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ON A SOBOLEV TYPE THEOREM FOR THE
GENERALIZED RIESZ POTENTIAL GENERATED BY THE
GENERALIZED SHIFT OPERATOR ON MORREY SPACE

MEHMET ZEKI SARIKAYA AND HUSEYIN YILDIRIM

ABSTRACT. In this paper, we give a generalized definition of Morrey
space for Lebesgue measure. In this space, the inequality of Hardy-
Sobolev type is established for the generalized Riesz potentials generated
by the generalized shift operator.

1. INTRODUCTION

Suppose that R™ is the n-dimensional Euclidean space, x = (z1, z2,. ..,
ZTn), ¥ = (Y1,Y2,...,Yn) are vectors in R, z.y = x1y1 + -+ + Tplyn, |2| =
1

(2.2)3,

RY={z: z=(21,...,20), 1 >0,...,2, > 0}.
The Bessel differential operator is defined by

2  2u O
Bi=—_ 429 i_192 .. 9n,

P} )

v=(V1,...,0), v1 >0,...,0, >0,|v]| =v1 + -+ vp.
For 1 <p < oo let Ly,(R}) = Ly (R}, (H?:l mzvi)dx) be the space of

(2

functions measurable on R;} with the norm
n 1
1o = ([ 1P (T[a)as)"
n i=1

2000 Mathematics Subject Classification. 31B10, 44A15.
Key words and phrases. Riesz potential, shift operator and Morrey space.



208 MEHMET ZEKI SARIKAYA AND HUSEYIN YILDIRIM

Denote by TY the generalized shift operator acting according to the law

TYF (x / / .ZL‘l +y? — 27191 cos g, . . .,

n
\/:1:% +y2 — 2x,y, cos ozn) <H sim?”i_1 ai> daj...day,
i=1

where z,y € R, v; > 1, i=1,...,n, C, = [[1; FI;(U)ZT)) [2] and [8]. Let

fbein L, ,(R}),1 <p < oco. Then TV f belongs to L, ,(R;), and
1T fllp 0 < L]0 -

We remark that TY is closely connected with the Bessel differential oper-
ator B = (By,...,By).

Definition. Let 1 <p < o00. By Lpuo(R)) = Ly (R, ([T, 27%)dx)

i=1%;
we denote the generalized Morrey space which are sets of functions f locally

integrable on R, with finite norm

1 NAY:
1 =50 gy [ 71 (11 Jar)

Then Lpww(RY) ds a Banach space with norm | fll,.,., - If w(0,p) = 1
and TY |f(x)]P = |f(@)[", then Lpwwo = Lpo. If w(0,p) = p"T2 and
TY|f(@)]P = |f(z)|P, then Lpwy = Looy. And if w(0,p) = p*, 0 < X <
n+2|v| and TY | f(z)|P = | f(2)|P then Ly is the Morrey space introduced
in [4] which is denoted simply by Ly » -
Let w:Rf x Rf - R*, 1 <p< ooand Q(0,p) be the cube
{zeR}: |y <2 5 ,i=1,2,...,n}

whose edges have length p and are parallel to the coordinate axes. For

Q= Q(0,p). let kQ = Q(0, kp) and w(Q) = w(0, p).

Assume that there is a constant C' > 0 such that, for any p > 0
w(0,t) <
w(0, p)

/p rra—aptt @ S C gy P < F 2Pl (2)

p<t<2p=C7'<

(1)

and

The convolution operator determined by the TY is as follows.

(f %)z / fy)T (Hy%’)
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This convolution is known as a B-convolution. We note the following
properties of the B-convolution and 7Y [3] and [7].

a. fro=pxf

bo ||f % ollp < Ifllpo 16llgns 1 <P, 7 <00, 7 =5+

c. T91=1

d. If f(z),g9(z) € C(R}) , g(x) is a bounded function all z € R} and

/Ri |f (x)] (ll;[l:clz“) dr < oo

11
q

then

/ ﬁTyf(w)g(y)< i)y = [ s (Hzﬁ”ﬁ)

e. [TVf(z)| <sup !f(fv)l-
x>0

In this work, we are considering the Hardy-Littlewood radial maximal
type function

1 v;
st =g, o (I87)

where

1Q(0, )| / (Hﬁ”z) dz.

Let 0 < @ < n+2|v|. We define the generahzed Riesz potentials generated
by the generalized shift operator as

ewt@) = |10 Tﬂx\““’“(ﬂyzvl) g

The important properties of the classical Riesz potentials on the Morrey
space were studied by Chiarenza et all [1] and Nakai [5]. Furthermore, it is
well known that the Riesz potentials I*f = Cp o f * |2|*", where C) o =

L= n n 1_1_«a
v et are bounded operators from L,(R") to Lq(R") for , = - — 7 [6,7].

The boundedness of the Riesz potentials generated by the generalized
shift operator from Ly ,(R;}) to Ly (R;}) (% = % — n7ar) was proved in [8].
In this work, an inequality of Hardy-Sobolev type is established for these
potentials on Morrey space.

Lemma 1. Let 1 <p < oo, f € Lpwo(RY). Then the inequality
T f ()" < TV | f ()
holds.
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Proof. Let

Fla,z,y) = f(y/23 + 42 — 2191 cosay, . .., /22 + Y2 — 22y, cos o).

