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PARTIAL INVERSE SPECTRAL PROBLEM FOR THE
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Dedicated to the memory of our excellent teacher, scientist,
and great man academician Fikret Vajzović

ABSTRACT. In this paper we study an inverse spectral boundary value problem
for second-order differential equations on a finite interval with delay. For given
conditions, we find the expression for the asymptotics of theeigenvalues of the
posted problem. Then we examine the inverse problem and by using two se-
quences of eigenvalues obtained by varying the boundary condition at the right
end, we construct the operator and prove its uniqueness.

1. INTRODUCTION

This paper deals with a Sturm-Liouville boundary value problem with delay
defined by

−y′′(x)+q(x)y(x− τ) = λy(x) = z2y(x), (1.1)

y′(0,z) = 0, (1.2)

y′(π,z)+H jy(π,z) = 0, j = 1,2, (1.3)

when

τ ∈
[

π
3
,
2π
5

)

.

The first correct results in this direction were obtained in [6]. Later a similar re-
sult was obtained in [15]. In these two papers the simplest uniqueness results were
proved in the case when we compare an arbitrary potential with the zero potential.
The next step in this theory was made in papers [13], [5] and [17]. In these papers
the caseτ ≥ π

2 was considered. In this case the inverse problem becomes linear. In
particular in [5] it was shown that this inverse problem is overdetermined, and the
correct statement of the inverse problem was suggested. Thecaseτ <

π
2 is more
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difficult since the inverse problem becomes nonlinear. Thiscase was studied pa-
pers [2], [3], [16], [11] and [18]. In particular, in [3] and [18] the caseτ ∈

[π
3,

π
2

)

was considered, and the solution of the inverse problem was obtained. Papers [17]
and [14] are devoted to the similar problem with Dirichlet’sboundary conditions.

In this paper, we solve the inverse problem for the potentialq that satisfies the
following conditions

q∈ L2 [0,π] ,
q≡ 0,x∈ [0,τ] ,

q(x) = q
(

x+
τ
2

)

,x∈

[

3τ
2
,π− τ

]

,

I1 =

π∫

τ

q(t)dt 6= 0.

We also consider that
2τ∫

π−τ
q(t1)dt1,τ ∈

(π
3,

2π
5

)

is known.

2. THE ASYMPTOTICS OFEIGENVALUES

It is well known (see [9])) that characteristic functionsFj of the problem (1.1),
(1.2) and (1.3) can be expressed in the form

Fj(z) =−zsinπz+H j cosπz+ac2(z)+
H j

z
asc(z)+

1
z
acsc(z)+

+
H j

z2 as2c(z), j = 1,2, (2.1)

where

ac2(z) =

π∫

τ

q(t1)cosz(π− t1)sinz(t1− τ)dt1,

asc(z) =

π∫

τ

q(t1)sinz(π− t1)cosz(t1− τ)dt1,

as2c(z) =

π∫

2τ

q(t1)

t1−τ∫

τ

q(t2)sinz(π− t1)sinz(t1− τ− t2)cosz(t2− τ)dt2dt1,

acsc(z) =

π∫

2τ

q(t1)

t1−τ∫

τ

q(t2)cosz(π− t1)sinz(t1− τ− t2)cosz(t2− τ)dt2dt1.

Let

q̂(θ) =

{

0, θ ∈
[

0, τ
2)∪ (π− τ

2,π
]

q(θ+ τ
2), θ ∈

[ τ
2,π− τ

2

]
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I1 =

π∫

τ

q(t1)dt1 =

π− τ
2∫

τ
2

q̂(θ)dθ,

I2 =

π∫

2τ

q(t1)

t1−τ∫

τ

q(t2)dt2dt1 =

π− τ
2∫

3τ
2

q̂(θ)
θ− τ

2∫
τ
2

q̂(θ1)dθ1dθ,

â(z) =

π− τ
2∫

τ
2

q̂(θ)cosz(π−2θ)dθ,

b̂(z) =

π− τ
2∫

τ
2

q̂(θ)sinz(π−2θ)dθ.

Then
ac2(z) =

1
2

â(z)+
I1
2

cosz(π− τ),

asc(z) =
1
2

b̂(z)+
I1
2

sinz(π− τ).
(2.2)

Now, let

Q(2)(θ) =



















0, θ ∈ [0,τ)∪ (π− τ,π]

q(θ+ τ)
θ∫
τ

q(t1)dt1+
π∫

θ+τ
q(t1−θ)q(t1)dt1−q(θ)

π∫
θ+τ

q(t1)dt1,

θ ∈ [τ,π− τ]

(2.3)

a(2)(z) =

π−τ∫

τ

Q(2)(θ)cosz(π−2θ)dθ,

b(2)(z) =

π−τ∫

τ

Q(2)(θ)sinz(π−2θ)dθ.

