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MORE ON HURWITZ AND TASOEV CONTINUED
FRACTIONS

TAKAO KOMATSU

ABSTRACT. Several new types of Hurwitz continued fractions have been
studied. Most basic Hurwitz continued fractions can be expressed by
using confluent hypergeometric functions oFi(;c;z). This expression
enables us to find some more general Hurwitz continued fractions. A
contrast between Tasoev continued fractions and Hurwitz ones yields
some more general Tasoev continued fractions. Some Ramanujan con-
tinued fractions are also discussed.

1. HURWITZ CONTINUED FRACTIONS

a = [ag;ai,az,...] denotes the regular (or simple) continued fraction
expansion of a real o, where

a=ay+by, a=|a],
1/0p—1=an+0n, a,=|1/0ph—1] n>1).

Hurwitz continued fraction expansions have the form

[ao; at,...,0an, Ql(k)v sy QP(k)]zo:I
= [ao;al, N ,an,Ql(l), .. .,Qp(l),Q1<2), .. -an(Q);Ql(S)a .. ] ;

where ag is an integer, a1, ..., a, are positive integers, @1, ..., @, are
polynomials with rational coefficients which take positive integral values for
k=1,2,... and at least one of the polynomials is not constant. Up to the
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present, some basic known examples are the following.

61/52[1,(2]6—1)5—1,1,1]20:1 (SGZ’S>1)'
ael/a = [a+17m]zil (a €Z+)

1 -
—elr = [0;a—1,20,1,2k,2a — 12, (a€Z,a>1).
a

=[7;3k—1,1,1, 3k, 12/-c+6]
5s+

fe1 -
} (s:o0dd,s >3).

2/ — {1; 3k 12ks —
v 1 o
\/;tanh N = [0; (4k — 3)u, (4k — v |32, (u,v € Z4).
Tasmy+1(3) —_—
———2> =[0;a + kb|72
Ia/b(%) =l

where I)(z) are the modified Bessel functions of the first kind, defined by

o0 22)\+2n
3 (2/2)

ING D Pl —
A(2) — nD(A+n+1)
v o0
tan\ﬁ 0;u—1,1,(4k — Vv —2,1,(4dk+ Du—2 |32, .
Jia 2
LIQ(”):[O;a+b—1,1,a+(/~c+1)b—2]z°:1,
Ja/b(B)

where Jy(z) are the Bessel functions of the first kind, defined by
Iz > (iz/2)*"
Iaz) = (5) 7;) nTA+n+1)

It seems that each one of the above belongs to one of the types, e-type,
tanh-type, tan-type and e?-type. No concrete example where the degree of
any polynomial exceeds 1 has been known.

Recently, the author [5] obtained a generalized tanh-type Hurwitz con-
tinued fraction as

[0;u(a + (2k — 1)), v(a + 2kb) |22,

Yoo (n)~tum" " (wb) " T (o + bl)
> o) T Huvb) [ (a + i)~ 7
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L. I, 2
which includes the cases of \/g tanh \/% and %T%()b) The author also

obtained a generalized tan-type Hurwitz continued fraction as

[0;u(a+b) —1,1,v(a+ 2kb) — 2,1, u(a + (2k + 1)b) — 2]

(1) () T ) T (o bi)
S0 (1) (nl)(uwb) [y (a+ bi) L

ich i T 1 J(aso)+1(3)
which includes the cases of \/g tan N and and T(%)b

In [8], the author constituted more general forms of Hurwitz continued
fractions of e-type, namely, some extended forms of the continued fractions

of e¥/5, ael/® and éel/“.

0 u(a+ kb) — 1, 1,0 — 132,
52 w20 () LT (a o+ i)~

S b () (we) 2 L (o + bi) 1 — (o) 20 [T o+ 0i) )
and

0;v —1,1,u(a + kb) — 1]72;

[e'e) n n+1
Z b—n(n!)—l (u—an—Zn—l H(a +bi)_1—i—u_2n_1v_2n_2 H (a—l—bi)_l)
n=0 ; ]

i=1 =1
S (uv)2rb(n) =L ] (@ + bi)—1
n=0 i=1

There are still more known Hurwitz continued fractions which may not
belong to any of the above categories. Most of them are easily derived from
one of the basic types (see e.g. [5, Props. 1 and 2]).

2. CONFLUENT HYPERGEOMETRIC FUNCTIONS

Some generalized Hurwitz continued fractions which the author obtained
become elegant to look at with the aid of hypergeometric functions (see e.g.
[16]). Using the confluent hypergeometric limit functions defined by

=1 2
OFl(vc, Z) nz:;) (C)n n!
with (¢), = c(ec+1)...(c+n—1) (n > 1) and (¢)g = 1, we have the following
identities.

Lemma 1.

oFi( 4+ 2; 1)

0;u(a+ (2k — 1)b),v(a + 2kb) |72, = .
0 R 1) (a7 2R 22y = S

(1)
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[0;u(a+b) —1,1,v(a+ 2kb) — 2,1, u(a + (2k + 1)b) — 2]
_ OFl(’ b + 2’ uvbQ) (2)
w(a+0)oF1(GE+1; )

Proof of Lemma 1. By (91.4) in Chapter 18 of [17]

z z

oF1(sc+1;2) _1 o) EE T
oFi (3¢5 2) 1+ 1 + 1 + 1 4

Then we transform it to the simple continued fraction by using the following
formula in [4, (2.3.23) (p. 35)] (Cf. [6, Lemma 1]):

by b5 b3
. 2 “3
[ao,al’(w’“'] 0+;+a +a% +-
1 2 3
iff ag = afj, a1 = aj/b} and for k =1,2,...
* * * * Lk *
. b2k—1b2k—3 e d b2kb2k—2 T b2 *
a2k = b* b* CbE Qo an agk+1 = b* b* S bF Aok+1 -
2k72k—2 2 2k+172k—1 1

If we put ¢ = (a/b) +1 and z = 1/(uvb?), then
of1(i ¢ +2 1wl a+b) " a+20)""
1

’ uvb2 -

)
OFl(ab—l_lauvbQ) 1+
u o a+20)"Ha+3b)"" wlv (a4 3b) " (a+ 4b)7!

