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PARTIAL INVERSE SPECTRAL PROBLEM FOR THE
STURM-LIOUVILLE OPERATOR WITH DELAY

MILENKO PIKULA, DRAGANA NEDI C, AND ELMIR CATRNJA

Dedicated to the memory of our excellent teacher, scigntist
and great man academician Fikret Vajzovi

ABSTRACT. In this paper we study an inverse spectral boundary valoie!gm
for second-order differential equations on a finite intewigh delay. For given
conditions, we find the expression for the asymptotics oflgenvalues of the
posted problem. Then we examine the inverse problem andibg tiso se-
guences of eigenvalues obtained by varying the boundargitbom at the right
end, we construct the operator and prove its uniqueness.

1. INTRODUCTION

This paper deals with a Sturm-Liouville boundary value peob with delay
defined by

=Y () +9(X)Y(x—T1) = Ay(x) = Zy(X), (1.1)
}/(O, Z) =0, (1.2)
Y(mz)+Hjy(tz) =0, j=1,2, (1.3)
when .
™ 21
efrm)

The first correct results in this direction were obtaineddi Later a similar re-
sult was obtained in [15]. In these two papers the simplesjugmess results were
proved in the case when we compare an arbitrary potentialtivé zero potential.
The next step in this theory was made in papers [13], [5] aigl b these papers
the casa > g was considered. In this case the inverse problem becomneszs.lim
particular in [5] it was shown that this inverse problem igetermined, and the
correct statement of the inverse problem was suggested.cages < 7 is more
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difficult since the inverse problem becomes nonlinear. Thse was studied pa-
pers [2], [3], [16], [11] and [18]. In particular, in [3] and.8] the casa € [, J)
was considered, and the solution of the inverse problem Ww&sned. Papers [17]
and [14] are devoted to the similar problem with Dirichldisundary conditions.
In this paper, we solve the inverse problem for the potentihlat satisfies the
following conditions
ge L[0T,

g=0,x€[0,1],
q(x) =nq (X+ %) X € {3—;,114} !
I1:/q(t)dt7é0.

2t
We also consider theﬂT q(ty)dty, T € (5, %) is known.

2. THE ASYMPTOTICS OFEIGENVALUES

It is well known (see [9])) that characteristic functioRgof the problem (1.1),
(1.2) and (1.3) can be expressed in the form

. H; 1
Fi(2) = — zsinTz+ Hj costz+ ax (2) + 7’asc(z) +8csd2)+

H, |
+ Z_ZJaSZC(Z)7 | = 17 27 (21)

where
I

ae(2) = / q(ty) cosz(Tt— ty) sinz(t, — T)dts,

T
Tt

asd(?) = / q(ta) sinZ(T—ty) cosz(t, — 1)y,

T
Tt t1—T1

aco(2) = / q(ta) / q(t2) SinZ(Tt— t1) sinzt; — T — tp) cosz(t, — T)dbdty,
2t T
Tt t1—t1

acsd2) = /q(tl) / q(t2) cosz(mi—tg) sinz(ty — T —tp) cosz(ty — T)dtdt;.
Let
{O, 8 [0,5)U(n—3,1
qa®+3), 8€[fm—j]



PARTIAL INVERSE SPECTRAL PROBLEM FOR THE STURM-LIOUVILLE BERATOR ...

