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THREE POSITIVE PERIODIC SOLUTIONS OF
NONLINEAR FUNCTIONAL DIFFERENCE EQUATIONS

YUJI LIU AND XINGYUAN LIU

ABSTRACT. Sufficient conditions for the existence of at least three posi-
tive T-periodic solutions of the nonlinear functional difference equations
are established. An example is presented to illustrate the main results.

1. INTRODUCTION

Let R denote the set of real numbers, Z the set of integers and R™ the
set of positive numbers. In this paper, we investigate nonlinear functional
difference equations

Ax(n) = —a(n)z(n) + f(n,x(n — 7(n))), n € Z, 1)
and

Az(n) = —a(n)z(n) — f(n,z(n —7(n))), neZ, (2)
where a(n) and 7(n) are T-periodic sequences with 7" > 1, f(n,z) nonneg-
ative and continuous in x and T-periodic in n.

The motivation of this paper is mainly due to papers [1,2,3,5]. In paper

[1], Raffoul investigated the existence of at least one or two positive periodic
solutions of the following functional difference equations

z(n + 1) = b(n)xz(n) + Ah(n) f(z(n — 7(n))), (3)
and

z(n +1) = b(n)z(n) = Ah(n) f(z(n — 7(n))), (4)
where b(n), h(n) and 7(n) are nonnegative with period T' > 1, b(n) > 0,
A > 0 a constant.
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The methods to obtain positive periodic solutions of a difference equation
are based on the theorems in cones in Banach spaces [1-7,14], lower and up-
per solutions methods and monotone iterative technique [15], critical point
theorems [16,17].

The purpose of this paper is to study the existence of at least three positive
T-periodic solutions of the equation (1). Comparing to the known results,
equations (1) may be regarded as delay difference equation or forward dif-
ference equation or fixed type difference equation. We impose growth condi-
tions on f, instead of requiring the existence of the limits lim, ¢ f(z)/z and
lim, o0 f(x)/x see [1,2,3,5], to obtain three positive T-periodic solutions
by applying fixed point theorems in cones in Banach spaces.

Furthermore, Raffoul proposed the following open problem:

Open problem 3[1]. What can be said about the existence of positive
T-periodic solutions of equations (3) and (4) when b(n) > 1 in (3) and
0<b(n)<1lin (4) for alln € [0,T —1]?

When applying our results to equation (3) or (4), above mentioned open
problem is solved. See Remarks 3.1-3.3 in Section 3.

This paper is organized as follows. In Section 2, we give some back-
ground definitions and fixed-point theorems in cones in Banach spaces due
to Leggett-Williams, Avery and Henderson [12,13,14]. The main results are
presented in Section 3. The example to illustrate the main theorems is given
in Section 4.

2. PRELIMINARY RESULTS

In this section, we present some lemmas and some preliminary results.

Definition 2.1. Let X be a Banach space and P be a cone in X. A map
Y : P — [0,400) is a nonnegative continuous concave or convex functional
map provided 1 is nonnegative, continuous and satisfies

Ytz + (1 —t)y) > th(z) + (1 - t)¥(y),
Y(te + (1= t)y) < th(x) + (1 - )Y (y),
for all z,y € P and t € [0,1].

Definition 2.2. An operator H; X — X is completely continuous if it is
continuous and maps bounded sets into pre-compact sets.

Let 0 < a < b and r be given and let ¢ be a nonnegative continuous con-
cave functional on the cone P. Define the convex sets P,, P. and P(v;a,b)
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P.={y e P||lyll <r},
P.={yeP||ly|| <r},
P(4;a,0) ={y € Pla<9(y), llyll <b}.

Now, we state the fixed-point theorems due to Leggett-Williams [13] and
Avery and Henderson [12] which lay the foundation needed to prove our
main results.

Theorem 2.1. (Leggett-Williams Fixed-Point Theorem, [13]).  Suppose
that X is a Banach spaces, P a cone of X. Let H : P, — P., y — Hy
for y € P be a completely continuous operator, and let ¥ be a nonnegative
continuous concave functional on P such that ¥(y) < ||y|| for all y € P..
Suppose that there exist 0 < a < b < d < ¢ such that

(C1) {y € P(¢;0,d)|(y) > b} # 0 and ¥(Hy) > b fory € P(¢;b,d);
(C2) |[Hy|| < a for [ly|| < a;
(Cs) ¥(Hy) > b fory € P(¥;b,c) with [[Hyl| > d.
Then H has at least three fived points yi, y2 and ys such that ||y1|| < a,
b < (y2) and |lys|| > a with 1(y3) < b.

