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THE G-TRANSLATIVITY OF ABEL-TYPE
TRANSFORMATIONS

MULATU LEMMA

ABSTRACT. Suppose 0 < t, < 1 and lim,—~ ¢, = 1, then the Abel-
type matrix, denoted by Aq.¢, is the matrix defined by

k+a
Unk = ( k )

Recently the author proved that the Abel-type matrix A, + is ¢-transla-
tive [2]. In this paper, we investigate the G-translativity of these trans-
formations.

th(1—ta)*T, a> -1

1. BASIC NOTATIONS AND DEFINITIONS

Let A = (apk) be an infinite matrix defining a sequence to a sequence
summability transformation given by

(Ax), = Z Ok
k=0

where (Az), denotes the nth term of the image sequence Az. Let y be a
complex number sequence. Throughout this paper, we shall use the following
basic notations and definitions.

G:{y:yk:()(rk), 0<T<1}
G(A)={y: Ay G)
c¢(A) ={y : yis summable by A}.

Definition 1.1. If X and Y are sets of complex number sequences, then
the matriz A is called an X — Y matriz if the image Au of u under the
transformation A is in'Y whenever u is in X.

Definition 1.2. The summability matriz A is said to be G-translative for the
sequence u = {ug,u1,ua, ...} in G(A) provided that each of the sequences
T, and S, is in G (A), where T,, = {uy,ua,...} and S, = {0,ug,u1,...}.
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Definition 1.3. The sequence x is said to be Ay-summable to L if

ket
(1) 372, < k;a) upz® is convergent, for 0 < x <1,

k+a
(2) limg_q (1 —2)*T' S0, ( % ) upz® = L.

Here A, is the Abel-type power series method discussed by David Borwin
in [1].

2. MAIN RESULTS
Proposition 2.1. If Ay, is a G — G matriz, then (1 — t)a”rl cq.

Proof. Suppose (1 — t)aJrl is not in G. This implies that the first column of
the matrix A, ¢ is not in G because a,, 0 = (1 — tn)aH. Hence A, is not
a G — G matrix. O

Theorem 2.2. Every G—G A, matriz is G-translative for each sequences

x € G (Aqay) for which {lﬁl—ika} €G(Aay), k=1,2,3,....

Proof. Suppose z is a sequence in G (Aq ;) for which {é—ka} € G(Aqy). We
will show that

(1) T, € G(Aqy), and

(2) S:c €G (Aa,t)7
where T, and S, are as defined above. Let us first show that (1) holds. Note
that

‘(Aa,t)n‘ = (1 - tn)a—H

© k4« &
Z k | Tpeaty,
_(1*tn)a+1 -
- tn Z

k=0
A=)
- kz_:

(1 - tn)a+1 fo: kto k k
[ A, t -
tn Pt ko) "k+ o
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where
a+1 e} k+o<
4, =1 Z( )xktgg
tn k=1
and
gy = L0 ) S (k)
" tn — E+a ™|’

Now if we show that both {A,,} and {B,,} are in G, then (1) holds. But the
conditions that {A,} € G and {B,,} € G follow easily from the assumptions

that x € G (Aqy,) and { } € G (Aq,) respectively. Next, we will show
that (2) holds as follows. We have

|(Aa’tsx)n’ =(1- tn)aJrl Z

— (1 o tn)a—I—l i

where

and

e k+a T
Dy = (1—t,)*"! L
=t ol [ Y (1K)
k=0
If we show that {C,} and {D,} are in G, then (2) holds. But the as-
sumptions that z € G (Aq;) and { } € G (Aqny) imply that both {Cy}

and {D,} are in G respectively hence the theorem holds. ]

Corollary 2.3. Every G — G Aq matriz is G-translative for each sequence
:UEG(Aat)forwhzch{ }EG k=1,2,3,.
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Theorem 2.4. Suppose —1 < a < 0, then every G — G A matriz is
G-translative for each Aq-summable [1] sequence x in G (Aayt)-

Proof. Since the assumption holds for a = 0, we will only consider the case
-l1<a<0
Let z € (c(Aa) NG (Aqy)). We will show that:

(1) T, € G (An,t) and
(2) Sz € G(Any)

Let us first show that (1) holds.

‘(Aa,th)n| =(1- tn)a—H

1—t,)*™ | [kt
_ =ta)™ Z ka> Tty
k=0

k=1
(1 tn>a+1 o [kt k «
= (1 -
t kz_l ko) ot k+a
< E,+ F,,
where
° k+a
Ep=(1—t,)"! Z ( k ) zth
k=1
and

e k+a T
3 k)gg ‘
kl( k+a

Now if we show that both {E,} and {F,} are in G then (1) holds. From
the conditions that {E,} € G follows the assumption that x € G (A,+) and
{F,} € G will be shown as follows. We have

e k+a Tk
tk
> () s

k=2

Fp < (1 —t)* |z + (1 —t,)> ™

:Pn+Qn7
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where
P, = |z1] (1 — t,)*™

and

Qn = (1 - tn)a—H

3y ( ka> tk kx’“ .
iy + a
By Proposition 2.1, and the hypothesis that A,; G — G we have that

{P.} € G, hence there remains only to show that {Q,} € G as {F,} € G.