Then
as2c(z) =

1
4

a(2)(z)−
I2
4

cosz(π−2τ),

acsc(z) =−
1
4

b(2)(z)+
I2
4

sinz(π−2τ).
(2.4)

Using relations (2.2) and (2.4) functions (2.1) can be written as

Fj(z) =−zsinπz+H j cosπz+
1
2

â(z)+
I1
2

cosz(π− τ)+

+
H j

2z
b̂(z)+

H j I1
2z

sinz(π− τ)−
1
4z

b(2)(z)+

+
I2
4z

sinz(π−2τ)+
H j

4z2 a(2)(z)−
H j I2
4z2 cosz(π−2τ). (2.5)
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Theorem 2.1. The zeros zn j of characteristic functions Fj have the following as-
ymptotic expansions

zn j = n+
C1 j(n)

n
+

C2 j(n)
n2 +o

(

C2 j(n)

n2

)

, (2.6)

where
C1 j(n) = ζ0 j +ζ1cosnτ+

1
4

ζ2n, C2 j(n) = η1 j sinnτ+η2sin2nτ

ζ0 j =
H j

π
, ζ1 =

I1
2π

, ζ2n = â2n ∈ l2, η2 =
(π− τ)I2

j

4π2 −
I2
4π

, η1 j =−
τI jH j

2π2 .

Proof. See [9]. �

Corollary 2.1. The asymptotic behavior of eigenvalues is given by

λn j = n2+2ζo j +2ζ1 cosnτ+
1
2

ζ2n+
1
n

(

η1 j sinnτ+η2 sin2nτ
)

+o

(

1
n

)

. (2.7)

In the following the set∏ = {τ,H,q} is called the set of parameters of operator
D2 and the set

∧
= {λn j,n ∈ N0, j = 1,2} is called the spectral characteristics of

the operatorD2. In the next parts of the paper we will will construct the set∏ with
some additional conditions on the potentialq, provided the set

∧
known.

3. RECOVERING NUMBERS τ, H j , AND a0

We suppose that

â0 =
2
π

π− τ
2∫

τ
2

q̂(θ)dθ =
2
π

I1 6= 0,

i.e. sequencesλn j oscillate asn→ ∞.
Let

µn j =
λn+2, j −λn−2, j − (n+2)2+(n−2)2

λn+1, j −λn−1, j − (n+1)2− (n−1)2 .

From (2.7) it follows

τ = arccos
1
2

lim
n→∞

µn j. (3.1)

Furthermore, we have

H2−H1 = π lim
n→∞

(λn2−λn1) = π(ζ02−ζ01).

Let us choose subsequences{n(l)k } of the sequence{n}, l = 1,2 for which cosn(1)k τ ·
cosn(2)k τ 6= 0 and|cosn(2)k τ−cosn(1)k τ| ≥ δ > 0, (∀k).
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Then we have the following

2ζ0 j = lim
k→∞

(

λ
n(2)k j

−
(

n(2)k

)2
)

cosn(1)k τ−
(

λ
n(1)k j

−
(

n(1)k

)2
)

cosn(2)k τ

cosn(2)k τ−cos(1)k τ
,

i.e.
H j = πζo j, j = 1,2. (3.2)

We also get

2ζ1 = lim
k→∞

λ
n(l )k j

−
(

n(l)k

)2
−2ζ0 j

cosn(l)k τ
, l = 1,2, j = 1,2,

i.e.
â0 =

2
π

I1 =
4
π

ζ1 (3.3)

With this we have proved the following

Theorem 3.1. If â0 6= 0, then the set
∧

uniquely determines the numbersτ,H1,H2

and the0-th Fourier coefficient of potential q.