Let ~, 3,0 be nonnegative continuous convex functionals on the cone P
and «, ¥ be nonnegative continuous concave functionals on the cone P. Then
for nonnegative numbers h, a, b, d, and ¢ we define the following sets:

P(y,¢) ={z € P: ~(x) < c},

P(y,a,a,¢) ={x € P:a<ax), y(z) < c},

Q(v,B,d.c)={x e P: B(x) <d, y(z) <c},
P(v,0,a,a,b,c) ={zx € P: a <a(zx), 0(x) <b, v(z) <c},
Q(y, B¢, hyd,e) ={x € P: h <y(z), B(z) <d, y(z) < c}.

Theorem 2.2. (Avery and Henderson [12]). Suppose that X is a Banach
spaces, P a cone of X, and there exists positive number ¢ such that
(i) v, 3,0 are three nonnegative continuous convex functionals, «, v are
a nonnegative continuous concave functionals;
(ii) there exists positive number M such that a(z) < B(x),||z|| < M~(x)
for z € P(v,c);
(iii) H: P(v,¢) — P(v,c) is completely continuous;
(iv) there are positive numbers h,d,a,b with 0 < d < a such that
(D1) {z € P(v,0,a,a,b,c) : a(z) > a} # O and x € P(v,0,a,a,b,¢)
implies a(Hzx) > a;
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(D2) {z € Q(7,8,¢,h,d,c) : f(x) < d} # O and x € Q(v,5,,h,d, c)
implies B(Hz) < d;

(D3) = € P(vy,a,a,c) with O(Hz) > b implies ao(Hzx) > a;

(D4) =z € Q(v,0,d,c) with (Hzx) < h implies f(Hz) < d.

Then H has at least three fized points x1,x2,x3 € P(7,c) that satisfying
B(z1) < d, a < a(xz), d < B(x3), a(rs) < a.

Let X be the set of all real T-periodic sequences {z(n)}>° . This set
is endowed with the norm |[x|| = max,cjr_1][*(n)|. Then X is a Banach
space. Suppose a(n) < 1 for all n € Z. Let us define a cone in the Banach

space X as
P={zxeX: z(n)>o|lz| on0,T—1]}.
Then P is a cone of space X, where o is defined by
T-1 _
— Hs:O a (S)
[T a*(s)

where

at(n) =max{1, 1 —a(n)}, a (n) =min{l, 1 —a(n)}.
“+oo

We call the sequence {z(n)} 2%  a positive T-periodic solution of (1) if it
is positive, T-periodic and satisfies (1) for all n € Z.

Let a,b be nonnegative integers, denote Hf:a z(i) = z(a)x(a+1)---z(b)
if a <band Hi?:l x(i) = 1 if a > b. Let us list the assumptions.
(A1) f:Z x R— RT is continuous in z and T-periodic in n.
(A2) a:Z — Rand 7: Z — R are T-periodic sequences and a(n) < 1 for
all n € Z with []"T771(1 — a(s)) = constant < 1 for all n € Z.

j=n

Lemma 2.1. Assume (Az2) holds. Then x € X is a solution of equation (1)
if and only if

n+1-2
z(n) = Z G(n,s)f(s,x(s —7(s)))
1
+ 1_ H?ig_l(l _ (I(S))f(n — 1,%(71 —1- T(n — 1)))’ (5)
where .
n+1T— —ali
Glnsy— e mai)

C1-TIS0 (1 - a))
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Proof. If x € X satisfies equation (1), then
z(n+1)—(1—a(n))z(n) = f(n,z(n—7(n))), neZ.
It is easy to see that
z(n) =
for T=1. If T > 2, then we get
z(n+1)—(1—a(n))z(n)= f(n,z(n—7(n))), ne Z,
z(n+2)—(1—an+1)z(n+1)=f(n+Lz(n+1—7(n+1))), n€ Z,

zxn+T)—1—an+T—-1)z(n+T-1)
=fn+T-1z(n+T—-1—7(n+T —1))).

a(n)f(n’ z(n—7(n))), nez

Summing the above equalities, we get

n+T—1 n+T—-2n+T-1
rn+T)—zn) [[ A-a()= DY ] 0—aG)fG =G -70))
j=n s=n j=s+1

+fin+T—-1z(n+T—-1—7(n+T-1))).

