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A SPECIAL CLASS OF HARMONIC UNIVALENT
FUNCTIONS

TUGBA GENCEL AND SIBEL YALCIN

ABSTRACT. We define and investigate a special class of Salagean-type
harmonic univalent functions in the open unit disk. We obtain coefficient
conditions, extreme points, distortion bounds, convex combinations for
the above class of harmonic univalent functions.

1. INTRODUCTION

A continuous complex-valued function f = w + iv defined in a simply
connected complex domain D is said to be harmonic in D if both » and
v are real harmonic in D. In any simply connected domain we can write
f = h 4+ g, where h and ¢ are analytic in D. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in D is that
W) > 1g'()], = € D.

Denote by Sy the class of functions f = h+g that are harmonic univalent
and sense-preserving in the unit disk U = {z: |z|] < 1} for which f(0) =
f(0) =1 = 0. Then for f = h+ g € Sy we may express the analytic
functions h and g as

o0 [e.e]
h(z) =z+ Zakzk, g(z) = Zbkzk, |b1] < 1. (1.1)
k=2 k=1

In 1984 Clunie and Sheil-Small [1] investigated the class Sy as well as
its geometric subclasses and obtained some coefficient bounds. Since then,
there have been several related papers on Sy and its subclasses. See [ 2,6,7].
Jahangiri et al. [4] make use of the Alexander integral transforms of certain
analytic functions (which are starlike or convex of positive order) with a
view to investigating the construction of sense-preserving, univalent, and
close to convex harmonic functions.
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The differential operator D™ was introduced by Salagean [5]. For f =
h + g given by (1.1), Jahangiri and et al. [3] defined the modified Salagean
operator of f as

D"f(z) = D"h(z) + (=1)"D"g(2) (1.2)

where

D"h(z) =z + Z k"apz* and D"g(z) = Z k"by 2"
k=2 k=1
In [8,9] one finds generalization of [3].

For0<a<1,0<f<1,ne Nyand z € U, we let Sfj(c, 3) denote the
family of harmonic functions f of the form (1.1) such that

DM f(z) — DU f(2)
fte { Dz + (1—20)D"f(2) } </ (13)

where D" f is defined by (1.2).
~ We let the subclass Sjj(a, 3)consist of harmonic functions f, = h+ g in
Sti(a, B) so that h and gy, are of the form

h(z) =z — Zakzk, g(z) = (—1)"Zbkzk; ag, by > 0. (1.4)
k=2 k=1

In this note, we extend the above result to the class St (v, 8) and S (cv, 3).
We also obtain extreme points, distortion bounds, convolution conditions,
and convex combinations for Sjj(a, 3).

2. MAIN RESULTS

We begin with a sufficient coefficient condition for functions in S2(a, 3).

Theorem 1. Let f = h+ g be so that h and g are given by (1.1). Further-
more, let

E E'{[k—1+B8(k+1—-2a)]|ag| + [k + 14+ B(k — 1+ 2a)] |bi|}
k=1
<48(1—a) (2.1)

where a; =1,n € No, 0 < a <1 and 0 < 3 <1; then f is sense-preserving,
harmonic univalent in U and f € Sji(a, ).
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Proof. If z1 # zo , then

'f(zﬁ — f(22) >1_ ‘9(21) — 9 (22)
h(zl) — h(ZQ) - h (Zl) — h(ZQ)
L SRibe (o)
(21— 22) + 232 g ak (21 — 25)
o k|bk|
>1— =kl
1= 52s klak|
oo k"[k+148(k—1420)] b
o1 k=1 28(1—a) ’ k| >
oo k"[k— k+1—2a -
L= k=2 : égﬁ(_l)l 22 |ak|

which proves univalence. Note that f is sense-preserving in U. This is
because

s - Xk k—1+8(k+1—2a
WG 2 1= Kot > 1 -3 FEZ LA 0,

iy pet 26(1 —a)
— KM k4145 (k=14 20)] k-1
k=1
> kbl > |g'(2)]-
k=1

It remains to show that f € S2(«,3). Suppose that the inequality (2.1)
holds true and let z € OU = {z : z € C and |z| = 1}. Then we find from
definition (1.2) that

‘ D" f(z) - D"f()
D" (z) + (1 - 20) D"/ (2)

o K™ (k= 1) a2 — (=1)" 3502 K" (k + 1) by2*
2(1 —a)z+ Y 72 o k7 (k 4+ 1—2a) agzk — (1) > 72 kn(k — 1 + 2a)by2*
< > K" (k — 1)k 2" + 3752, K" (k + 1) [bil|2*
S Sl > b (kT 1 —20) ag 5| — 55, Bk — 1+ 2a)[be] [T
<p

provided that the inequality (2.1) is satisfied. Hence, by the maximum
modulus theorem, we have f(z) € Sjj(a, 3). O
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The harmonic function

. 2ﬂ 1—0[) k
”an 1+ pfk+1-2a)]F"

26(1 —«) Y
+Zk”k+1+ﬁ( 7 LA G

where Y07, |zk] + > pey |yk| = 1 shows that the coefficient bound given by
(2.1) is sharp.
The functions of the form (2.2) are in Sjj(«, 3) because

N[k [k —14+B(k+1-2a)] E"[k+1+8(k—142aq)]
Z{ 26(1-a) o 26(1-a) ‘b’“’}

o0 o0
=14+ ol + > lukl = 2.
o =1

In the following theorem, it is shown that the condition (2.1) is also necessary
for functions f,, = h + g, where h and g, are of the form (1.4).