4. CONSTRUCTION OF THEINTEGRAL EQUATION FOR THE FUNCTION q

In the following we assumeτ ∈
[π

3,
2π
5

)

. By the Hadamard’s factorization theo-
rem it follows

Fj(z) =
A j

πλ0 j

∞

∏
n=1

n2

λn j

(

−z+
λ0 j

z

)

sinπz
∞

∏
n=1

(

1+
λn j −n2

n2−z2

)

, j = 1,2. (4.1)

From (2.5) we also have

Fj(z)≡−zsinπz+H j cosπz+
1
2

â(z)+
I1
2

cosz(π− τ)+
H j

2z
b̂(z)+

+
H j I1
2z

sinz(π− τ)−
1
4z

b(2)(z)+
I2
4z

sinz(π−2τ)+

+
H j

4z2 a(2)(z)−
H j I2
4z2 cosz(π−2τ), j = 1,2, (4.2)

whereFj are the products of (4.1), andτ, H1, H2 andI1 the numbers given by (3.1),
(3.2) and (3.3).

Let us define functions

C(z) =
2

H2−H1
[H2F1(z)−H1F2(z)]+2zsinπz− I1cosz(π− τ), (4.3)

S(z) =
2z

H2−H1
[F2(z)−F1(z)]−2zcosπz− I1sinz(π− τ). (4.4)
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It is easily verifiable that by using (4.2) we can write (4.3) and (4.4) as

C(z) = â(z)−
b(2)(z)

2z
+

I2
2z

sinz(π−2τ) (4.5)

S(z) = b̂(z)+
a(2)(z)

2z
−

I2
2z

cosz(π−2τ) (4.6)

Applying integration by parts to fractionsb
(2)(z)
2z , a(2)(z)

2z we get

−
b(2)(z)

2z
+

I2
2z

sinz(π−2τ) =
I2
z

sinz(π−2τ)−aIQ(2)
(z), (4.7)

a(2)(z)
2z

−
I2
2z

cosz(π−2τ) =−bIQ(2)
(z), (4.8)

where

aIQ(2)
(z) =

π−τ∫

τ

( θ∫

τ

Q(2)(θ1)dθ1

)

cosz(π−2θ)dθ, (4.9)

bIQ(2)
(z) =

π−τ∫

τ

( θ∫

τ

Q(2)(θ1)dθ1

)

sinz(π−2θ)dθ. (4.10)

Based on (4.7)–(4.10) relations (4.5) and (4.6) can be written in the form

C(z) = â(z)−aIQ(2)
(z)+

I2
z

sinz(π−2τ), z∈ C, (4.11)

S(z) = b̂(z)−bIQ(2)
(z), z∈ C. (4.12)

From the identity system (4.11), (4.12) we obtain the infinite system of equations
by takingz= m, m∈ N0.

C(0) = â(0)−aIQ(2)
(0)+ I2(π−2τ) (4.13)

C(m) = â(m)−aIQ(2)
(m)+

I2
m

sin(π−2τ)m, m∈N, (4.14)

S(m) = b̂(m)−bIQ(2)
(m), m∈N. (4.15)

Let C0 =
2
πC(0), â0 =

2
π â(0), aIQ(2)

0 = 2
π aIQ(2)

(0), ∆0 =
2(π−2τ)

π ,

â2m =
2
π

π− τ
2∫

τ
2

q̂(θ)cos 2mθdθ, b̂2m =
2
π

π− τ
2∫

τ
2

q̂(θ)sin2mθdθ,

aIQ(2)

2m =
2
π

π−τ∫

τ

( θ∫

τ

Q(2)(θ1)dθ1

)

cos2mθdθ, bIQ(2)

2m =
2
π

π−τ∫

τ

( θ∫

τ

Q(2)(θ1)dθ1

)

sin2mθdθ,
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C2m = (−1)m2
π

C(m), S2m = (−1)m+1 2
π

S(m).

Now, the system (4.13), (4.14), (4.15) becomes

1
2

â0 =
1
2

C0+
1
2

aIQ(2)

0 −
1
2

∆0 (4.16)

â2m =C2m+aIQ(2)

2m − I2
sin2mτ

m
(4.17)

b̂2m = S2m+bIQ(2)

2m (4.18)

From (2.6) it is easy to prove thatC2m ∈ l2 andS2m ∈ l2.
So there exists a functionf ∈ L2 [0,π] such that

f (θ) =
C0

2
+

∞

∑
m=1

C2mcos2mθ+S2msin2mθ.