From Holder’s inequality, we have the following inequality with % + % =1.
T i n p
|TYf(x)|P = ‘CU/ / F(a,z,y) ]h_[(sim%i_1 a; dag)
0 0 i=1

< (C’U/ / ]F(a,x,y)]pH(sin%ifl aidai))
0 0 i=1

<TY([f(2)IF) -

Lemma 2. Let f € L,4,,(R}) and 1 < p < co. Then we have

1T fllp o < I

Proof. From Lemma 1 the following inequality holds.

HTyﬂuwv__ui@)/gTzHWf@Np(fi %ﬂch

i=1

p,w,v *

If we consider the properties (c) and (d) of the shift operator, then we have
the following inequality

W%«JQLWWM%ﬁﬁ%@{%f

=1

1T f

|p7w7v :

Lemma 3. Let 0 < § < 1. Assume that w satisfies (1) and

/OO _w(0.?) dt < Ciw(o,p) .
P

t(n+2v])+1 - p(n+2\v\)6

Then for 1 < p < oo there is a constant C' > 0 such that

[ 1@ (xalw) (Hfﬂ@éﬁdlwwwﬁﬁe%w-



ON A SOBOLEV TYPE THEOREM FOR THE GENERALIZED - -- 211

Proof. Let xq be the characteristic function of Q@ =Q(0, p). Then Mxq(z) <
1. For z € 21Q\2*kQ, My (z) is comparable to ok(n+2l) =1 2 ...
Therefore

[ 1@ 0txaly (Hy%z)
<{ [ e \p(Hy%)
+;/2k+1c2\2k@ Tl @) |p<Hy2vl) }
{ Q)+ Y ot 2’f+1@>}ufup,w,v
k=1

00
n+2|v|)d (O 2 Q)
S C,O( | ‘) Z (2 kp) n+2|v‘)5 Hf“pwv'
k=0

: w(0,2%Q) 2 Frlp  w(0,t)
Slnce W is Comparable to p Tnt2lNe Tt dt, we have

p,w,v

/Tylf(w)lp Mxq(y (Hy%’)dyé Cp<“+2“|>5/ %dtﬂf
P
< Cw(0,p) I £1I}

p,w,v *

O

For the generalized Riesz potentials generated by the generalized shift
operator the following analogue of the Hardy-Sobolev theorem is valid.

2
n+ nt2[y| Assume

1_1 a
g T p nt2pf

Theorem. Let 0 < a <n+2Jv[,1 <p<
that w satisfies (1) and (2).
1) If p > 1, then there is a constant Cy, 4 > 0 such that

Howf g < Cog 1 fllpwn for f € Lpwo®y). (4)

1) If p =1, then there is a constant Cy > 0 such that for any t > 0 and
for any @

m{z € Q: |Ionf| >t}
w(Q)1 < W for € Lrma®D: )
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Proof. i) For f € Ly,,(R}) and for Q, let f = f1 + fa, fi = fx2q- Since
I, is bounded from Ly, to Lg, in [§],

/Q o1 (@) (ilf[lx?”i) dr < |Louhillf,, <
< o /m\f(x)\p(ﬁx?”i)dz}p.
=1

Iy

Therefore from Lemma 2 we have

gt fy et ’“Hym) }
o [ ()e]
scp,q{w(l@/z T | (o V’(Hy“) }

= CP#] Hpr,w,v ' (6)

1—_a
For x € Q and for y € (2Q)¢, W is comparable to <M>|<g‘(y)) Rl

Then we have

lawh(@) < | |T|n‘+f§v (Hy”")

( )

/°° w(0,1) d<C w(0, p)

tnt+2lv|—ap—e+1 - pn+2|v|—ap—£ for e > 0.

Let 0 = % By Holder’s inequality, we have
C

[awf2(z)] < ﬁ

/ TV | f(2)| (Mxo(y))?

x (Mxq(y)) —T <Hy2”z)
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< C Ty p M 21}2
|f(@)]” (Mxq(y H Y;

< o
</(MXQ( ) Y (Hy%) >

Now
@ [ (et (Hym)
<t { [, (H92”'>
T Long e () )
Gk (1 e ) 2k+1Q]}

<c|QI! {w<2Q>
k=1

o0
< 02255i <C
k=0

Therefore by Lemma 3 we have
_1 1
Hawfo(@)] < Cpg Q7 w(@)7 ||l forz e

1
< Cpg 1 fllpww- (8)

n

|

and from Lemma 2

|10 Gat @1 (T 02)

1
I b
=1

o
By (6) and (8) we have (4)
ii) For f € Lj 4, and for Q
bounded from L, to weak L, in [8],
m{z € Q: |lnuf@)| >t} <C <”f1”“”>
q
< Cq <w(Q) Htle,w,v

fx2q- Since I, is

aq
P

let f=fi+f2, [1=

)
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It follows from (7) and Lemma 3 withp=1, 6 =1 — —%— = % that

n+2lv]
lawha@)] < €101 [ 7715 Oixa) ([T dy
i=1

< Cy QI w(@Q) If ]y forz € Q.

Then from Lemma 2 we obtain

‘Ia UfQ(x)‘ 4 = 2v;
N < s 4U5
e e @ lauts@) > 0 < [ (P (1T a
w q
< Cq ( (Q) Hf”l,w,v) )
t
Thus we have (5). This completed the theorem. O
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