+ 1 + 1 T
= 0;1,u2v2(a+b)(a+2b),a—:_gbb,uzﬁ(aqu)(aJrllb) a—|—+5bb,

9 9 a+7b

v(a+ b)(a+6b), ~ }

Dividing by u(a + b) yields

oF1(; § + 25 ﬁ)
u(a +0)oF1(;5 +1; ﬁ)
= [0;u(a + b),v(a + 2b),u(a + 3b),v(a + 4b),u(a + 5b),v(a + 6b),...].

The proof of Lemma 1 (2) is similar and omitted. O

Lemma 1 can be used to produce varieties of continued fractions including
e-type Hurwitz continued fractions. For example, the author [10] obtained
the following extended Hurwitz continued fractions by using the confluent
hypergeometric functions ¢ F} (; ¢; z). The rational numbers u, v/, a and b are
chosen so that each partial quotient of the continued fraction is a positive
integer.
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Proposition 1. If v is an integer with v > 1, then

[0;u(a+ (2k —1)b) — 1,1,v — 1,u/(a + 2kb) — 1,1,v — 1]32,
= vOFl(’ b +2 uu! v2b2) (3)
(a+b)0F1(’ b +1’uuv2b2) OFl(’%+2;uu’711)2bQ)
and
0;0—1,1,u(a+ (2k — 1)b) — 1,v — 1,1, u/(a + 2kb) — 1|72,
205@b+1““%” + 1w
ww?(a+b)oFy(; e AR u2b2) v
If v is an integer with v > 2, then
[0;u(a+ (2k —1)b) — 1,1,v — 2,1, u/(a + 2kb) — 1, 0|52,
= UOFI(’ bt 2 uu/ v2b2) (5)
(a+b)0F1(’b+17uuv2b2) OFl(’%+2’uuv12b2)
and
[0;0—1,1,u(a+ (2k — 1)b) — 1,v,u/(a + 2kb) — 1,1,v — 2]72,
OFl(’ b + 2’ uu/ v2b2) + 1 . (6)

qu(a +0)oF1GE+ 1 v2b2) v

3. MAIN RESULTS ABOUT HURWITZ CONTINUED FRACTIONS

First, we shall show some more general and new Hurwitz continued frac-
tions by using the confluent hypergeometric functions. As such generaliza-
tions, we get the Hurwitz continued fractions with much longer period. The
rational numbers u, v/, a and b are chosen so that each partial quotient of
the continued fraction is a positive integer.

Theorem 1. If l|(v—1) andv >1+ 1> 2, then

—1—1 — 1%
mMa+@k—Dm—LLB—T—al—Lme+2%) 1Y Lﬂ
voFi(; 3 7+ 2; w! v2b2)

( +b)0F1(’ pt L uu/ v2b2) ok % +2 m) '
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If l|(v+1) andv > 2l—1 >3, then

—2l+1
0;u(a+ (2k — 1)b) — 1,1, % 11-1,
— 1+ 17
w(a+2kb) — 1,1,0— 2,1 u}
l k=1
— UOFl(’ bt 2 uu’ ’L}2b2) (8)
( +b)0F1(’b+l7uuv2b2) lOFl(ab+2a uuv2b2)'

Remark. If the case [ = 1 is allowed in (7), by the rule [..., ”_f_l,l
1,1,...] = [...,v—1,...] the identity (7) is reduced to Proposmon 1(3).
If the case [ = 2 is allowed in (8), by [..., 1,1 —2,1,...] = ... .. ] this

becomes the same as (7).

Theorem 2. If [|(v—1) andv >1+1 > 2, then

1 ] o
0; 2" Lu(a+ (2k — 1)b) —1,1,1 — 1 %,1,u’(a+2kzb) -1

g 0F1(7b+2’uuv2b2) _|_£ (9)
’U/U ((1+ b)0F1(7 D + 15 uu’ v2b2) v

If l(lv+1) andv >20—1> 3, then

—l+1
0; L= 2 Lu(a+ (2K — 1)) — 1,1 1,1

—2l+1 o0
%,1,1/(&4—2%) -1 -

Fi(;%+2; l
_ 5 0 1( b uuv2b2) + 2. (10)
uwv?(a+b)ol1(; 5 +1; — v2b2) v

Remark. If | = 1in (9), by therule ..., 1,1—1,2== ] =[... N
this is reduced to Proposition 1 (4). If [ = 2 in (10), by [.. ., 1,l—27 1, . ] =
[...,2,...] this becomes the same as (9).