Let
∆(θ) =

∆0

2
+

2
π

∞

∑
m=1

sin2mτcos2mθ
m

Based on (4.16), (4.17), (4.18), we get

q̂(θ) = f (θ)+
θ∫

τ

Q(2)(θ1)dθ1− I2∆(θ),θ ∈
[ τ

2
,π−

τ
2

]

,

or
q
(

θ+
τ
2

)

= f (θ)+
θ+ τ

2∫

3τ
2

Q(2)
(

θ1−
τ
2

)

dθ1− I2∆(θ).

q(x) = f
(

x−
τ
2

)

+

x∫

3τ
2

Q(2)
(

x1−
τ
2

)

dx1− I2∆
(

x−
τ
2

)

,x∈ [τ,π] . (4.19)

For x∈
[

τ, 3τ
2

)

we have∆(x− τ
2)≡ 0 and the equation (4.19) becomes the identity

q(x) = f
(

x−
τ
2

)

.

If q is continuous from the left atx= 3τ
2 , we have

q

(

3τ
2

)

= lim
xր 3τ

2

q(x),

and from (4.19) we get
I2 = 1

∆(τ)
(

f (τ)−q
(

3τ
2

))

.

Let
f1(x) = f

(

x− τ
2

)

− I2∆
(

x− τ
2

)

,x∈
[3τ

2 ,π− τ
2

]

.

Then the equation (4.19) takes the form

q(x) = f (x)+
x∫

3τ
2

Q(2)
(

x1−
τ
2

)

dx1.
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Since
π− τ

2∫
3τ
2

Q(2)
(

x1−
τ
2

)

dx1 = I2, the equation (4.19) forx∈
(

π− τ
2,π
]

takes the

form
q(x) = f

(

x−
τ
2

)

+ I2,

because
x∫

3τ
2

Q(2)
(

x1−
τ
2

)

dx1 = I2,x∈
[

π− τ
2,π
]

.

So, the functionq has the unique solution inL2 on
[

τ, 3τ
2

]

∪
[

π− τ
2,π
]

.

5. SOLUTION OF INTEGRAL EQUATION ON
[

3τ
2 ,π− τ

2

]

Let us denote byq1(x) the solution on the interval
(

τ, 3τ
2

)

, and withq2(x) the so-
lution on the interval

(

π− τ
2,π
)

. Forτ∈
(π

3 ,
2π
5

)

we have
(

3τ
2 ,π− τ

2

)

=
(

3τ
2 ,π− τ

)

∪

[π− τ,2τ]∪
(

2τ,π− τ
2

)

. For τ = π
3 we haveπ− τ = 2τ and [π− τ,2τ] =

{

2π
3

}

so
that interval degenerates into a point.

Theorem 5.1. The equation

q(x) = f1(x)+

x∫

3τ
2

Q(2)
(

x1−
τ
2

)

dx1, x∈

[

3τ
2
,π−

τ
2

]

(5.1)

is a linear integral equation of the Volterra type with a deviating argument.

Proof. From (2.3) we have

Q(2)
(

x1−
τ
2

)

= q
(

x1+
τ
2

)

x1−
τ
2∫

τ

q(t1)dt1+

π∫

x1+
τ
2

q
(

t1−x1+
τ
2

)

q(t1)dt1−

−q
(

x1−
τ
2

)

π∫

x1+
τ
2

q(t1)dt1, x1 ∈

[

3τ
2
,x

]

⊂

[

3τ
2
,π−

τ
2

]

.

For x∈ [3τ
2 ,π− τ] we have

Q(2)
(

x1−
τ
2

)

=

[

q
(

x1+
τ
2

)

x1−
τ
2∫

τ

q(t1)dt1+

π−x1+
τ
2∫

3τ
2

q(t1)q2

(

t1+ x1−
τ
2

)

dt1−

−q1

(

x1−
τ
2

)

π− τ
2∫

x1+
τ
2

q(t1)dt1

]

+

[

3τ
2∫

τ

q1(t1)q2

(

t1+ x1−
τ
2

)

dt1−

−q1

(

x1−
τ
2

)

π∫

π− τ
2

q2(t1)dt1

]

.
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The difference in the second squared bracket is known, and the expression in the
first squared bracket linearly depends on the unknown function q. For τ ∈

(π
2 ,

2π
5

)

the kernelQ(2)
(

x1−
τ
2

)

, x1 ∈ (π− τ,2τ) is known. Forx∈
[

2τ,π− τ
2

]

we have

Q(2)
(

x1−
τ
2

)

=

[

q2

(

x1+
τ
2

)

x1−
τ
2∫

3τ
2

q(t1)dt1−q
(

x1−
τ
2

)

π∫

x1+
τ
2

q2(t1)dt1

]

+

+

[

q2

(

x1+
τ
2

)

3τ
2∫

τ

q1(t1)dt1+

π−x1+
τ
2∫

τ

q1(t1)q2

(

t1+x1−
τ
2

)

dt1

]

.

