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ON THE COMPOSITION OF THE DISTRIBUTIONS

wi In"z;, AND mII/A

B. FISHER AND T. KRAIWEERADECHACHAI

ABSTRACT. Let F' be a distribution and let f be a locally summable
function. The neutrix composition F(f), of F and f, is defined as the
neutrix limit of the sequence {F,(f)}, where F,(z) = F(z) % 6,(z)
and {dn(z)} is a certain sequence of infinitely differentiable functions
converging to the Dirac delta-function é(x). The neutrix composition of

the distributions 27 In™ x4 and xf/)‘ is evaluated for —1 < A < 0 and

m=1,2,....

1. INTRODUCTION

In the following, we let D be the space of infinitely differentiable functions
with compact support, let Dla,b|] be the space of infinitely differentiable
functions with support contained in the interval [a,b] and let D’ be the
space of distributions defined on D.

We define the locally summable function :1:3\r In" x4 for A > —1 and m =
0,1,2,... by

A1,

z*In"x, x>0
My = ' ’

0, xz <0

and we define the distribution x;l In"z, m=0,1,2,... by

m+1
In Ty

CU_T_l ].nm Ty = TH

It follows that if ¢ is an arbitrary function in D[—1, 1], then
1
@7 " @) = [ a7 " al(@) - p(0)] da 1)
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We now let N be the neutrix, see [1], having domain N’ the positive
integers and range N” the real numbers, with negligible functions which are
finite linear sums of the functions

Pn" " n, In"n A>0,r=1,2,...

and all functions which converge to zero in the usual sense as n tends to
infinity.

Now let p(x) be an infinitely differentiable function having the following
properties:

(i) p(x) =0 for |z| > 1,

(i) plz) >0,

(ili) p(z) = p(—),

(v) ! p(z)de =1,
Putting d,,(z) = np(nzx) for n =1,2,... , it follows that {J,(z)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-
function 6(x).

If now f is an arbitrary distribution in D’, we define

fo(w) = (f % 0n)(2) = (f(t),0n(z — 1))

forn =1,2,... . It follows that {f,(z)} is a regular sequence of infinitely
differentiable functions converging to the distribution f(x).

The following definition was given in [2]. and was originally called the
composition of distributions.

Definition 1. Let F be a distribution in D' and let f be a locally summable
function. We say that the neutriz composition F(f(x)) exists and is equal
to h on the open interval (a,b), with —oco < a < b < oo, if

[e.e]

N-tim [ By (f(2))ple) dz = (h(a), o(a)
for all ¢ in Dla,b], where F,(x) = F(x) * 0y(x) forn=1,2,....
In particular, we say that the composition F(f(x)) exists and is equal to
h on the open interval (a,b) if

o0

tim [ Fu(f@)el@) de = (@), o))
for all ¢ in Dla,b].
The following theorems were proved in [2] and [3] respectively:

Theorem 1. The neutriz compositions (z")> and (z%)* exist and

(@) = ()2 =0



ON THE COMPOSITION OF THE DISTRIBUTIONS --- 251

for u >0 and A\p # —1,-2,... and

7 cosec(TA)

BAA -1 Al )\ _ 5(7)\;171)
foru>0, A#—-1,-2,... and \u=—-1,-2,....
Theorem 2. The neutriz composition (x7,)_% exists and

. rs—i—sc
r ):s — (T(lzs_l)(!p)(;(rsl) (x)

forr,s=1,2,..., where c¢(p) = fol Intdt.
In the previous theorem, the distribution z_° is defined by
oz )
- (s —1)!

for s =1,2,... and not as in Gel’fand and Shilov [7].
The next three theorems were proved in [4], [6] and [5] respectively.

Theorem 3. The neutriz composition (z".)~! exists and

2c(p) —ro(r —1
(x:_)—l _ IE+T + (71)r (p) rfb( )(5(T_1)($),
forr=1,2 ..., where

— 22:1 1/1’ [ 1a
o(r) = { 0, i=0

Theorem 4. The neutriz composition (z',)} exists and

A
()} = 23!

for A< 0, p>0and A\, \p # —1,-2,....

Theorem 5. If Fy,, \(x) denotes the distibution 2’} In™ x4, then the neutriz
composition F, \(z!) exists and

B (2) = g In™ 2)
for =1 <A <0, p>0,m=0,1,2,... and A\ # —1, -2,

To prove the next theorem, we need the following lemma which can easily
proved by induction.

Lemma.

n (—l)r’l“'( a+l _ r— 1 r[,noz—‘rl In""%n
*“In"vdv =
/1 v rdy (o + 1)+t +Zz; (r —i)!(a + 1)1

fora#—-1andr=1,2,....
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We now prove

Theorem 6. If F,,, \(z) denotes the distibution a:ﬁ‘r In™ x4, then the neutriz

composition Fm7,\(x:rl//\) exists and
Fn ,\(x+1/’\) (=N) "2 ™ 2y + cym(p)d(T) (3)
for =1 <A <0 andm=20,1,2,..., where
1 v
aam(p) = —)\/ v_’\_l/ (v — ) In™ (v — u)p(u) du do.
0 —1

Proof. We put
[Fm)\(x)]n = (fU:\s- In™ 1) * 0p ().

Then
j{7n(x — )M ™ (z — £)5,(t) dt, 1/n < z,
[Fna(@)]n = ffl/n(x — ) In"™(z — )0, (t)dt, —1/n <z <1/n,
0, r<—1/n
and so
L@t =X 0™ @t = 00 (E) dt, 1 /n <t
[Em(@h)]n St — O™ (zh — )6, (t) dt, 0 <zt < 1/n,(4)
2L (=N (—1)5,(2) z <0,

It follows that

/1 ¥ A (!)]n do = /n z* /fv“ (2" — ) In™ (z* — t)6,(t) dt dx

-1 1/n

/ /1/n M (@t — 1)6, (1) dt dx
1/n
ki A nm _ .