Since x € X implies (T + n) = x(n), in view of (Az), we get (5).
On the other hand, it is easy to show that if z € X and satisfies (5), then
x satisfies (1), and so z is a T-periodic solution of (1). O

Remark 2.1. It follows from Lemma 2.1 and (5) that if (Ay), (A2) hold,
and a(n) < 1 with H"+T 1 -a(y) = H] 0 (1 —a(j)) > 1, then equation
(1) has no positive perlodlc solution. In fact, suppose z is a positive periodic
solution of equation (1). Then

0<z(n Z G(n,s)f(s,x(s —7(s)))

+ fln—1Lz(n—-1—-7(n—-1))) <0

1-[[5 (1= a(y)
is a contradiction.

If a(n) <1foralln € Z, (A2) holds, and J[;Z N1 —a(y) = H]T:_ol(l —
a(y7)) < 1, then we get, for T > 2, n < s§n—|—T—2 that
2 0 -al) | Hf‘& a”(j)
L-T[ 5 (L —a(G) — =I5 (1 - a()))

G(n,s) =

)
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and

T2 (1 —a(h)) I a*(j)
G(n,s) = —= < J .
sy =17 [ (1—a(i) ~ 1-11= (1 - a())

Let
1, T=1,
°T {Hf;ol a” (e ()7, T =2
Define an operator H : X — X by

n+T-2
H(z)(n)= Y G(n,s)f(s,z(s —7(s)))
+ ! Fon—1,2(n—1—r(n— 1))

1= T2 M1 = alj))
for x € X.

Lemma 2.2. Assume a(n) <1 for alln € Z and Hg:ol(l—a(j)) <1, (A1),
(A2) hold. If x € P, then H(z) € P.

Proof. For x € P, we get

n+1T-2

H(x)(n)= ) G(n,s)f(s,a(s = 7(s)))
s=n .

1=, (1 —a(3)

If n < —1, then

_l’_

fn=1lz(n—1—-7(n—-1))), ne Z.

n+71T-1

S Flsals —7(s))

-1 T-1 T-1
=Y [ als—T()+ D flsa(s —7() = D> fls,2(s —7(s)))
s=n s=0 s=n+T
T-1 1

-1

=Y fls,als—7(s) + D> fs,uls) = D fls,2(s = 7(s)))
ST_

=Y fs,x(s = 7(s))).

n
s=0

—_
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.. . . n+T-1 o T-1
Similarly n > —1 implies > 77 7 f(s,u(s)) = > _,—o f(s,u(s)). We note

that
L2 0 -a() _ Toe'G)
L= TTjm (=) ~ 1= T[S (1= a())

Thus (A1), a(n) < 1, H?;“;‘LF '(1—a(s)) < 1 for all n € Z and the definition
of G(n,s) imply that

G(n,s) =

n+T-2

H(z)(n)= Y G(n,s)f(s,x(s —7(s)))
1
n—Lzn—1—7(n—-1
o a—agy S
H?t?—i—ll CL+( n+T-2
Sl—H (1—a Z f(s,z(s —7(s)))
1
n—Lx(n—1—7(n—1
+1—Iﬁiﬂ1—ao»f( ( now
HJT—OlaJr n+T—1
1—HT 1(1_ Z f(s,z(s —7(s)))
HT 1a+ T-1

:1—H (1—a Szof (s =7(s))

and similarly we get

Hn+T+11 a(j) I
H(:U)(n)zl_lﬁ[Tnl(l_ Z f(s,z(s —7(s)))
1
n—lLz(n—1—7(n-—1
+1_H u_aU»ﬂ ( (n—1))
HTl —
_1—HT 1(1_ Zfsxs—T )

It follows that
|[H(z)]| < H?_OIGJF( Zf s,x(s —7(s))) < o tH(z)(n)
N 1—]_[ (l—a
and so H(x)(n) > o||H(x)|| for allneZ. Thus H(z) € P. O

Lemma 2.3. Suppose (A1) and (As) hold. Then
(i) H is completely continuous.
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(ii) = is a positive T-periodic solution of (1) if and only if x is a fized
point of the operator H on P.