Theorem 2. Let f,, = h+ gy, be given by (1.4). Then f,, € Sp(a, ) if and
only if

k=1

ik”{[l@—1+ﬂ(k:+1—2a)]ak+[k:+1+ﬁ(k—1+2a)]bk}

<48(1-a). (23)

Proof. Since SE(«, ) C S (a, 3), we only need to prove the “only if” part
of the theorem. To this end, for functions f, of the form (1.4), we notice
that the condition

o [t (s oo ) <7

is equivalent to

e k0 (k= 1) agzk — (—1)20 0% k™ (k + 1) bFzh
2(1—a) 2—22012 kn (k+1—-20) apzh— (=1)20 307 | kn(k—1+42a)bkzk
> —f

If we choose z on the real axis and z — 1~ we get

S kT (k= 1) ag + > 5o, k™ (k + 1)bF
2(1—a) = > ok (k+1—2a)ar — > poy k™(k — 14 2a)bF

<pB
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whence
(o) o
S k(-1 ap+ Y k" (k+1)0"
k=2 k=1

<28(1—a)=B) k' (k+1-2a)ar— B> K'(k—1+2a)b

and so

ik"[k—l—i—ﬂ(k}—i—l—Qa)]ak

k=2
+) KM [k+ 1+ B(k—1+2a) by <28(1-a)

which is equivalent to (2.3). O

Next we determine the extreme points of closed convex hulls of S 11 (o, B)
denoted by clco Sji(a, 3).

Theorem 3. Let f,, = h+ gy, be given by (1.4). Then f, € Sj(a, 3) if and
only if

fn(2) = Z (xkhi(2) + Yrgn,(2)), where hi(z) =

k=1
) 28(1- a) _
hk(z)_k”[k—l—i—ﬁ(k—i—l—Qa)]Zk’ (k=2,3,...) and
g () = 2+ (=1)" 261~ ) * (k=12

ki lk+ 1+ 8(k—1+2a)]

o0

Z($k+yk) =1 2,20, yp 20.
k=1
In particular, the extreme points of Sf(a, B) are {hx} and {gn,} -

Proof. Suppose

NE

fu(2) = ) (wkhi(2) + Ykgnk(2))
k=1
RS > 26(1 - «)
_;<Ik+yk>z_k22k”[k:—1+ﬁ(k+1—2a)]xkzk
n — 2ﬁ 1 — a) Sk
an E+1+08(k—1+2a)"*
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Then
X k”[k—l+ﬂ(k+1—2a)]< 26 (1 —a) x)
2 26 (1 — a) Kk +1+8(k—1+2a)] "
N E [+ 143 (k— 1+ 2a))] 268(1—a)
+kz_1 26(1—a) (k"[k+1+ﬁ(k—1+2a)]yk>

—Zxk+2yk—l—m1<1

and so f, € S2(a, 8). Conversely, if f,, € clco SE(a, 3), then

28(1-a) 26(1 - )
WS o1t 8tkhrio2a) P S G Eir A1+ 2a)
Set
Rk —148(k+1 - 2a)] B
Tp = 2B (1—a) ak, (k=2,3,...)
and
I e T P

26(1 - a)

Then note that by Theorem 2, 0 < 2, <1, (k=2,3,...) and 0 < gy, <
(k=1,2,...). We define

00 00
m=1=) =) u
k=2 k=1

and note that, by Theorem 2, 1 > 0. Consequently, we obtain f,(z)
Y i (@khi(2) + Yegn, (2)) as required.

The following theorem gives the distortion bounds for functions inS (o,
which yields a covering result for this class.