Theorem 3. If l|(v—1) and v > 1+ 1> 2, then

—1—1 — 1o
0;u(a + (2k — 1)b) — 1,1, vf,l,u'(ajL 2%b) — 1,1,1 — 1, ° —|
— vOFl(’ b +2’uu v2b2) (11>

wo(a+b)oFi(; g b +1’uu U2b2) ZOFI(’%—FQ;WUI%Q) '
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If l|(v+1) andv > 2l—1 >3, then

v—20+1

0;u(a+ (2k = 1)b) = 1,1, —

7171_2717

v—1+ 1700
l k=1
UOFl(y b +27 wu! v2b2)

W(a+2kb)—1,1—1,1

= Z - (12)
wo(a+b)oFi(; § + 1 urme) — PG § + 25 )
Remark. If [ = 1 in (11), by the rule [...,1,] — 1,”7_1,...] =[..,0...]
this is reduced to Proposition 1 (5). If I = 2 in (12), by the rule [...,1,] —
2,1,...] =1...,1,...] this becomes the same as (11).
Theorem 4. If I|(v—1) and v > 1+ 1> 2, then
v—1
O;T,l,u(a—l—(Qk—l)b)—1,1,1—1
v—1 v—1[—170c
: ,u(a+2kb)—1,1,f}k 1
Fi(;%+2;
_ - 0 1( b uuv262) _}_i (13)
wv?(a+b)oF1(G 5 +1; — 7szg) v
If l|(v+1) andv > 2l—1> 3, then
—Il+1 —l+1
o;%,1,z—2,1,u(a+(2k—1)b)—1,z—1 1 %
—2l+ 17
W(a+2kb) —1,1, 221
l k=1
e+ 2 l
— - 0 1( b uuv262) + 2. (14)
wv?(a+b)oF1(y +1; — UQbQ) v
Remark. If [ =1 in (13), by the rule [..., 1,1 — 1,”11 J=1.v,...]
this is reduced to Proposition 1 (6). If I = 2 in (14), by the rule [..., 1,1 —

2,1,...]=1...,1,...] this becomes the same as (13).

4. PROOF OF THE RESULTS

We use a Hurwitz’s method to obtain the continued fraction expansion
(ac + b)/d from the continued fraction expansion of a. In most practical
cases it is enough to consider the rational linear forms of «. According to
Satz 4.1 (p. 111) in [13], which is essentially from Hurwitz [3] and Chatelet
[2], it says
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Lemma 2. Let [ap; a1, a9, ...]| be the reqular continued fraction of an irrati-
onal number o and denote its n-th convergent by p,/qn = [ag; a1,a2, ..., ay].
Moreover, let = (roa+tg)/so, where ro, so and ty are integers with rog > 0,
so > 0 and rgso = N > 1. For an arbitrary index v > 1 we have

rolao;ai, ..., ay—1] +to _ Topy—1+toqu—1

= = [bo; b1, .., by
S0 S0qv—1 [0 ! Ml]

where the index p is adjusted such that u = v (mod 2). Denote its conver-
gent by

/

pu—]_

/
qy,—l

= [bo;b17"'7bu—1] :

Then three integers t1, r1 and s1 are uniquely given satisfying the matriz
formula

ro to Pv—1 Pv-2 \ _ Phue1 Pu—2 rr t
0 so Q-1 qu—2 Qo1 s 0 s1 )’
where 1 >0, s1 >0, ris1 =N, —s1 < t1 <7y and = [bo; b1, ..., bu—1, 5]

with B, = (r1ou, +t1)/s1.

Proof of Theorem 1. Replacing v by u/v? and taking its reciprocal in Lemma
1 (1), we have

OFl(; % + 1; uu’11)2b2)
0F1(§ % + 2; uulll)QbQ)

Applying Lemma 2 to the continued fraction of o — I/v with v = v’ + 1.
For k. =1,2,... we have

v[u(a+ (2k — 1)b)] — 1 :u(a+(2kz—1)b)—£

= [u(a+ (2k —1)b) — 1;1,0" — 1,1 — 1,1]

v =l ula+ (2k —1)b) 1
;) )
_ ( wo(a+ 2k — 1)) =1 w((l—1v"+1)(a+ (2k—1)b) — (1 —1) )

(a:=)u(a+0)- = [u(a + (2k — 1)b), w'v?(a + 2kb) |3, -

[

v (=1 +1
(1 ey

[u'v?(a + 2kb)] — v((I — 1)v' + 1)

5 = [u'(a + 2kb) — 1;1,7']

(%



MORE ON HURWITZ AND TASOEV CONTINUED FRACTIONS 163

and
1 —o((l—1)v+1) u'vi(a+2kb) 1
0 v? 1 0
wola+2kb) — (=10 +1) W/ (a+2kb)—1+1 v =l
o v l 0 w '
Therefore, we obtain the desired continued fraction as
1 B UOFl(a D +2’uu1)2b2)
O[—l/’U (a+b)0F1(’b+]"uuv2b2) lOFl(’b+2’uuv2b2)

v—Il—-1 00

= |0;u(a+ (2k —1)b)—1,1, ———,

)
=L L u(a+ 2kb) 1,1, UT}

k=1

In order to prove (8), let

UFl(a b +1’uuv2b2)
UFl(a b +2’uu’02b2)

a=u(a+Db)- = [u(a + (2k — 1)b), w'v?(a + 2kb) |52,

and consider the continued fraction of o — I /v with v = v’ + (I — 1). For
k=1,2,... we have

v[u(a—i—(mz—l)b)]_l:[( +(2k—1)b) —1;1,0" —1,1,1 — 1]

and

v =l u(a+ (2k—1)b) 1
_ <3v(av+(2k<1)b)z 1u(v’+1)(a0+>(2k:1)b)1 1 —ov(W +1)
( v v'+1 ) ( 0 v? ) :

then
[u'v?(a + 2kb)] — v(v' + 1)

02

= [u'(a + 2kb) — 1;1,1 — 2,1,0]
and

( (1) —v(z;’;r 1) ) ( u’v2(a1+ 2kb) (1) )

_ ( u’v(a—i—Zkl;)—(v’—Fl) lu’(a—{—leb)—l ) <8 ;l ) '
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Therefore, we obtain the desired continued fraction as

