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ON A SOBOLEV TYPE THEOREM FOR THE
GENERALIZED RIESZ POTENTIAL GENERATED BY THE
GENERALIZED SHIFT OPERATOR ON MORREY SPACE

MEHMET ZEKI SARIKAYA AND HÜSEYIN YILDIRIM

Abstract. In this paper, we give a generalized definition of Morrey
space for Lebesgue measure. In this space, the inequality of Hardy-
Sobolev type is established for the generalized Riesz potentials generated
by the generalized shift operator.

1. Introduction

Suppose that Rn is the n-dimensional Euclidean space, x = (x1, x2, . . . ,
xn), y = (y1, y2, . . . , yn) are vectors in Rn, x.y = x1y1 + · · · + xnyn, |x| =
(x.x)

1
2 ,

R+
n = {x : x = (x1, . . . , xn), x1 > 0, . . . , xn > 0} .

The Bessel differential operator is defined by

Bi =
∂2

∂x2
i

+
2vi

xi

∂

∂xi
, i = 1, 2, . . . , n,

v = (v1, . . . , vn), v1 > 0, . . . , vn > 0, |v| = v1 + · · ·+ vn.
For 1 ≤ p < ∞ let Lp,v(R+

n ) = Lp,v(R+
n ,

(∏n
i=1 x2vi

i

)
dx) be the space of

functions measurable on R+
n with the norm

‖f‖p,v =
( ∫

R+
n

|f(x)|p
( n∏

i=1

x2vi
i

)
dx

) 1
p

.

2000 Mathematics Subject Classification. 31B10, 44A15.
Key words and phrases. Riesz potential, shift operator and Morrey space.



208 MEHMET ZEKI SARIKAYA AND HÜSEYIN YILDIRIM

Denote by T y the generalized shift operator acting according to the law

T y
x F (x) = Cv

∫ π

0
. . .

∫ π

0
F

(√
x2

1 + y2
1 − 2x1y1 cosα1, . . . ,

√
x2

n + y2
n − 2xnyn cosαn

)( n∏

i=1

sin2vi−1
i αi

)
dα1 . . . d αn

where x, y ∈ R+
n , vi > 1

2 , i = 1, . . . , n, Cv =
∏n

i=1
Γ(vi+1)

Γ( 1
2
)Γ(vi)

[2] and [8]. Let

f be in Lp,v(R+
n ), 1 ≤ p < ∞. Then T yf belongs to Lp,v(R+

n ), and

‖T yf‖p,v ≤ ‖f‖p,v .

We remark that T y is closely connected with the Bessel differential oper-
ator B = (B1, . . . , Bn).

Definition. Let 1 ≤ p < ∞. By Lp,w,v(R+
n ) = Lp,w,v(R+

n ,
( ∏n

i=1 x2vi
i

)
dx)

we denote the generalized Morrey space which are sets of functions f locally
integrable on R+

n , with finite norm

‖f‖p,w,v = sup
Q

(
1

w(Q)

∫

Q
T y |f(x)|p

( n∏

i=1

x2vi
i

)
dx

) 1
p

Then Lp,w,v(R+
n ) is a Banach space with norm ‖f‖p,w,v . If w(0, ρ) = 1

and T y |f(x)|p = |f(x)|p , then Lp,w,v = Lp,v. If w(0, ρ) = ρn+2|v| and
T y |f(x)|p = |f(x)|p , then Lp,w,v = L∞,v. And if w(0, ρ) = ρλ, 0 < λ <
n + 2 |v| and T y |f(x)|p = |f(x)|p then Lp,w,v is the Morrey space introduced
in [4] which is denoted simply by Lp,λ,v.

Let w : R+
n × R+

n → R+, 1 ≤ p < ∞ and Q(0, ρ) be the cube

{x ∈ R+
n : |xi| ≤ ρ

2
, i = 1, 2, . . . , n}

whose edges have length ρ and are parallel to the coordinate axes. For
Q = Q(0, ρ), let kQ = Q(0, kρ) and w(Q) = w(0, ρ).