Observe that
. [kta tn
> (T ()|
0

k=2

/0 " dt <§: <k2a> xktk+a_1)

k=2

Qn = (1 - tn)aJrl

(1—ty)*Ht
a+1
n

The interchanging of the integral and the summation is legitimate as the
radius of convergence of the power series 1

) .
Z ( kf") o thra—l

k=2
is at least 1 and hence the power series converges absolutely and uniformly
for 0 <t <t,. Now we let

G(t) = i <k7§;a> pythra—l,

Then, we have

k+a

G(t) (1 B t)a-‘rl _ (1 _ t)a—i-l Z < L > $ktk+a_1
k=0
and the hypothesis that z € ¢ (4,) implies that
lim G (t) (1 — t)**t = A (finite), for 0 <t < 1. (i)
t—t

We also have
lim G (1) (1 - Hett =o. (ii)

Now (i) and (ii) yield that
G (t) (1 —t)*™| < My, for some M; > 0,

and hence

G ()] < My (1—t)~@tD
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So, we have

(1—t,)*T | [t

Qn = ta

e dt‘

t7l
= O, < M (1— tn)a“/ (G (1)] dt for some My > 0
0

tn
< MM, (1 — tn)““/ (1—t,)~ @V g
0
M, M.
o Z2MiM
(0%

By Proposition 2.1 and the assumption that A,; G — G we have that
(1 —t)@tD € G, and hence {Q,} € G. Next we show that (2) holds. We

My My (1 —£,)°*!
n

(1 —t,)*.

have
> k+a
|(Aa,tsm)n‘ = (1 — tn)a+1 Z < k ) xk_]_tii
k=1
X /k+ta+l
=1 —t)* > <k 1> ity
k=0
N [kt k+a-+1
0=t [ (5t (5
> k+a o
= (1 —t,)*"™ tk+1(1+>
O R (R
=R, + Sy,
where
> k+a
Ry =(1—t,)*" > < k > zth
k=0
and

o (ke xp k+1
> (M) .
> (%)

Now if we show that both {R,} and {S,} are in G, then (2) follows.
But the assumption that x € G (Aq;) implies that {R,} € G, and {S,} €
G follows using the same argument that we used in showing {Q,} € G
bebore. 0
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Theorem 2.5. Suppose 0 < a and 1 —t € G, then every G — G Ay matriz
is G-translative for each Aq-summable sequence x in G (Aqy).
Proof. Let x € (¢(Aa) NG (Aq,t)) . We will show that:

(1) T, € G (Aqy) and
(2) Sy € G(Aay).
Let us first show that (1) holds.

‘(Aa,th)n| = (1 - tn)a+1

where

and

Lyp=—a(l—t,)*"e,

e k+a T
— ( k+a

Now if we show that both {H,} and {L,} are in G hence (1) holds. But
the conditions that { H,} € G follows from the assumption that x € G (Aq¢)
and {L,} € G will be shown as follows. Note that

s k+ao T
k Tk | _
kz—2< g )t"k+a = Yo+ Zn,

Ln < (1 — )" g + (1 — £,)*™

where

Yo = [z] (1 - tn)a+1
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and

Zn = (1—t,)*™

° k+a Tk
Sk >th ‘
k2< kE+a

By Proposition 2.1, the assumption that A, ; G—G implies that {Y,,} € G,
hence remains only to show {Z,,} € G to show that {L,,} € G. Observe that

e k+ao n
Z ( k )xk </ tfﬁ“‘ldt>
0

k=2

/0 " (i <k?;a> xktk+a> ‘ .

k=2

Zp = (1 —t,)*"™

(1 o tn)a+1

tn

Now following the same argument we used for ),, above in the proof of
Theorem 2.4 it follows that

M M. M M.
M2 g g,y - Ml

o (6

Z, < (1 —t,)*.

By Proposition 2.1, the assumptions that A,; is G — G implies that
(1 -t e G. Now (1 — )"V € G and the assumption that (1 —t) € G
imply that Z € G. Next we show that (2) holds by showing S, € G (Aq,).
But this can be easily shown using the same argument used in showing
Sz € G (Aqat) in Theorem 2.4. Hence the theorem holds. O

The following basic facts can be easily proved. We state them here as
propositions with out proofs.

Proposition 2.6. Suppose —1 < a < 0, then every G — G An: matriz is
G-translative for the sequence x such that Y~ | x has bounded partial sum.

Proposition 2.7. Every G — G A, matriz is G-translative for the un-
bounded sequence x given by

zp = (—DF (k+1).

Proposition 2.8. FEvery G — G A, matriz is G-translative for each se-
quence x € G.

Proposition 2.9. Suppose —1 < a < 0, then every G — G An matriz is
G-translative for the sequence x such that Y ;- | is conditionally convergent.
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