1 v—20+1
= |0; 2E—-1)b)—-1,1, ——
o1 = ot k- p) 11,

717l_17

— 1700
w(a+2kb) —1,1,1 — 2,1, ¢}

l k=1
O

Proof of Theorem 2. Replacing u by uv? and v by u’ in Lemma 1 (1), we
have

1 0F1G ¢+ 2 v )
w?(a+b) gFi(;4+1

(a:=)

)
— [0 wo%(a T (2~ T0), (a T T 52,

Applying Lemma 2 to the continued fraction of o + /v with v = v/ + 1.
First,

v[0] +1

= [0;0',1]

v
v ol 01\ (1 1 1 —v

0 v 1 0) \v 0 ‘
Next, for £k =1,2,... we have

[uv?(a + (2k — 1)b)] — vo’
2

and

= [u(a+ (2k — 1)b) — 1;1,1 — 1,1,0' — 1,1]

v
and

( (1) —;}21/ ) < uv2(a—|—(12k— 1)b) (1) >

B ( wo(a+ (2k —1)b) — v w(lv' =1+ 1)(a+ (2k—1)b) — 0" + 1 )
- v W—-1+4+1

oY W +1-1
0 v ’

[u(a + 2kb) — 150, 1]

then
vlu/(a+2kb)] — ' +1—-1

v

and

v =l +1-1 u'(a+2kb) 1
0 v 1 0
<u’v(a+2kb)—lv+l—1 u’v’(a+2kb)—v’+1><1 —vv’>

o v v’
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Therefore,

l —1
Oé—i-;: [OQUTJvU(a"i’(Qk_l)b)_17171_17

v—1[1—1 v—1 7
T (et —17]
; , 1, u/(a + 2kb) ' ,lk1

—1 y p— o)
[0; UT,l,u(a—i—(Zk‘—l)b) —11,0-1, % 1,0/ (a + 2kb) — 1}]6 1
In order to prove (10), let

a = [0;uv?(a + (2k — 1)b),u/(a + 2kb) |32,
and consider the continued fraction of o + [ /v with v = lv' + 1 — 1. First

v[0] +1

[

= [0;0, 1,1 —2,1]

Next, for £k =1,2,... we have

[uv?(a + (2k—1)b)]—v((I—1)v" +1—2)

v2

[u(a+(2k—1)b)—1;1—1,1,v'—1,1]
and

((1) —v((l—11))g’+l—2)>(uv( +(2k—1)b )

<uv(a+(2k—1)b)—(l—1)v’—(l—2) u(lv'=1)(a+(2k—1)b)—
1

v ' —

)v+1>

(Y v -1
0 v ’
v[u/(a + 2kb)] — v + 1

= [u'(a + 2kb) — 1;v',1,1 — 2,1]
v

then

165
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and

v =l +1 u'(a+2kb) 1
0 v 1 0

_ <u’v(a +2kb) — W' +1 W ((I—1)v +1—2)(a+2kb) —(1—1)v + 1>
1

v -1 +1-2
(1 -1y 41— 2)
0 v?
Therefore,
_ 1 —2[+1
a+£:[0;%,1,l—2,1,u(a+(2k—1)b)—1,l—11%,
v
—1 1 o]
1,/ (a+ 2kb) — 1 u,u—m]
l k=1
)
:{0;$71,l—2,1,u(a+(2k—1)b)—1,l—11

v—20l+1

: 1,u’(a—{—2kb)—1ro

k=1
]

Proof of Theorem 3. Replacing v by u/v? and taking its reciprocal in Lemma
1 (2), we have

oF1(; % +1 uw! U2b2)
OFI(’ 5T 2 uu’ v2b2>
=[u(a +b) — 1;1,wv%(a + 2kb) — 2,1, u(a + (2k + 1)b) — 2|32, .

And consider the continued fraction of 1/(a — I /v) with v = v’ + 1.
In order to prove (12), let

a=[u(la+b) —1;1,u'v%(a + 2kb) — 2,1, u(a + (2k + 1)b) — 2]72,
and consider the continued fraction of 1/(a —{/v) withv =01"+1—-1. O

(o :=)u(a+0)-

Proof of Theorem 4. Replacing u by uv? and v by u’ in Lemma 1 (2), we

have
QUSRS S 11 o
uv?(a+0) o F1(; ¢ +1; — vag)
=[0;uv?(a +b) — 1,1,u/(a + 2kb) — 2,1, uwv2(a + (2k + 1)b) — 2|22, .

And consider the continued fraction of a + [ /v with v = v' + 1.
In order to prove (14), let

o = [0;uv?(a +b) — 1, 1,4/ (a + 2kb) — 2,1, uv2(a + (2k + 1)b) — 2|32,
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and consider the continued fraction of o + I/v with v =1v' +1— 1. (]

5. TASOEV CONTINUED FRACTIONS AND THEIR GENERALIZATIONS

Tasoev continued fractions, which have the form [ag; a1, . .., an, Q1(k), .. .,
Qp(k)]72, are also quasi-periodic but @Q;(k) includes exponentials in & in-
stead of polynomials ([5], [7], [8], [9], [11]). They are as systematic as Hur-
witz ones, but have seldom been known before. Corresponding with Hurwitz
continued fractions, tanh-type, tan-type and e-type Tasoev continued frac-
tions were obtained by the author.

tanh-type Tasoev continued fractions obtained by the author [6] were

9 .
[O;W]zo:l _ ZZO:OOZ)L 2n_ 1 _(n:—l) nH?:l(am __1) 1
Do u e [ (@ — 1)1

and

SR gty T (o 1))
2onzou e DT (af = 1)

tan-type Tasoev continued fractions obtained by the author [6] were

52 o(— 1)U lg ()’ [T (g2 — 1)
S0 (1) 2 T (a% — 1)1

[0; uak, va* 32, =

[0;ua — 1,1, uaktl — 2]2¢ | =

and

[0;ua — 1,1,va — 2,1, ua®+1 — 2,1, vab+1 — 272,
ZSLO:O(_1)nu*nflvfnaf(n+1)(n+2)/2 H?:l(ai B 1)71