The proof of Lemma 2.3 is standard and is omitted, one may see [12].

3. MAIN RESULTS

In this section, we present the main results of this paper. In relation to
equation (1), we suppose

T-1
a(n) <1 foralln € Z, H a(s) < 1.
s=0
Let
Y(x)= min x(n) for x € P.

nel0,7—1]
Then v is a nonnegative continuous concave functional on P and ¢(z) < ||z||
for all z € P.

Theorem 3.1. Assume (A1) — (Az). Furthermore, suppose that there are
constants 0 < d < a such that

(A3) f satisfies

fnz) 11— Hf‘&(l —a(y))

lim < =c
z—too |z TH] o at ()
uniformly for n € [0,T — 1];
(Ay) it holds that

1- H]T_ol(l —a(j))
THJ —o a*(j)

fln,z) <d

forn € [0,T —1] and z € [0,d];
=TT S (1—a(h)
(As) f(n,z)>La fort €[0,T—1] and x €[a,a/o] and L —W.
7=0
Then equation (1) has at least three positive T-periodic solutions 1, x
and x3 satisfying

|lz1]| <d, min z9(t) > a, ||x2]| > d and min x3(t) < a.
t€[0,7—1] te[0,7—-1]

Proof. By (As), we see there is 0 < p < ¢ and M > 0 such that

f(n,a) < pla
for all n € [0,7 — 1] and |z| > M. Let
8= max f(n,x).

|z|€[0,M] ne[0,T—1]
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Then

0< f(n, @) < plz|+ 5
forn € (0,7 —1], z € [0,+00). Choose e > max{3/(c — u),a/c}. Then, for
r € P., we have

n+1T-2
el = ma (X Gl o) als ()

1
1- H;F_ol(l —a(j))

1) a* ()
s,x(s —7(
T Ty }jf )
< (M€+5)TH5 o1 a+(]) _pe+f e
T 1T (- a(h) ¢
Then H(z) € P., Hence H(P.) C P.. On the other hand, it is easy to prove
that H is completely continuous by (A;). Now, we prove that (Cp), (C2)
and (C3) of Theorem 2.1 hold.
First, choose 6 € (1,1/0) and let ¢o(n) = 6fa for n € Z, it follows
from e > a/o that ¢9 € {z € P(y,a,a/0), ¥(¢o) > a. Hence {z €

P(¢,a,a/0),¢¥(x) > a} # 0. For x € P(¢,a,a/0), P(x) > a and a <
z(t) < a/o, it follows from (As) that

n fn = Lot - 1))

n+1T-2
vH@) = win v ( > G5 (o, ats )

1
n—1,z(n—1
+1_Hjou_a0»ﬂ (n-1)

1= a ()

21_HT1@§L }:fsxs—f )

- TH? D a(j)
1= TI1= (1 = a(j)

Secondly, for z € Py, it follows from (A4) that

n+1T-2
el = max (X Gl o) als = )

1
TN aG)

f(n—1,2(n— 1))>
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T-1 4 T-1
Wi ¢70) 5= 50 as — 7(s)))

T 1-TLS (A -al) =

< dTH—oa()

1115 1(1—60(1))

I A E

_1—HT 1(1_ Zfsxs—T s)))

< Hfola+<J> le—n s (1)
SIS 0—a() TTS e ()

Finally, if z € P(¢,a,¢e) and ||H (z)|| > a/o, then min,jg7_1)z(n) > a and
||z|| < e. Hence we have

=d.

YH() = min | H(z)(n) 2 ol H@)| > 07 = a.

From the steps above, (C1), (C2) and (C3) of Theorem 2.1 are satisfied.
Then, by Theorem 2.1, H has three fixed points x1, 2 and z3 € P, such
that

lz1]] < d, P(z2) > a, |[z2]] = d, P(z3) < a, |lzi]| < e fori=1,2,3,

i.e. equation (1) has three positive T-periodic solutions x;, 2 and x3 such
that

l|z1]] < d, min  x9(t) > a, ||xa]| > d
n€el0,7-1]

and min x3(n) <a, ||z;|| <efori=1,2,3.
nel0,7—1]

The proof is complete. O

To establish the second result, define nonnegative continuous concave
functionals «, ¢ and nonnegative convex functionals 3, 6,v on P by

V(z) = B(z) =0(x) = ponax z(n), =€ P,

and

P(z) = alz) = neﬁr)l,iTn—l} z(n), x € P.