Assume that there is a constant C > 0 such that, for any ρ > 0

ρ ≤ t ≤ 2ρ ⇒ C−1 ≤ w(0, t)
w(0, ρ)

≤ C (1)

and ∫ ∞

ρ

w(0, t)
tn+2|v|−αp+1

dt ≤ C
w(0, ρ)

ρn+2|v|−αp
, αp < n + 2 |v| . (2)

The convolution operator determined by the T y is as follows.

(f ∗ ϕ)(x) =
∫

R+
n

f(y)T yϕ(x)
( n∏

i=1

y2vi
i

)
dy.
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This convolution is known as a B-convolution. We note the following
properties of the B-convolution and T y [3] and [7].

a. f ∗ ϕ = ϕ ∗ f
b. ‖f ∗ ϕ‖r,v ≤ ‖f‖p,v ‖ϕ‖q,v , 1 ≤ p, r ≤ ∞, 1

r = 1
p + 1

q − 1
c. T y.1 = 1
d. If f(x), g(x) ∈ C(R+

n ) , g(x) is a bounded function all x ∈ R+
n and

∫

R+
n

|f (x)|
( n∏

i=1

x2vi
i

)
dx < ∞

then ∫

R+
n

T yf(x)g(y)
( n∏

i=1

y2vi
i

)
dy =

∫

R+
n

f(y)T yg(x)
( n∏

i=1

y2vi
i

)
dy

e. |T yf(x)| ≤ sup
x≥0

|f(x)| .
In this work, we are considering the Hardy-Littlewood radial maximal

type function

Mf(x) = sup
ρ>0

1
|Q(0, ρ)|v

∫

Q
T yf(x)

( n∏

i=1

y2vi
i

)
dy.

where

|Q(0, ρ)|v =
∫

Q(0,ρ)

( n∏

i=1

x2vi
i

)
dx.

Let 0 < α < n+2 |v|. We define the generalized Riesz potentials generated
by the generalized shift operator as

Iα,vf(x) =
∫

R+
n

f(y)T y |x|α−n−2|v|
( n∏

i=1

y2vi
i

)
dy. (3)

The important properties of the classical Riesz potentials on the Morrey
space were studied by Chiarenza et all [1] and Nakai [5]. Furthermore, it is
well known that the Riesz potentials Iαf = Cn,αf ∗ |x|α−n, where Cn,α =

Γ(n−α
2

)

2απ
n
2 Γ(α

2
)
, are bounded operators from Lp(Rn) to Lq(Rn) for 1

q = 1
p− α

n [6,7].

The boundedness of the Riesz potentials generated by the generalized
shift operator from Lp,v(R+

n ) to Lq,v(R+
n ) (1

q = 1
p − α

n+2|v|) was proved in [8].
In this work, an inequality of Hardy-Sobolev type is established for these
potentials on Morrey space.

Lemma 1. Let 1 ≤ p < ∞, f ∈ Lp,w,v(R+
n ). Then the inequality

|T yf(x)|p ≤ T y |f(x)|p
holds.
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Proof. Let

F (α, x, y) = f(
√

x2
1 + y2

1 − 2x1y1 cosα1, . . . ,
√

x2
n + y2

n − 2xnyn cosαn).

From Hölder’s inequality, we have the following inequality with 1
p + 1

p′ = 1.

|T yf(x)|p =
∣∣∣∣Cv

∫ π

0
. . .

∫ π

0
F (α, x, y)

n∏

i=1

(sin2vi−1 αi dαi)
∣∣∣∣
p

≤
(

Cv

∫ π

0
. . .

∫ π

0
|F (α, x, y)|p

n∏

i=1

(sin2vi−1 αi dαi)
)

·
[(

Cv

∫ π

0
. . .

∫ π

0

n∏

i=1

(sin2vi−1 αi dαi)
) 1

p′
]p

≤ T y (|f(x)|p) .

¤

Lemma 2. Let f ∈ Lp,w,v(R+
n ) and 1 < p < ∞. Then we have

‖T yf‖p,w,v ≤ ‖f‖p,w,v .

Proof. From Lemma 1 the following inequality holds.

‖T yf‖p
p,w,v ≤

1
w(Q)

∫

Q
T z |T yf(x)|p

( n∏

i=1

z2vi
i

)
dz.