ZOO (_1)nu—nv—na—n(n+1)/2 H;L:l(ai _ 1)—1

n=0

e-type Tasoev continued fractions obtained by the author [8] were

[0;uak —1,1,v — 1]22,
B Z?f:o u—2n—1y—2n,—(n+1)? H?Zl(@% _ 1)—1

Yl ((wv)2nam — (uv) =20 la= (D) [T (a2 — 1)~

and

[0;0 —1,1,uak — 1|32,
Z;L.O:o (u—2nv—2n—1a—n2 + u—2n—lv—2n—2a—(n+1)2) H?:l(a% _ 1)—1
Zzozo(uv)fznafﬁ H:‘L:1( 2 _ 1)71 ’
Some more Tasoev continued fractions with a general construction can be
seen in [9].
As pointed in [7, Fact 1], Tasoev continued fractions are geometric and
Hurwitz continued fractions are arithmetic. From such a point of view, we
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can have the following eight theorems. Proving of Theorem 5 to Theorem
8 is similar to proving of Theorem 1 to Theorem 4, respectively. Simply
replace u(a + (2k — 1)b) by ua® and v/(a + 2kb) by wa” etc. The rational
numbers u, w and a are chosen so that each partial quotient of the continued
fraction is a positive integer.

Theorem 5. If l|(v—1) and v > 1+ 1> 2, then

y - 1
Ouak — 1.1, 2= 1wk 1,0t ]
l I Jk=1
f y— gy =y —2n g — CEEED) ﬁ (@i — 1)
_ n=0 1=1
Z(u_"w_"v_%a’%—lu—"—lw_"v_zn_la = +2)) [1(a® —1)-1
n=0 =1 (15)
If l|(v+1) andv > 2l —1> 3, then
—2l+1 — ]+ 170
0; uak — 1,1,%,1,% 1, wak — 1,1,%2,1,%]}{3 1
i‘é =Ly =gy —2n g — CEEED) ﬁ (ai — 1)1
_ n=0 1=1
i(u nyg=np=2ng 5 Ly =g = e g~ R ﬁ( — 1)t
n=0 ’:1 ( )
16
Theorem 6. If l|(v—1) and v > 1+ 1> 2, then
1 71 00
O;UT,l,uak 11,01 %,1,11;(1’“ - 1h
=1
) (n+1)(nt+2) M :
Z ufnflwfn,uf2n72a—¥ H (az o 1)71
=n=0 e +-. (17)
Z u— My 2ngT 2 H (CLZ _ 1)—1
n=0 =1
If l[(v+1) andv > 20 —1> 3, then
—1+1 —2[+1 00
0;%,1,1 2.1 uak—1,1 — 1,1,%,1@& _ 1]k 1
00 n n42) M .
ZO u—n—lw—nv—Qn—2a7% 1—[1(&1 _ 1)—1 l
_ n= i= t
= — A + " (18)

E u My 2ngT T 2 H (az _ 1)71

n=0 i=1
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Theorem 7. If l|(v—1) and v > 1+ 1> 2, then

—1-1 Ty
Oiuak — 1,1, > "2 L wak —1,1,1 - 1,2
l I Jk=1
o0 )
ZO(—I)”U’”’lw’”v’Z" +1)(n+2 H (CL _ 1)
n= =1
OO n n n L . ’
Z( n(u Ny~ Ny —2ng" n ;1) _lu—n—lw—nU—Qn—la—%)H (az_l)—l
— =1
(19)
If l|(v+1) andv > 2l—1 >3, then
—2l+1 — 4+ 17
Ouak — 1,1, 22 o twak — 10— 1,1,
l l k=1
oo n n n .
Z (—1)"@67"7111]7”’072"&_% (az _ 1)71
n=0 i=1
oo n n n L .
E( n(u Ny~ ny—2ng" n( ;1 _lu—n—lw—nU—Qn—la—%)H(az_1)—1
— =1
(20)
Theorem 8. If l|(v—1) and v > 1+ 1> 2, then
1 1 —T— 17
0; 2= uak — 1,1, — 1, 2= wak — 1,1, 2=
l l l k=1
(n+1)(n+2)

007 -1 nu—n—lw—nv—Qn—2a772 7‘17 ai -1 -1 l
— an()( ) T Hzfl( ) 4. (21)
DI Gl B L T R M

I[=(a® = 1)1 Y
If l|(v+1) andv >20—1> 3, then

41 —1+1 — 20 + 1700
0;uj1’1_2,17uak_1’l_1717u7wak_1’1’u
I l l k=1
(n+1)(n+2)
(1 Mg —n—ly,—Mg—2n—2,— 5 at—1 l
_ 2n=0(=1) . i@ =)7L (22)

D el NN ARV I
6. DIFFERENT TYPES OF TASOEV CONTINUED FRACTIONS

The different types of Tasoev continued fractions with period 3 were ob-
tained in [7]:

[0; wa?k—1 — 1,1, va?k — 1]32,

Yocou "o am T (@ - (<))
ZZOZO(_l)nufnvfnafn H¢:1(a21 _ (_1)z)71 ’
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[0; ua, va?k — 1,1, ua?k+1 — 1)32,
Moo= " o R (@ - (1))
>onsou v e [T, (a% — (=1)1) 7! ’

[0; uak — 1,1, va* — 1172,
_ Yoo u "o (DT (af — (—1)) 7!
S T e T O

n=0

and

[0; ua, vak — 1,1, uak+1 — 1]22

(1) a2 T (o (1)

n=0

Yo u v DT (af — (=1)7) 7

If we use the first relation as a basic continued fraction, then by methods
similar to the ones used in the previous sections we get the following Theorem
9. If we use the second, third, and fourth relations, then we get Theorem
10, Theorem 11, and Theorem 12, respectively. The rational numbers u, w
and a are chosen so that each partial quotient of the continued fraction is a
positive integer.