The expression in the second squared bracket is known and theexpression in the
first squared bracket is linearly dependent on the unknown functionq. Let

K(x)
2 (x1,q(x1)) =























































q
(

x1+
τ
2

)

x1−
τ
2∫

τ
q1(t1)dt1+

π−x1+
τ
2∫

3τ
2

q(t1)q2
(

t1+x1−
τ
2

)

dt1−

−q1
(

x1−
τ
2

)

π− τ
2∫

x1+
τ
2

q(t1)dt1, x∈
[

3τ
2 ,π− τ

]

, x1 ∈
[

3τ
2 ,x
]

0, x∈ [π− τ,2τ] ,x1 ∈ [π− τ,x]

q2
(

x1+
τ
2

)

x1−
τ
2∫

3τ
2

q(t1)dt1−q
(

x1−
τ
2

)

π∫
x1+

τ
2

q2(t1)dt1,

x∈
[

2τ,π− τ
2

]

, x1 ∈ [2τ,x].

The known function differs on given intervals. Ifx∈
[

3τ
2 ,π− τ

]

and if we denote

the starting function byf (1)2 (x), we have

f (1)2 (x) = f1(x)+
x∫

3τ
2

[

3τ
2∫

τ
q1(t1)q2

(

t1+x1−
τ
2

)

dt1−q1
(

x1−
τ
2

)

π∫
π− τ

2

q2(t1)dt1

]

dx1.

For x∈ [π− τ,2τ], we have

f (2)2 (x) = f1(x)+

x∫

3τ
2

[

3τ
2∫

τ

q1(t1)q2

(

t1+x1−
τ
2

)

dt1−

−q1

(

x1−
τ
2

)

π∫

π− τ
2

q2(t1)dt1

]

dx1+

x∫

π−τ

Q(2)
(

x1−
τ
2

)

dx1.

For x∈
[

2τ,π− τ
2

]

the following relation holds

f (3)2 (x) = f1(x)+

π−τ∫

3τ
2

[

3τ
2∫

τ

q1(t1)q2

(

t1+x1−
τ
2

)

dt1−

−q1

(

x1−
τ
2

)

π∫

π− τ
2

q2(t1)dt1

]

dx1+

2τ∫

π−τ

Q(2)
(

x1−
τ
2

)

dx1+
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+
x∫

2τ

[

q2
(

x1+
τ
2

)

3τ
2∫

τ
q1(t1)dt1+

π−x1+
τ
2∫

τ
q1(t1)q2

(

t1+x1−
τ
2

)

dt1

]

dx1.

Let

f2(x) =











f (1)2 , x∈
[

3τ
2 ,π− τ

]

,

f (2)2 , x∈ (π− τ,2τ] ,
f (3)2 , x∈

(

2τ,π− τ
2

]

.

Now, the equation (5.1) becomes

q(x) = f2(x)+
x∫

3τ
2

K(x)
2

(

x1,q(x1)
)

dx1.

Herewith, the theorem is proved. �

Let us transform the equation (5.1) on the interval
[

2τ,π− τ
2

]

into a new form.
Because the equation (5.1) is equivalent to the equation

q(x) = f1(x)+ I2−

π− τ
2∫

x

Q(2)
(

x1−
τ
2

)

dx1,x∈
[

2τ,π−
τ
2

]

, (5.2)

and if we define the functionf−
2
(x) by

f−2 (x) = f1(x)+ I2−

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

3τ
2∫

τ

q1(t1)dt1+

+

π−x+ τ
2∫

τ

q1(t1)q2

(

t1+x1−
τ
2

)

dt1

]

dx1,

then the equation (5.2) takes the form

q(x)= f−2 (x)−

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

x1−
τ
2∫

3τ
2

q(t1)dt1−q
(

x1−
τ
2

)

π∫

x1+
τ
2

q2(t1)dt1

]

dx1. (5.3)

Let

∆I1 = I1−

3τ
2∫

τ

q1(t1)dt1−

π∫

π− τ
2

q2(t1)dt1.