If we consider the properties (c) and (d) of the shift operator, then we have
the following inequality

‖T yf‖p,w,v ≤
(

1
w(Q)

∫

Q
T z |f(x)|p

( n∏

i=1

z2vi
i

)
dz

) 1
p

= ‖f‖p,w,v .

¤

Lemma 3. Let 0 < δ ≤ 1. Assume that w satisfies (1) and
∫ ∞

ρ

w(0, t)
t(n+2|v|)δ+1

dt ≤ C
w(0, ρ)

ρ(n+2|v|)δ .

Then for 1 ≤ p < ∞ there is a constant C > 0 such that
∫

T y |f(x)|p (MχQ(y))δ
( n∏

i=1

y2vi
i

)
dy ≤ Cw(Q) ‖f‖p

p,w,v , for f ∈ Lp,w,v.
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Proof. Let χQ be the characteristic function of Q=Q(0, ρ). Then MχQ(x)≤
1. For x ∈ 2k+1Q\2kQ, MχQ(x) is comparable to 2−k(n+2|v|), k = 1, 2, . . . .
Therefore

∫
T y |f(x)|p (MχQ(y))δ

( n∏

i=1

y2vi
i

)
dy

≤
{ ∫

2Q
T y |f(x)|p

( n∏

i=1

y2vi
i

)
dy

+
∞∑

k=1

∫

2k+1Q\2kQ
2−k(n+2|v|)δT y |f(x)|p

( n∏

i=1

y2vi
i

)
dy

}

≤ C

{
w(2Q) +

∞∑

k=1

2−k(n+2|v|)δw(2k+1Q)
}
‖f‖p

p,w,v

≤ Cρ(n+2|v|)δ
∞∑

k=0

w(0, 2kQ)
(2−kρ)(n+2|v|)δ ‖f‖

p
p,w,v .

Since w(0,2kQ)

(2−kρ)(n+2|v|)δ is comparable to
∫ 2k+1ρ
2kρ

w(0,t)

t(n+2|v|)δ+1 dt, we have

∫
T y |f(x)|p (MχQ(y))δ

( n∏

i=1

y2vi
i

)
dy≤ Cρ(n+2|v|)δ

∫ ∞

ρ

w(0, t)
t(n+2|v|)δ+1

dt ‖f‖p
p,w,v

≤ Cw(0, ρ) ‖f‖p
p,w,v .

¤

For the generalized Riesz potentials generated by the generalized shift
operator the following analogue of the Hardy-Sobolev theorem is valid.

Theorem. Let 0 < α < n + 2 |v|, 1 ≤ p < n+2|v|
α , 1

q = 1
p − α

n+2|v| . Assume
that w satisfies (1) and (2).

i) If p > 1, then there is a constant Cp,q > 0 such that

‖Iα,vf‖q,w,v ≤ Cp,q ‖f‖p,w,v for f ∈ Lp,w,v(R+
n ). (4)

ii) If p = 1, then there is a constant Cq > 0 such that for any t > 0 and
for any Q

m{x ∈ Q : |Iα,vf | > t}
w(Q)q

≤ Cq

tq
‖f‖q

1,w,v for f ∈ L1,w,v(R+
n ). (5)
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Proof. i) For f ∈ Lp,w,v(R+
n ) and for Q, let f = f1 + f2, f1 = fχ2Q. Since

Iα,v is bounded from Lp,v to Lq,v in [8],
∫

Q
|Iα,vf1(x)|q

( n∏

i=1

x2vi
i

)
dx ≤ ‖Iα,vf1‖q

p,v ≤ Cp,q ‖f1‖q
p,v

≤ Cp,q

{ ∫

2Q
|f(x)|p

( n∏

i=1

x2vi
i

)
dx

} q
p

.