Theorem 9. If I|(v—1) andv > 20+ 1> 5, then

] —-1-1
uatk—3 —1;1, 1)7,l7u)a4k’2 -1,1,1-1, Ui’ 1,
I l
1 —1
wa =1 — 1,22 1 11, watk —1,1, 2 Jiz1

l
_ Y= w2 I (o - (—1); I (23)

S u Ty g (P T (a2 — (—1)

If lj(v+1) andv>3l—1>8, then

v—20+1
l

v—1I1+1
l

—n, —n, —2n ,—n? 7 2\ —

> g (1) w2 [T (0¥ — (—1))

n=0

l
- : S~ (24
Togu w T P [ @ () v

1=

[ua*—3 —1;1, A 0=2, 1 wath 2 - 1,1 —-1,1, ————,

1,ua4k’1—1, ,17l_17wa4k_1alal_2717% ]2021
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If l|(v—1) andv>2l+1>5, then

=1 1 iy
0; 2 — L uaths — 11,1~ 1,V patk—2 1,1, 0T

l 9

[—1,1,ua%-1 - 1,1, v%l_l
o) -n—1,,—n,,—2n—2_—(n 210 7 1\ —
Zfzo(_l)nu_nw_nv_Qna_HQ H?:l (a2i _ (_1)i)—1 v

717wa4k -1 ]2021

If l|(v+1) andv >3l—1>8, then

—1+1 —1+1
[0; % 1,0 —2,1,ua®*=3 — 1,1 — 1,1, %,wa‘lk*2 1,1,
—9l+1 —20+1
%, 1,0 —1,ua% =1 —1,1,1 — 2,1, % 1, watk — 132,
B Zi‘;o ufn71w7n072n72a7(n+1)2 H;}:1<a2i _ (_1)1‘)71 . I (26)
Zfzo(_l)nufnwfnvfwzafm H?:l (a2i _ (_1)@')71 v
Theorem 10. If I|(v—1) and v > 20+ 1 > 5, then
Sy Sy
wath—3 — 1,1, 22 =L Lwa2 — 11, vf 1,
- -1
ua4k—1—1,v ,l,wa4k—1,1,l—1,v >
I k=1
_ et e T (e - (<)) Lo
o (=)rum = 2ng = (P TR (a2 — (—1)7) !
If l[(v+1) andv >3l —1> 8, then
2011 —20+1
uatk=3 — 1;1, % 1,0 —1,wa*k=2 —1,1,1 — 2,1, %
—1¥1 —1+1
1, uatt—1 — 1,%,1,1—2,1@@% 10— 1,1,% :Ol
_ Yoo g u w2 T (o — (1)) 7! l

4 4 ——. (28
e e e VP e
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If l|(v—1) andv>2l+1>5, then

-1 —1—-1 —1
O;Ll Juat =3 —1,1,1 -1 e l ,1,wa4k—2—1,Ll ,
1 oy —
l_]_’]_’uallkfl 77U 9 k_la]-vv : j|oo
l l k=1
B Zfzo(_l)nufnfl —ny —2n—2 f(nJrl) Hi:1(a2i _ (_1)1‘)71 N I (29)
R e | A = S
If l|(v+1) andv>3l—12>8, then
—1+1 —2l+1
0; % 1,0 — 2,1, ua*=3 — 1,1 — 1,1, % 1, watk=2 — 1,
—1+1 —1+1 20+ 1
T uath1o11,0-21, U kg LA ]OO
l l l k=1
ZZO—O( 1)nu—n—1 —ny,—2n—2,—(n+1)? H?_l(am‘_ (_1)i)—1 I 20
— L= =T + 2.
ZZOOU =Ny —2ng—n? Hz 1(0,21*(*1)1)71 v ( )
Theorem 11. If I|(v—1) and v > 20+ 1 > 5, then
—1-1 —1-1
wak-1 —1;1, 0 "2 l Jwakl—11,0-1,2 "~ T
17ua2k_1av;l7l_lalawa2k 9 7U_1 -
l I k=1
D e o e N Y At GV O S Y
Siloun w2 R T (af - (<10
If l|(v+1) andv >3l—1>8, then
—2l+1 —2l+1
wa?—1 —1;1, % 1,1 —2,1, wa2k~1 — 1,1 — 1,1, %
—1+1 v—1+1
Lua? —1, 2= o wak— 11,0 —2,1, Y]
l l k=1
30 (1) w2 T (a - (<))
- I CERVCE) - (32)

0 —n—1,,—n 72n
52wl

[l (@ = (=D~ 7
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If l|(v—1) andv>2l+1>5, then

—1 —1 iy
O;LZ ,l,ank—l—l,l,l—l,Ll wab1— 11 L —

-1l -1 00
1—1,1,ua?* — 1,1, 1)7, 1,wa?k — 1
[ k=1
D e 01 V1 B PO
ZZO:O(*1)”’&7”’(07"’1}72”&77;1 H:‘L:I(al _ (71)2)71 v

If l|(v+1) andv>3l—1>8, then

| |
0; %, 1,1 —2,1,ua?*-1 1,1 -1,1, %, wa?k—1 —11,
2l t1 2l +1 %0
e e 11—, S a2k
{ { k=1
_ Qom0 I [Ty (a = (=)~ —|—£ (34)
S o (~D)ru w2 S T (af — (<11