We observe here that for each x € P,
a(z) = ¢(z) < B(z) =y(z) = 0(z), [zl =~(2).
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Then
P(y,c)={zeP: ner[{)lz;g( . z(n) < c},
P(v,a,a,¢) ={x € P:a < nef(l)lgl 1]m(n), ner[gectpx 1]1‘(11) <c},
Q(v,B,d,c) ={x € P: ner[{)l%}(_l}l'(n) <d, ner[{)l%){_ﬂx(n) <c},
P(v,0,a,a,b,c) ={x € P: a< nel[glizp_l]w(n),
ner[{)l%x 1] z(n) < b, ner[{ll,%“)il] #(n) < ek,
Qe Bvhd.e) =€ Ps h< min o)
ne%%x R z(n) <d, ner[g%)il] z(n) < c}.

Theorem 3.2. Suppose that (A1) and (A2) hold and there exist positive
numbers 0 < a < b < ¢ such that

b
O<a<b< —<oc<eg,
o

and f(n,x) satisfies conditions:

1- 120 (1 —a(4))

n,z) <a , ne|0,T—-1|, ca<z<a. 6
f(n,z) < TH]oa(J) €| ] <z < (6)
1- T2 (1—a(4)) b
n,xr)>b , nel0,T—-1], b<ax < —, 7
fln,) > Tnf5mu> cO.T-1, b (1

1-I15 (1—a(J))
f(n,z) <c TH] TG nel0,T—1], cc<z<ec (8)

Then equation (1) has at least three positive T -periodic solutions x1,x2, T3 €
P(v,c) and

max xi1(n) <a, b< min x2(n),
nel0,7-1] nel0,7—1]

a< max x3(n), min x3(n)<b>.
nel0,7-1] 3( ) n€l0,7—1] 3( )
Proof. Define the completely continuous operator H : X — X by
n+T—-1

H(z)(n) = ) G(n,s)f(s,a(s—7(s)))

for x € X. It is easy to prove that HP C P and z is a positive solution of
equation (1) if and only if x is a fixed point of H on cone P.
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First, if € P(y,c), then oc < z(n) < ||z|| = v(z) < ¢. Tt follows from
condition (8) that

V(H(z) = max H@)n)

n+71-2
=iy (2 caesto—rion)

1
TN aG)

fln—=1Lz(n—1—71(n— 1)))

Therefore H : P(v,c¢) — P(v,c¢
Secondly, it is immediate tha

o+ ~—

{z € P(v,0,a,b, g,c) :afz) > b} #£0,
{z € Q(7.8,¥,0a,a,c) : Bz) <a}#0.

In the following steps, we verify the remaining conditions of Theorem 2.2.
Step 1. We prove that

b
x € P(v,0,a,b,—,c) implies a(H (z)) > b. (9)
o

In fact, we have
b

b< min z(n), max z(n)<-—, max z(n)<c.

nel0,7—1] ne(0,7—1] o’ nefo,7-1]
Thus using (7), one gets

o(H(r) = min H()n)

n+1T-2
S B O OECCRTCSIERLE

1
T aG)

a6 =
2 Gy e )

fln—1Lzn—1—71(n— 1)))>
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T— _ . T— .
. Hj:[)l a”(j) Tbl - Hj:()l(l —a(j))
=T[5 —ai)  TIZ e ()
Step 2. We show that
x € Q(v,B,¢,0a,a,c) implies f(H(x)) < a. (10)

In fact, we have

=b.

ca< min z(n), max z(n)<a, max z(n)<c.
nel0,7—1] nel0,7—1] nel0,7—1]

Thus (5) implies that

n+71-2

it (L 00 tewte= o)

s=n

—fn—1,z(n—1—7(n— 1))))

oo et() &
1-1120 (1 —a(i) =
o e—aG)  TeerG)

T2 at(G)  1-T12 (1 —a(j))

Step 3. We verify that

x € Q(v,B,a,c) with ¢(H(x)) < oa implies f(H(x)) < a. (11)
It follows from B(H(z)) < 14 (H(z)) that

n+71-2

s = max (30 Gns)(s.als = 7(6)

s=n

1
I a))

< EQZJ(H(x)) < a.