Therefore from Lemma 2 we have
{

1

w(Q)
q
p

∫

Q
T y |Iα,vf1(x)|q

( n∏

i=1

y2vi
i

)
dy

} 1
p

≤
{

1

w(Q)
q
p

∫

Q
|Iα,vf1(x)|q

( n∏

i=1

y2vi
i

)
dy

} 1
p

≤ Cp,q

{
1

w(Q)

∫

2Q
T y |f(x)|p

( n∏

i=1

y2vi
i

)
dy

} 1
p

= Cp,q ‖f‖p,w,v . (6)

For x ∈ Q and for y ∈ (2Q)c, 1

|y|n+2|v|−α is comparable to
(

MχQ(y)
|Q|

)1− α
n+2|v|

.

Then we have

|Iα,vf2(x)| ≤
∫

T y |f2(x)|
|y|n+2|v|−α

( n∏

i=1

y2vi
i

)
dy

≤
(

1
|Q|

)1− α
n+2|v|

∫
T y |f(x)| (MχQ(y))1−

α
n+2|v|

( n∏

i=1

y2vi
i

)
dy.

(7)

By Lemma 3 we have
∫ ∞

ρ

w(0, t)
tn+2|v|−αp−ε+1

dt ≤ C
w(0, ρ)

ρn+2|v|−αp−ε
for ε > 0.

Let δ = n+2|v|−αp−ε
n+2|v| . By Hölder’s inequality, we have

|Iα,vf2(x)| ≤ C

|Q|1− α
n+2|v|

∫
T y |f(x)| (MχQ(y))

δ
p

× (MχQ(y))1−
α

n+2|v|− δ
p

( n∏

i=1

y2vi
i

)
dy
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≤ C

|Q|1− α
n+2|v|

(∫
T y |f(x)|p (MχQ(y))δ

( n∏

i=1

y2vi
i

)
dy

) 1
p

×
(∫

(MχQ(y))
(1− α

n+2|v|−
δ
p )

p−1

( n∏

i=1

y2vi
i

)
dy

) 1
q

.

Now

|Q|−1
∫

(MχQ(y))
(1− α

n+2|v|−
δ
p )

p−1

( n∏

i=1

y2vi
i

)
dy

≤ |Q|−1

{ ∫

2Q

( n∏

i=1

y2vi
i

)
dy

+
∞∑

k=1

∫

2k+1Q\2kQ
(MχQ(y))

(1− α
n+2|v|−

δ
p )

p−1

( n∏

i=1

y2vi
i

)
dy

}

≤ C |Q|−1

{
w(2Q) +

∞∑

k=1

2−k
(n+2|v|)

p−1
(1− α

n+2|v|− δ
p
)
∣∣∣2k+1Q

∣∣∣
}

≤ C
∞∑

k=0

2
−kε
p−1 ≤ Cp,q.

Therefore by Lemma 3 we have

|Iα,vf2(x)| ≤ Cp,q |Q|−
1
q w(Q)

1
q ‖f‖p,w,v for x ∈ Q

and from Lemma 2

{
1

w(Q)
q
p

∫

Q
|T y (Iα,vf2) (x)|q

( n∏

i=1

y2vi
i

)
dy

} 1
p

≤ Cp,q ‖f‖p,w,v . (8)

By (6) and (8) we have (4).
ii) For f ∈ L1,w,v and for Q , let f = f1 + f2, f1 = fχ2Q. Since Iα,v is

bounded from L1,v to weak Lq,v in [8],

m{x ∈ Q : |Iα,vf(x)| > t} ≤ Cq

(‖f1‖1,w,v

t

)q

≤ Cq

(
w(Q) ‖f‖1,w,v

t

)q

.
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It follows from (7) and Lemma 3 with p = 1, δ = 1− α
n+2|v| = 1

q that

|Iα,vf2(x)| ≤ Cq |Q|−
1
q

∫
T y |f(x)| (MχQ(y))

1
q

( n∏

i=1

y2vi
i

)
dy

≤ Cq |Q|−
1
q w(Q) ‖f‖1,w,v for x ∈ Q.

Then from Lemma 2 we obtain

m{x ∈ Q : |Iα,vf2(x)| > t} ≤
∫

Q

( |Iα,vf2(x)|
t

)q ( n∏

i=1

y2vi
i

)
dy

≤ Cq

(
w(Q) ‖f‖1,w,v

t

)q

.

Thus we have (5). This completed the theorem. ¤
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