T
s =3

I = / a(ty)dt; = / G(6)de

T T[—% 01

2
|2—/q tl /qtz dtgdtl— /q / 61 delde

§(0) cosz(mt— 20)d6,

43

b(z)= [ §(8)sinz(m—26)de
Then 1. Iy
a2 (z) = z&(z) + - cosz(m—1),
2 2
1. I (2.2)
8c(2) = 5b(2) + 51 sinz(tt—1).
Now, let
0, B [0,T)U(m—T1,T1
0 s T
Q?(6) = ¢ q(6+T1) fq(ty)dt+ [ gty —B)q(ty)dty —q(B) [ q(ty)dt,  (2.3)
T 0-+1 0+t
Belt,m—1]
T
a?(z) = / Q2)(8) cosz(m— 26)d,
T
T
= / Q'?)(8) sinz(Ti— 26)d.
T
Then 1 I,
ag(2) = 7a? (2) — - cosz(m—2t),
4 “ (2.4)
acsd(2) = _Zb( )(2) + i 2 sinz(Tt— 21).
Using relations (2.2) and (2.4) functions (2.1) can be emiths
Fj(z) = —zsintz+ Hj costz+ %é(z) + % cosz(Tt— 1)+
Hinz) + P gingm— 1 — Lp@
+ ZZb( 2)+ o sinz(Tt—1) o b (2)+
l2 Hi j25 _ Hil2 _
+ 42smz(Tt 21)+ 122 (2) 12 cosz(Tt— 21). (2.5)
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Theorem 2.1. The zeros g of characteristic functions Fhave the following as-
ymptotic expansions

o, G Coi(n) Czj(n)
Znj =N+ n + 2 +0 2z ) (2.6)
where 1
Clj(n) = ZOj + {1 cosnt + ZZZn, Czj(n) = Nyj sinnt 4 nzsin 2nt
_Hj B I A _(T[—T)|j2 P B Tl jH;
ZOJ_?v Zl—g_[y {on=danm €2, HZ_T_ET’ Nij = — >R

Proof. See [9]. O

Corollary 2.1. The asymptotic behavior of eigenvalues is given by

1 1 _ _ 1
Anj = n2+ZZoj + 2, cosnt + §Z2n+ n (nlj smnr+r]23|n2nr> +o0 (ﬁ) . (2.7)

In the following the sef] = {t1,H,q} is called the set of parameters of operator
D? and the sef\ = {An i;n€ No,j = 1,2} is called the spectral characteristics of

the operatoD?. In the next parts of the paper we will will construct the Bewvith
some additional conditions on the potentjaprovided the sef\ known.

3. RECOVERING NUMBERST, Hj, AND &g

We suppose that
2
&= -

i.e. sequences,; oscillate as — .

Let
_Mzj—Anaj— (n+2)*+(n—-2)
. Ani1j—An-1j— (n+ 1)2 —(n— 1)2
From (2.7) it follows
1.
1= arcco&2 Amo Hnj- (3.1)

Furthermore, we have
Hy—Hi = ﬂr!i_f]go()\nz —An1) = T(Co2— Co1)-

Let us choose subsequenc{eé)} of the sequencén},| = 1,2 for which comﬁl)r-

cosnl((z)r # 0 and| cosnl((z)r — cosr1f<1)r| >0>0, (VK.
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Then we have the following

2)\? 1 1\? 2
(An@j - (nl(( >) ) cosnl(( - (Anﬁ”j - (nl(( )) > cosnl(( 1

20p;i = lim )
' o cosn?t—cog T
i.e. .
We also get
1)
A — (nk ) — 20oj _
2, —I|m k 0 ,1=12 j=12
—o0 cosn,'1
ie. 2 4
A= — |1 = — 3.3
Qo ="_h nZl (3.3)

With this we have proved the following

Theorem 3.1. If & # 0, then the sef\ uniquely determines the number$d;, Ho
and theO-th Fourier coefficient of potential g.

4. CONSTRUCTION OF THEINTEGRAL EQUATION FOR THEFUNCTION (

In the following we assume € [" 2") By the Hadamard'’s factorization theo-
rem it foIIows

)\nj > .
= Z+ — | sintTz 1+—— |, j=12 (4.1
J T[)\OJ n|_|1 )\nJ < > |_|1< : ( )

From (2.5) we also have

Hi~
Fj(z) = —zsintz+ Hj costz+ %é(z) + % cosz(T—1) + 2—Z’b(z)+
HJI 1 ( ) |2 .
+—= ,_% sinz(t Hr)l o b'“(z) + 42smz(Tt 21)+
i g2 - M2 _ j =
+ e 527 (2) 12 cosz(mt—21), j=1,2, 4.2)
whereF; are the products of (4.1), andHy, H, andl; the numbers given by (3.1),
(3.2) and (3.3).
Let us define functions
C(z) = I [HoF1(2) — H1F2(2)] + 2zsintz— 11 cosz(Tt— 1), (4.3)
2— M1

S(z) = 2 [F2(z) — F1(2)] — 2zcostz— |3 sinz(Tt—1). (4.4)
Hy—Hj
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It is easily verifiable that by using (4.2) we can write (4.80144.4) as

A b@ (Z) o .