Theorem 12. If I|(v—1) andv > 20+ 1 > 5, then

—1l-1 —-1-1
wa-1 1,1, 02 l -1, 1,wak1 —1,1, 02—~ T
—1 — 1700
1, ua2* — 1, UT,l,waZk 11,01, UT )
-1
0 o —n, —n,—2n,— 20 o iN—1
_ ZRZOU w v a 2 Hi:l(a - (_1) ) l (35)
- (n+1) (n+2) ‘ ‘ T
S (= 1)ru Ly ny—2ng sz 1 (af — (—1)i)L v

If l|(v+1) andv >3l —1> 8, then

9l +1 9+ 1
wa?—1 —1;1, % 1,0 —1,wa21—1,1,1—2,1, %

| Tt 19

Lua?k —1, 2= 1 9 wak— 10— 1,1,
l l k=1
_ ZZOZO u—nw—nv—2na_n(n2+1> H?:l(ai - (_1)7;)71 B i (36)
o _ () (n42) i n_1 v
2 [Tz (a* — (=1)")

Z?ZO(_l)nufnflwfnvwaa
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If l|(v—1) andv>2l+1>5, then

1 -1 1
0; 2 [ Lua? - 110 1,%,1,%%*1 1,2 -
1 1y
=1, Lua?* — 1,0, 2= wa?k —1,1, 22—~
l k=1
_ 220:0(_1)nu—n—1w—nv—2n_2a, (n+1)2(n+2) H?:l(ai o (_1)i)—1 N l
S0 g u = 2ng 5 [T (al — (~1)7) ) v
(37)
If lj(v+1) andv>3l—1>8, then
41 o1
0; % 1,0 —2,1,ua2k~1 — 1,1 — 1,1, % 1, wa2k=1 — 1,
—I+1 —I+1 ol 17
e o lCua— 110 —2,1, 0 a2k 1,1,2}
I I ! -
_ ZZO:O(_l)nufnflwfn,uf2nf2a—7("+1)2("+2> T, (a* — (—1))~! ) I
S0 g w20 [ (al — (~1)7) ) v
(38)

7. RAMANUJAN CONTINUED FRACTIONS

The regular continued fractions entailed from Ramanujan continued frac-
tions were mentioned in [12]. These continued fractions can be seen as
Tasoev type continued fractions. All the four formulas in [12, Theorem 4]
are derived from our results as special cases. If we put [ = w = 1 in our
Theorem 6 (17), then by the relation [...,r,0,s,...] =[...,r+s,...] (see
e.g. [14, p.223, (2)]) we have

0,v—1,1,uak — 1,0 —1,1,a* — 1132,
(n4+1)(n+2) .
1 . S u—n—1y—2n—2,— R T, (ai — 1)~
v Sgue e T I 0 - 1)
If uv? is replaced by u, this becomes the identity [12, (2.10)]. If we put

! = u =1 in our Theorem 8 (21) and make some minor changes, then we
have

[1,v,wa* —1,1,0 —2,1,aF — 1 ]32

—_

n(n—1)

1 n domeo(=D)"u e [T (¢ = )7
n(n+1) . ’
U (-~ )muna T [y (0l - 1)
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which is the identity [12, (2.11)]. If we put | = v = 1 in our Theorem 7 (19),
then we have

0,ak —1,1,v — 2,1, wak — 1,v |72
k=1

) (n+1)(nt2) T :
> (D) [ (af - 1)
. n=0 =1
o] n(n+1) (n+l)(n+2) L
Z (_1)n(wfn,u72na—72 _ wfn,uf2n71 ) H ( )

n=0 i=1

.

After some minor changes, this becomes the identity [12, (2.12)]. If we put
[ =w =1 in our Theorem 12 (35), then we have

[ua?=1—1;1,v—1,a?k=1— 1, 1,0 — 2,1, ua? — 1,0 — 1,2,a%¢ — 1,0 |32,
n(n+1)

Dot Ma” [T (a" = (=) 1
(nt1)(n+2) ) ; T,
D C L L I § AR G AU
After some minor changes, this is reduced to the identity [12, (2.13)].
Some more interesting formulas were treated in [12, Theorems 5,6,7,8].
Along the same line as previous sections, more extended results can be
obtained from [12, Theorem 9]. Let

n(n+1) . .
o(u,v,a) Zu o™ H(l —a") {1 +wa")t.

=1

Theorem 13.
#(ab/uv?, a/uv?, 1/ab)

cuvZaF—1 pk 10, = ’
[Luv a R ]kzl qf)(l/UUQ,a/UUZa 1/ab) (39)
If Ul(v—1), then
1;1}7_1717@0@]‘3_1_171?[_1 mjljbk_l]m
l l k=1
¢(ab/1w227 a/ W;v Lab) L)
o(1/uv?,a/uv?, 1/ab) v
and
] —1 >
001, 2= =y a1 v —1]
; l k=1
2 2
1
olab/uv’,afwe? 1/ab) L

o(1/uv?, a/uv?, 1/ab) v
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If l|(v+1) with I > 3, then

—1+1 —20+1 00
LTt 91wk _1,1_1,172717%_1]
l l k=1
b/uv?, 2 1/ab) 1
_ o(a /uv2 a/qu /ab) + L
o(1/uv?,a/uv?,1/ab) v
and
0;17Ll+171’l_1’uak—1 _1’1’5_2’17m’bk_1]00
l l k=1
d(ab/uv?, a/uv?, 1/ab) £ (43)

- o(1/uv?, a/uv?,1/ab) v

Remark. If [ = 1 in (40), this is reduced to the identity [12, Theorem 9
(2.44)]. If I = 2 in (42), this is the same as (40). If [ = 1 in (41), this is
reduced to the identity [12, Theorem 9 (2.46)]. If | = 2 in (43), this is the
same as (41).