fln=1,z(n—1—7(n— 1))))

Step 4. We prove that

x € P(y,a,b,c) with 0(H(z)) > éb implies «a(H(z)) > b. (12)



228 YUJI LIU AND XINGYUAN LIU

It follows from a(H(x)) > of(H (z)) that

n+T-2
) = i (13 600705066~ (o)

1
I - a)
> of(H(z)) > 0.

Therefore, the hypotheses of the Theorem 2.2 are satisfied and there exist
three positive solutions z1, z2, z3 for equation (1) satisfying

fln—=1,z(n—1—7(n— 1)))>

max xzi(n) <ec i=1,23;
nel0,7—1]

and

max z1(n)<a, b< min x9(n
nel0,7—1] 1(n) ’ nel0,7—1] 2(n);

a< max z3(n max xz3(n) <b.
nef0,7—1] 3(n); nef0,7—1] 3(n)

O

Remark 3.1. Similar to Theorems 3.1 and 3.2, we can establish existence
results for at least three positive periodic solutions of equation (2).

Remark 3.2. From the results obtained in this paper, we see that a(n) in
equations (1) oscillates about 0, i.e., b(n) in equations (3) oscillates about
1 when the results obtained are applied to equation (3). This fills a gap in
the known papers [1-3].

Remark 3.3. Let f(z) = g(x). Transform equation (3) into
Az(n) = —(1 —b(n))z(n) + Ahr(n)g(z(n — 7(n))). (13)

With regard to equation (1), one sees that a(n) =1 — b(n) and f(n,z(n —
7(n))) = Ah(n)g(x(n — 7(n))). When b(n) > 1 for n € Z, we have that
a(n) < 0. Then Theorem 3.1 and Theorem 3.2 can be applied. Hence we
present an answer to Open problem 3 related to equation (3).

4. AN EXAMPLE

Now, we present an example to illustrate the main results obtained in
Section 3.

Example 4.1. Consider the following equation

Az(n) = — (;—{—isinn;) w(n)—l—i (4—|—cosn§>g(m (n—cos?)() . |
14
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Regarding equation (1), one sees that a(n) = § + Isin %, 7(n) = cos &
and f(n,z) = h(n)g(z) with h(n) = 1 (44 cos Z) and g being continuous,

h is a 4-periodic positive sequence and a and 7 8-periodic sequences. If

5x 099 e 0,10,

200 % 4099x128 5% 4099

200 x 4099x128 4 (x _ 100) 4096 x 245 2048%9 , T € [107 100]’

B 200 X 0055215, T € [100, s X 100],
9(37) = 3000 —4099 905 4099x128
3000 x 4099 + (m _ 245 % 6000) 2048x9 4096 x 245
2048 %9 576 ’

245 576
x € [% X 100, 576 X 6000],

3000 x 55925, @ > 225 % 6000,

it is easy to see that

Mg a(s) Ty min{1,1 —a(n)} 245

g = =

I_IT:()1 at(s) HZ;OI max{1,1 —a(n)} " 576

(A1) f:Z x R— R" is continuous in z and T-periodic in n;

(A2) a: Z — R and 7 : Z — R are T-periodic sequences and a(n) < 1
for all n € Z with H?ianl(l —a(s))=—g2s <lforallne Z;

Choose positive constants a = 10,b = 100, ¢ = 6000. It is easy to check
that

b
O<a<b< —<oc<ec
g

and
- 1-[So(1—a() 4099
fna) <ot gy = 0% i<y
j=0 @ (J)
245
0x2<e<1
n € [0, 3], 0><576_a:_ 0,
1-TI' 1 —a(y 4 12
fnx) > b HJ;O_E (7)) 100 « 2099 87
T o () 4096 x 245
576
100<z< 22 %1
n €[0.3], 100 < x < 2o x 100,
1- [Ty (1—alj 4099
fln,z) <c HJ;?E G = 6000 X s,
TTI = at(5) 2048 x 9
245
ne€0,3], == x 6000 < z < 6000.

576
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Therefore equation (1) has at least three positive 4-periodic solutions x1, o
and x3 satisfying

max z1(n) < 10, 100 < min x2(n), 10 < max x3(n), min xz3(n) < 100.
n€l0,3] n€(0,3] n€(0,3] n€l0,3]
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