C(z=4&(2— = + 2—ZSInZ(T[— 21) (4.5)
o a? (Z) P

S(z) =b(z) + 5 2—Zcosz(T[ 21) (4.6)

Applying integration by parts to fractlorféf,
b@(2) I

_ 12 Ginztri— 20y = 2 sinzim— 20y — 21Q?

> + 22smz(Tt 21) = . sinz(m—2t)—a~ (2), 4.7)

2 (7 2
a222( 2 _ Iz—zzcosz(n 21) = Q% (2), (4.8)

where o
a?(z) = / </Q (81 d91> cosz(T— 20)de, (4.9)
b'? (2) = / ( / Q<2>(el)del> sinz(T— 26)de. (4.10)
Based on (4.7)—(4.10) relations (4.5) and (4.6) can beemwritt the form

C(z) =42 —d”(2) + IEzsinz(n— 21), zeC, (4.11)
S(z) = b(z) —-b'?7?(2), zeC. (4.12)

From the identity system (4.11), (4.12) we obtain the indisigstem of equations
by takingz=m, me Np.

C(0) = &(0) — a'?” (0) + (11— 21) (4.13)
c(m) = a(m) —a'?? (m) + Ir—r21sin(n— 20m, meN, (4.14)
S(m) = b(m) —b'°”(m), meN. (4.15)

~ A @) _
Let Coz 2C(0), & = %a(O), agQ _ ga'Q<2)(O) Do = 2(1t 2r)'
-3 w3

fom = = / §(6) cos 28de, me_i / §(6) sin 2mAds,

2

T[—

-1, 0
A’ / < / Q2 (8, d91> Cos 2n0d, b'zﬁj”:% / ( / Q<2>(el)del> sin 2med,

T T T
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Com = (~1)"2C(m).  Som = (~1)™25(m)

Now, the system (4.13), (4.14), (4.15) becomes

Loy Lo Lao? 1
28— 3Cot 5% 300 (4.16)
fom = Com + 227 — |25'nr§m (4.17)
Bom = Som -+ B2 (4.18)
From (2.6) it is easy to prove th@by, € |, andSp, € |.
So there exists a functiohe L, [0, 1 such that
f(0) = o + Z ComCOS 210 + Sy, Sin 2M0.
2 m=1
Let ®© o
DNy 2 sin 2mt cos 2nP
AB) = =242 Z —_—
2 mE& m
Based on (4.16), (4.17), (4.18), we get
N T T
6(6) = 1(8)+ [ Q(8)d8y ~128(8). 0 € 7.~ 7]
or . 6+3 .
2) = @ (g, _ - _
q(6+5) =1 / Q? (81— ) d6—121(8).
q(x) = x—— / 1—— dxl—I2A<x—§>,xe [1,77. (4.19)
3t

2
Forx € [1,3) we haveA(x — 5) = 0 and the equation (4.19) becomes the identity

qx) = f (x— %) .

If gis continuous from the left at= I =, we have
31
q<7> —thrqr a(x),
l2= 575 (f(D—-a(3)).

fi(X) = f (x—3) — LA (x—3) . xe [F,m—3].
Then the equation (4.19) takes the form

000 = £(3)+ [ Q% (.~ ) ch

and from (4.19) we get

Let
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T[_I

Since fZQ(2> (x1— §) dx = I, the equation (4.19) for € (T— 5,1 takes the
3t

2
form

T
qx) = f (x— E) +1o,
because .
iQ(z) (Xl— %) dxg =lp,x€e [T[— %,T[] .
2

So, the functiory has the unique solution i on [T, 5] U [— 5, 7.

