one such solution of equation (2.7).

Theorem 2.14. Assume that p, = —1 and that

[e.e]

> s gy < oo, (2.8)
s=ngo

and -
> 5@ k| < 0. (2.9)
s=ng

Then (1.1) has a bounded nonoscillatory solution.

Proof. First note that the assumptions (2.8) and (2.9) are equivalent to

i i 5®)|gs| < o0 (2.10)

=0 s=no+jk

i i 5P |h,| < o0 (2.11)

=0 s=no-+ik
respectively. We choose a sufficiently large N € N (ng) such that

1 o0 o0
S0 0 S (el Mo+ gy < 1,
j=1 s=N+jk

and

where Mg = maxo<gz<1 {f(x)}. We define a closed, bounded, and convex
subset {2 on By, as follows.

Q={r={a,} €By, :2<z, <4, n>np}.
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Define a map S :  — B, as follows:

3-5> % (s—n+2 (gf (wer) —hs), n>N;
(Sx)Nv nog’l?,SN

We shall show that S C €2 .In fact for every x € (2 and n > N, we get

(50, <345 Y (=0 + 2 (alf (w0 |+ )

<
Il
-
@
Il
3
I
<
b

<
Il
-
@
Il
3
I
<
-

1 0o 00
(52),23-53" 3 (5= n+22 (lg|If (55-0)| + 1)
7=1 s=n+jk
1 00 )
>33 s (|gs| Ms + |hs]) > 2.
7=1 s=n+jk

Hence, SQ2 C Q. We now show that S is continuous.
Let {x(l)} be a sequence in 2 such that () — 2z = {z,,} as i — oo. Since,
Q is closed z € Q2. Furthermore, for n > N we have,

<33 o (|r (1) ~ £ o))

j=1 s=n+jk

‘ (S:c(i)> o (Sz),,

Since ‘f ($§2€> —f (l‘s_g)‘ — 0 as ¢ — oo by applying the Lebesque domi-
nated convergence theorem, we conclude that

lim H (Sw(i))n — (Sz),|| = 0.

1——00

This means that S is continuous. In the following we show that S is uni-
formly Cauchy. By (2.10) and (2.11), for any € > 0, choose N1 > N large
enough so that

1 o o0
50 O s (Mylal + [hi]) <

DN ™
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Then for z € Q,ny > n1 > N,

‘(Sac) — (S2z),, ‘
sz:E: ) (15| 1 (2s—)| + o))
Jj=1 s=na+jk
1 oo oo
+ 5 Z Z 5(2) (‘QS’ |f (xs—f)| + |h5|)
Jj=1 s=ni1+jk
1 % % 1 % %
<3 Ol Mot )50 S 5 (gl Mo+ o))
7j=1 s=na+jk J=1 s=n1+jk
€L f_
-2 2

Therefore Sx is uniformly Cauchy. By Lemma 2.2, there is an z* € (2 such
that Sx* = z*. That is

. 3—*2 Z (s —n+2)? (gf (z2_,) —hs), n>N;

x, = Jj=1s=n+jk
TN ng <n < N.

It follows that

1 o0
Tn = Tn—k = —5 s:Zn (s—n+ 2)(2) (gsf (xs—¢) — hs),m > N.
Clearly x* = {z} } is a bounded nonoscillatory solution of the equation (1.1).
This completes the proof of Theorem 2.14. ([l
Example 2.15. Consider the difference equation
24
A? (2, — Ty -
=) G i D 2) (04 3
—24

S ami)minmay "2 @

Here
24

(n—1)nn+1)(n+2)(n+3)

pn=—L,q, =
and
B —24
=12 nn+1)(n+2) (n+3)
It is easy to see that all conditions of Theorem 2.12 are satisfied and hence

equation (2.12) has a bounded nonoscillatory solution. One can easily check
that {z,} = {1+ 1} is one such solution of equation (2.12).
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Remark 2.16. Simple modifications are necessary in the proofs to dis-
cuss the existence of nonoscillatory solutions of neutral functional difference
equations of the form

A? (xn +pnxn—k) + F (n7xn—£) = hn, M > Ng

where F (n,x,—¢) : N(ng) x R =R is continuous and bounded.
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