Theorem 14.
¢(—ab/uv?, —a/uv?,1/ab)

0;1,uv2akb—1 —2,1,bF — 2132, = . 44
[a , uvta Pl ]k_l qﬁ(—l/mﬂ,—a/uzﬂ,l/ab) ( )
Ifl|(v — 1), then
—1 g 00
1;L,Z—1,1,uak*1—1,l,u,1,bk—1]
{ l k=1
_ab/uwn?, —ajuv?,1/ab) I
:qﬁ( a /uv2 a/uv2 /a)+7 (45)
o(—1/uv?, —a/uv?,1/ab) v
If l|(v+1) with I > 3, then
— 1 —2[+1 o0
1;¢,1,Zf1,uak*1f1,1,lf2,1,¢,1,bkf1]
l l k=1
¢(—ab/uv?, —a/uv?, 1/ab) 1 (46)

- d(—1/uv?, —a/uv?,1/ab) + v

Remark. If [ = 1 in (45), this is reduced to the identity [12, Theorem 9
(2.45)]. If I = 2 in (46), this is the same as (45).

Theorem 15.

[Luv?a?=2 —1,1,021 — 2,1, wv?a® 1 — 1,07 [i2,
_ ¢(—ab/wv?, a/uwv?, —1/ab)
 o(1/uv?, a/uwv?, —1/ab)

(47)
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If l|(v—1), then

—1 —1 —1-1
4 Lua2—1,1,0—1,2 ,b?k—1—1,1,”f,z,
ank—l,l,l—l,Ll_l,l,b%—lro
l k=1
—ab/uv?, a/uv?, —1/ab l
o(1/uwv?, a/uv?, —1/ab) v
and
iy —1-1 1
0;1,%,[—l,l,ua%*z—1,l,%,1,b2k*1—1,vl :
—1
I— 1,1 ua21 — 1,01, 22 g2k 1|
l k=1

_ d(—ab/uv?, a/uv?, —1/ab) I

——. (49
o(1/uv?, a/uv?, —1/ab) v (49)
If l|(v+1) with 1 > 3, then
— 1 — 1
1;3l44%j17,1,l—-2,1,ua2k*2-—1,l—-1,1,3l44§j17,b2k*1-—1,1,
-2 1 -2 1 o0
v o e —1—1,1, Y2 ek
l l k=1
—ab/uv?, a/uv?, —1/ab l
_ ol ofuit,1ja) L
o(1/uwv?, a/uv?, —1/ab) v
and
— —2l+1
&Lg—?iiJJ—Luﬁ“Q—LLZ—ZLE—Ti—Jﬁ%A—1,
—l+1 —1+1 00
T lwa 11021, T ek
l l k=1
_ é(—ab/uv?, a/uv?, —1/ab) _l. (51)

o(1/uv?, a/uv?, —1/ab) v

Remark. If [ = 1 in (48), this is reduced to the identity [12, Theorem 9
(2.47)]. If I = 2 in (50), this is the same as (48). If = 2 in (51), this is the
same as (49).
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Theorem 16.

[0; 1, uv2a?*=2 — 2,1, 021 — 1, uv2a? =1, 02F — 1 32,

_ @(ab/uv?, a/uv?, —1/ab)

= . 2
o(—1/uv?, a/uv?,—1/ab) (52)
If l|(v—1), then
—1 —-l-1
1 UT’Z —1,1,ua?2 — 1,1, Uf 1,621 — 1,
—1 y p— 00
Ry RS S IR 1) FE A it fy £ Y 1}
l k=1
ab/uv?, a/uv®, —1/ab l
o(—1/uv? a/uv?,—1/ab) v
If l(v+1) with 1l > 3, then
— 1 —2l+1
1. % 10— L ua?2—111-21, % 1,
— 1 —2[+1 00
b1 _ 1, %,u — 2.1, uak-1 — 1,1 — 1,1,%,1,17% -1
bjuv?, a/uv?, —1/ab) |
¢(ab/uv®, a/uv /ab) +1 e

:gb(—l/uv?,a/qu,—l/ab) v
Remark. If [ = 1 in (53), this is reduced to the identity [12, Theorem 9
(2.48)]. If I = 2 in (54), this is the same as (53).

We shall prove only the first parts of Theorem 13 because the rest is
similar. From [1, Entry 17 (p.45)] by using the formula [4, (2.3.23) (p.35)]
or [6, Lemma 1] we get

é(ab/uv?, a/uv?,1/ab)
o(1/uv?,a/uv?,1/ab)
(wv?)~t  (buv?)~t (abuv?)! (abPur?)7t

T+ 1+ 1+ 1 4
— [T

When o = [1; uv?a*=1,bF ]2, apply Lemma 2 to the continued fraction
of a+ /v with v = [v/ + 1. First,

v[l] +1 _

v o1 1 1\ [(ov+l o+1 I —ov
0 v 1 0) v v 0 02 ’

[1;0',1]

and
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Next, for £k =1,2,... we have
[uv?a® 1] — v
2

/

= [ua*t —1;1,1—1,1,0" — 1,1]
v

1 —o/ w?af1 1
0 v 1 0
_<uvak_1—v’ u(v—l)(a+(2k—1)b)—v’+1>(v lv>

v v—1 0 )

oM +1—v
v

v l—v L B N A L e A R e 1 —ov
0 v 1 0) v v 0 v? '
)

Therefore, we get (40) as

l -1 —-1-1
a+f:[1;L,l,uak*1—1,1,l—1,v7
v l l

The rest of the parts is similarly proved and omitted.

= [bF — 150, 1]
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