5. SOLUTION OF INTEGRAL EQUATION ON [, 11— J]

Let us denote by (x) the solution on the interv4lr, 3—;) and withgy(x) the so-
lution on the interva(mt— 5, ). Fort € (3, %) we have(3,m—3) = (¥, - 1)U
[m—t,2t)U (2t,m— ). Fort = J we haven—1 = 2t and[n—1,21] = {Z'} so
that interval degenerates into a point.

Theorem 5.1. The equation

X
_ @ (y, L S
a0 = 609+ [ (- 3)dx, xe [ R (5.1)
3t
2
is a linear integral equation of the Volterra type with a daing argument.

Proof. From (2.3) we have

T
X1—3

Tt
@ (y, T\ _ T / / i b _
Q (Xl 2) CI(X1+ 2) q(ty)dty + Q<t1 X1+ 2> q(ty)dty
T - X1+%
T 3t 3t T
—q(xl—é) / q(ty)dty, x1 € [E’X] - [?,n— 5}
X1+%

Forx € [3,1—1] we have

(oD

o
—q (xl _ %) /zq(tl)dtl

X1+%

_ql(xl—%) /nqz(tl)dtll.

T
=3

X1—

q (X1+ %) / 2q(tl)dt1+
T

T[*X;H*%

q(t1)d2 (t1+X1 - %) dt;—

a(t1)d2 (t1+xl— 3) dt,—

+ 2

™ —
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The difference in the second squared bracket is known, andxpression in the

first squared bracket linearly depends on the unknown foncti Fort (” 25?)

the kernelQ®® (x; — §), X1 € (11— T1,21) is known. Forx € [2t, 11— }] we have

X1— z T
T T
Q2 (Xl - E) =0 (Xl + E) / q(ty)dty —q(x1— 5 / p(t)dty |+
3t I
2 3T T[—X1+2 Xts
Q2 (Xl + = /Q1 t)dt; + / gu(t1)02 (t1+X — E) dtl]

The expression in the second squared bracket is known arekfiression in the
first squared bracket is linearly dependent on the unknowation g. Let
X1—3 T—X1+5

q(x+3) f O (t)dt + 3{ q(ty)d2 (t1+x — 5) dty—
Cqta-d) [ at)dy, xe [$mo1 e [E4

(x) B X1+ 5

K57 (x1,0(xq)) = 2

5 (X1,0(x1)) 0, X € [n—r 2t),x € [m—T1,X]
x1—3

% (x1+3) / alty)dy—q (X1 -3) f O2(t)dty,
3 X1+
’ [Zr m— 3], X1 € [21,X].
The known function dlffers on given intervals.XE [ ,TI— r] and if we denote
the starting function byz ( X), we have

V(%) = (3 + f

Forxe [m—1 2T] we have

f2(2)( x) = f1(x —1—/ [/ql t1)0p <t1—|—xl—§) dt;—

—CI1<X1—— /Q2 ty)dt;

T[_,

iy

T—

fQ1(t1)Q2 (tt+x1—3)dty—op (x1— 3) f Q2(t1)dt1] dx.

NI~

dX1+/Q X1——)dX1

Forx € [21,m— 5] the foIIowmg relation holds

£13( 4—/

—01 (X1—£> / O2(t1)dty

T
=3

2

/ (t1)o2 t1+X1—§

)dq-

dxq + Q M—§>dﬁ+
T

T—
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T[*X;Hr%

3t
2
+ /[ |(a+3) fat)du+ [ qu(ta)ge (ti+x1—5)dtr|dxq.
T T

Ne—x

Let
£, xe [F,n-1],
fa(x) = f2(2)7 X e (m—r1,21],
f2(3>, xe (2t,m—3].
Now, the equation (5.1) becomes )
a(x) = f2(x) +3{ Ky (x1,9(x1)) dxq.

2
Herewith, the theorem is proved.

O

Let us transform the equation (5.1) on the interf@d, 1— 5] into a new form.