Now, we have that
x1−

τ
2∫

3τ
2

q(t1)dt1 = ∆I1−

π− τ
2∫

x1−
τ
2

q(t1)dt1. (5.4)
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Using (5.4), from (5.3) it follows

q(x) = f−2 (x)−∆I1

π− τ
2∫

x

q2

(

x1+
τ
2

)

dx1+

+

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

π− τ
2∫

x1−
τ
2

q(t1)dt1+q
(

x1−
τ
2

)

π∫

x1+
τ
2

q2(t1)dt1

]

dx1.

(5.5)

Let

f ∗2 (x) = f−2 (x)−∆I1

π− τ
2∫

x

q2

(

x1+
τ
2

)

dx1.

Now, the equation (5.5) becomes

q(x)= f ∗2 (x)+

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

π− τ
2∫

x1−
τ
2

q(t1)dt1+q
(

x1−
τ
2

)

π∫

x1+
τ
2

q2(t1)dt1

]

dx1. (5.6)

Sinceq(x) = q
(

x+ τ
2

)

, we have thatq
(

x1−
τ
2

)

= q(x1) and it holds

π− τ
2∫

x1−
τ
2

q(t1)dt1 =

π−τ∫

x1−
τ
2

q(t1)dt1+

2τ∫

π−τ

q(t1)dt1+

π− τ
2∫

2τ

q(t1)dt1 =

=

π− τ
2∫

x1

q(t1)dt1+

2τ∫

π−τ

q(t1)dt1+
1
2

(

∆I1−

2τ∫

π−τ

q(t1)dt1

)

=

=

π− τ
2∫

x1

q(t1)dt1+
1
2

(

∆I1+

2τ∫

π−τ

q(t1)dt1

)

.

Using this we get

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

π− τ
2∫

x1−
τ
2

q(t1)dt1+q
(

x1−
τ
2

)

π∫

x1+
τ
2

q2(t1)dt1

]

dx1 =

=

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

π− τ
2∫

x1

q(t1)dt1+q(x1)

π∫

x1+
τ
2

q2(t1)dt1

]

dx1+

+
1
2

(

∆I1+

2τ∫

π−τ

q(t1)dt1

) π− τ
2∫

x

q2

(

x1+
τ
2

)

dx1.
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Let

f ∗∗2 (x) = f ∗2 (x)+
1
2

(

∆I1+

2τ∫

π−τ

q(t1)dt1

) π− τ
2∫

x

q2

(

x1+
τ
2

)

dx1.

Now, the equation (5.1) on the interval
[

2τ,π− τ
2

]

can be written in the form

q(x) = f ∗∗2 (x)+

π− τ
2∫

x

[

q2

(

x1+
τ
2

)

π− τ
2∫

x1

q(t1)dt1+q(x1)

π∫

x1+
τ
2

q2(t1)dt1

]

dx1.

Hereby, we have proved the following result:

Theorem 5.2. If the number
2τ∫

π−τ
q(t1)dt1, τ ∈

(π
3,

2π
5

)

is known, and if q(x1) =

q
(

x1+
τ
2

)

, x1 ∈
[

3τ
2 ,π− τ

]

, then the equation(5.1) is equivalent to the linear
Volterra equation without deviation.

Corollary 5.1. The equation(5.1)on the interval
[

2τ,π− τ
2

]

has the unique solu-
tion q3(x).

If τ = π
3 then the potentialq is determined on the interval

[π
3 ,π
]

and it holds

q(x) =











q1(x), x∈
[π

3,
π
2

]

,

q3(x), x∈
(π

2,
5π
6

]

,

q2(x), x∈
(

5π
6 ,π

]

.

For τ ∈
(π

3 ,
2π
5

)

on the interval[π− τ,2τ] the equation becomes an identity and
its solution we denote byq4(x). So

q(x) =



















q1(x), x∈
[

τ, 3τ
2

)

,

q3(x), x∈
[3τ

2 ,π− τ
]

∪
[

2τ,π− τ
2

]

,

q4(x), x∈ (π− τ,2τ)
q2(x), x∈

(

π− τ
2,π
]

.

Therefore, we have proved the main result.

Theorem 5.3. If two sequences of eigenvaluesλn j, n∈ N0, j = 1,2 of the oper-
ator D(2) are obtained by varying the boundary conditions at the rightend, then
the operators D(2)j = D(2)(τ,H j ,q) are uniquely determined, where

∫ π
τ q(t)dt 6= 0,∫ 2τ

π−τ q(t1)dt1 is a known number, and q(x1) = q
(

x1+
τ
2

)

, x∈
[

3τ
2 ,π− τ

]

.
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Elmir Čatrnja
United World College in Mostar
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