Theorem 4. Let f, € Si(a,3). Then for |z| =7 < 1 we have

1 (B(l-a) - (1+pa)b .
|fn(z)|§(1—|—b1)r—|—2n1< 15 50— 20) )73’ lz|=r<1

and

(@)l 2 (=)= 2n1—1 (5(1 If)ﬁ_(g(l—;f)a) bl) r? e =<1,

—_

S Ol



A SPECIAL CLASS OF HARMONIC UNIVALENT FUNCTIONS 203
Proof. We only prove the right hand inequality. The proof for the left hand

inequality is similar and will be omitted. Let f, € Sp(a, 3). Taking the
absolute value of f,, we have

(@) < (L 4b0) 7+ (ap +be)r* < (L4+b) 7+ (ag + be)r?

k=2 k=2
= (L+by)r+o7 [125; _?)Ci 20) i = 2ﬂ 1- ;)204)] (ai + by)r?
s (@+b)r+ o [ﬁjﬁ_g 20)] (1 225+12_ﬂ3 bl) r’
= ()T gy <ﬂ(1 e ;f)“)bl) .
The following covering result follows from the left hand inequality in Theo-
rem 4. ]

Corollary 1. Let f, of the form (1.4) be such that f, € S2(a, 3). Then
2 I+ 8(3-20)] -8 —a)
sl < F G
2" L1+ 3 (3 —2a)] — (1+ Ba)
- 27114 5 (3 — 2a)] 1} < falU).

For our next theorem, we need to define the convolution of two harmonic
functions. For harmonic functions of the form

—z—Zakz + ( Zbkz

and

—szAkz + ( ZBkZ

we define the convolution of two harmonlc functlons fn and F, as

(fnx Fp)(2) = fu(2) x Fp(z) = 2 — ZakAkz + ( Zkakz (2.4)

k=2
Using this definition, we show that the class SJi(«, 3) is closed under con-
volution.

Theorem 5. For 0 < a; <as <1 let f, € ﬁ(ag, B), and F,, € Sﬁ(al,ﬁ).
Then the convolution fn * F,, € Sf(az, ) C SE(a1,B).
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Proof. For f, and F,, as the Theorem 5, write

—Z—Zakz + ( Zbkz

and

_Z—ZAkZ +( ZBk:Z

Then the convolution f, * F,, is given by (2.4). We wish to show that the
coefficients of f, * F}, satisfy the required condition given in Theorem 2. For
F, € S}(az, ) we note that A, < 1 and By < 1. Now, for the convolution
function f, * F,, we obtain

Z:k”[k—1+ﬁ(k:+1—2a1)]akAlc Zk"[kr+1+ﬂ(k—1+2a1)]

£ 26(1— o) ] 26(1— o) b
kM k—14+8(k+1—-201)] kM k+1+6(k—142a1)]
g,;? 26 (1~ an) “”; 26 (1~ an) g
k" [k — 1+ B (k+1—20a)] kM [k 4+ 148 (k— 1+ 2a)]
= Z; 26 (1 — az) Wt ; 26 (1 — az) g

IA
=

since 0 < ag <az <land f, € S’E(ag,ﬂ). Therefore f, *x F,, € gﬁ(ag,ﬁ) C
o) 0

Now we show that S/ (a,3) is closed under convex combinations of its
members.

Theorem 6. The class S} (a, ) is closed under convex combination.

Proof. Fori=1,2,... let f,, € Sk(a, 3), where fp, is given by

fnZ —Z_Zakz + Zbkz

Then by (2.3),

> (k”[k—1+ﬁ(k+1—2a)] +k"[k+1+ﬁ(k—1+2a)]bk>

B(1—a) i B(1—a)

k=1
(2.5)
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For Z;’il t; =1, 0 <t; <1, the convex combination of f,, may be written
as

Ztifnz‘(z) =z - Z <Ztiaki>zk + (-1)" Z (thbm)Zk
i=1 k=2 “i=1 k=1 “i=1

Then by (2.5),

— [£" k=148 (k+1—20)] o=, k:”[k+1+ﬂk 1-|—2a
2 [ By 2t B(1- Zt b’“]

e, [ (K k=148 (k41— 20)]
_Ztl{z< ﬁ(l—a) ag,

=1 k=1
E'[k+1+ 6 (k—142a)] >
+ F1—a) bki>}§4;_1ti:4

This is the condition required by (2.3) and so Y 0, t; fn,(2) € Sf(a, 8). O

Theorem 7. If f, € Si(a, B) then f, is convex in the disc

: B(l—a)(l—"b) =
|Z|Smlgn{k[ﬂ(l—a)—(l—l—ﬂa)bl]} , k=2,3,....

Proof. Let f, € Sn(a,B), and let r, 0 < r < 1, be fixed. Then 7L f,(rz) €
Sh(a, B) and we have

Z k> (ak + b)) = Z k (ar + bg) (k‘?"k_l)
k=2 k=2

o (k”[k:—l+ﬁ(k+1—2a)]
k=2

IN

26(1—a) @k

. k"[k+1+ﬁ(/€—1+20‘)]bk> (krk_1> <1-b

— 268(1 —a)
provided
1-b
k—1 1
bt S T T
BI-a)

which is true if

1

: Bl—a)(l—b) B
rémkm{k[ﬁ(l—a)—(1+ﬁa)bl]} , k=2,3,....
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