Because the equation (5.1) is equivalent to the equation

T[_,

q(x) = f1(x +|2—/Q 1—— dxl,xe[2rn ;}

and if we define the functio,” (x) by

1 3t
3 Z

fo (X) = f1(}) +12— / [% <X1+£) /Q1(t1)dt1+

T

T
—X+3

/ tl (07) t1+X1 — é) dt]_] dxq,

then the equation (5.2) takes the form

T
3

ax)="f; ()~ / lm (a+3)

X

X1

NI‘—‘?\

X1+%

N

A|1—|1—/C11 t)dt; — / O (t)dty.

3

Now, we have that

x

T
3

Q(tl)dtl =Al{ — / Q(tl)dtl.

le%

T
172

NI‘—‘?\

3 T
T
Q(tl)dtl— q (Xl— E) / qg(tl)dt1] dX]_.

(5.2)

(5.3)

(5.4)
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Using (5.4), from (5.3) it follows
s
q(x) = f, (x) — A|1/CI2 (x1+ )dx1+
-3 X 35 T[ (5'5)
T T
+/ Q2<X1+§> /Q(tl)dtl+Q<Xl—§) /Q2(t1)dt1]dX1-
X X1-3 X1+3
Let

T
3

£(x) = f5 (x) — Al / % (%0 + %) dx.

X

Now, the equation (5.5) becomes

a(x)= +/ o7 X1+ /qtl dt1+q X1—— /Q2 t dtl] dx. (5.6)
X1_§

X1+—
Sinceq(x) = q(x+ 5), we have that(x; — 5) = q(x1) and it holds

n—3 -1 3
/ q(ty)dty = / q(ty)dt; + / (tp)dty + / (t)dty =
X1—% X1—3 T 2t
-3 2t 1 2t
= /Q(tl)dt1+/Q(tl)dt1+§<A|1_ /Q(tl)dt1> =
X1 T T
-3 1 2t
= /Q(tl)dtl+§<m1+/Q(tl)dtl>-
X1 T
Using this we get
-3 3 T
/ [CI2 (X1+ %) / q(ta)dty +q (Xl_ 5 / p(t dtl] dxg =
X xi—3 143
-3 -3 T
/ [ X1+ / q(ty)dty +q(x1) / O2(ty)dty | dxg+
X1 X1+3

=
1
+§<A|1+/ (t1) dt1> /C]2 X1+ Xm
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Let

I
3

2t
57 (x) = f5(x) + % <A|1+ / q(tl)dt1> / o2 <x1+ %) dxg.

X
Now, the equation (5.1) on the interv@r,n— 3] can be written in the form

T—
a(x +/
X

Hereby, we have proved the following result:

02 X1+ /qtl )dts +q(x1) / O2(ts dtl] dxy.

X1+—

Theorem 5.2. If the number f q(ta)dty, T € (3, 25”) is known, and if ¢x1) =

a(x+3), x € [F,m—1], then the equatior(5.1) is equivalent to the linear
Volterra equation without deviation.

Coroallary 5.1. The equatior(5.1) on the interval[Zr,n— g] has the unique solu-
tion gz(x).
If T = 7 then the potentiad is determined on the intervaf, ] and it holds

w(x), xe€[3.3]
a(x) = as(x), xe€ (3, %],
R(x), xe€ (2.

Fort e (3, 2") on the intervalm— T, 2t] the equation becomes an identity and
its solution we denote bg(x). So

ql(x)’ Xe [T77) )

G(x), xe[F n-tul2t,n-3],
Qa(x), xe (m—1,21)

R(X), xe€(m-3,m.

Therefore, we have proved the main result.

ax) =

Theorem 5.3. If two sequences of eigenvalukg;, n € No, j = 1,2 of the oper-
ator D@ are obtained by varying the boundary conditions at the righdl, then
the operators [f)2 @ (1, Hj,q) are uniquely determined, whey&q(t)dt = 0,

JZ.q(t1)dty is a known number, and(g) = q (xi + %), xe [&, 11— 1].
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