1 v
= —)\nkk/ v_(k"’l)k_l/ (v — u)*In(v — u) — Inn]™p(u) du dv
0

-1

1 n
A / (1) / v DAL ) [In( — ) — Inn]™ dv du
-1 1

0 0
+n A /1 zk /1(—u))‘lnm(—u/n)p(u) du dx

=hL+1+13 (5)
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where we have put g = —A~! and the substitutions « = nt and v = na*
have been made.
It follows immediately that

N-limI3=0 (6)
n—oo
for k=0,1,2,... and
lim I =0 (7)
n—oo

for k=1,2,....
When k£ = 0, we have

1 v
L = —)\/ v)‘l/ (v — u)*In(v — u) — Inn|™p(u) du dv
0 -1
so that

1 v
N—-limI; = —)\/ AL / (v —w)* In™ (v — u)p(u) dudv = cxm(p). (8)
n—00 0 -1

Further,

/ v~ FHDAL (4 — ) MIn(v — u) — Inn]™ dv =

1
— (m _ 1\ym—s§71,,m—s " —(k+1)A=1(,, \XN1S(s,
Z( >( )™ ¥1In n/ v (v—u)"In®(v — u) dv
s=0

$ 1

m—

(_1)m75 In™ 5 n /n ,Ufk)\fl(l o U/'l))/\

1

Il
w
Il
o —
1 w
—_
N
w3
N~
7N
. O
~_

x In*(1 — w/v) In* v dv

m—1 n
+ <m) (=)™ ¥ 1In™™* n/ v A1 —w/v)  In® v dv
s=0 1

+ i (m> /1n v (1 —w/)  Inf(1 — w/v) In™ tw do

—

m—1 s n
— (71)m—s+z’ m S lnm—sn/ v—k:A—l
; s ) \i 1

y [u N (i/2 — Nttt

i i + O(v_i_2)} In*~" v dv
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m—1

4 <m> (_1)m—s In™$ n/n ,U—k)\—l
8 1

s=0

X [1 = % + 0(072)} In® v dv

m ) n i /9 — N\ttt ) ‘
+ Z(—l)Z (T) /1 p AL [% + —(2/ Uz’+1)u + O(U_Z_2)} In"™ "vdv

+/ kA1 [1 _ & 4 O(U*Q)} In" v dv. (9)
1

v

Using the lemma, it follows that

A s g /n yA-1 [Ui n (1/2 = Nut!
1

- i + .. } In*"vdv

= O " In™""n) + O ™5 n),  (10)
fori=1,...,s;s=0,1,....m—1and k=0,1,2,...,

n A
nkA pm—s n/ p kAL [1 _ A +.. } In® v dv
1 v

m+1

In n

+ O(n~tIn™n) 4+ O(n~F+D/m=A ™ ), k=0,

_ N 11)
s!(1 —nk)In™ 5 n dim (
- o) +O(n " 1In"n), k=1,2,...

fors=0,1,...,m—1,

n i /9 — \)yit! .

nk/\/ p AL [u— + % + ... In""vdv
1 v* vt
=O0(n """ n), (12)

fori=1,...,mand k=0,1,2,... and

nk)‘/ p kAL [1 — & + .. } In™ v dv
1

v
In™*1n “1,m (k1) u=A 1m
+O(n ™ n) 4 O(n~FHD/m=A ™ ), k=0,
m-+1 13
il =) ot k=1,2 .
—W‘i‘ (TL n TL), =1,2,....

It now follows from equations (5) and (9) to (13) that
N—lim I, = 0 (14)

n—oo
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when k£ = 0 and
. m! 1
m)!
= i (15)
fork=1,2,....
It now follows from equations (5), (6), (7) and (15) that
1 !
N—1j F o (@) da = — 16

for k=1,2,...,
We now consider the case £ = 2 and let ¢ be an arbitrary continuous
function. Then

/0 " (@) B, (¢ )] da

v

1

= —)\n”/ v (v/n) / (v — uw)MIn(v — u) — Inn]™p(u) du dv
0 -1

and it follows that

nX

lim 2?Y(2) [F A (2')]n dz = 0. (17)

n—oo 0

When z < 0, we have

0 0 0
/ 2?P(2) [F A (24 )] da::n)‘/ $2¢(:C)/ (—u)M(Inu—Inn)™p(u) du dz
-1 -1 -1
and it follows that
0
N-lim [ 2®(z)Epa(zh), dz = 0. (18)

n—oo —1

When z > n?, we have

1/n
[Frpa(24)]n = /1/ (zH — ) In™ (z* — 1)0,(t) dt

1
= /1(33“ —u/n)* In™(z — u/n)p(u) du

1 /1 M In™ 2 mauln™ 1 gt
I~ _

{lnm at— +0(n™?)|p(u) du
1

nxt nx

=z 'In™ 2" + O(n™h) (19)
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and it follows from equations (17) and (19) that
1 1
lim 2*P(2) [Frpa(2h)]n do = ,um/ xIn™ xp(z) dx. (20)

Now let ¢(z) be an arbitrary function in D[—1,1]. By Taylor’s Theorem

we have
2

X
() = ¢(0) +2¢'(0) + 59" (Ex)
where 0 < £ < 1. Then

1
([Fma(@)]n, 90(56)>=/ [Fma (@5)lnep(2) da
1

1

— o(0) / [Pnala )] do +¢/(0) / alF (@) da
0 2

L g2 x .,
+ [ PGl € de+ [ GFaGle () .
Using equations (8), (16) and (20), it follows that

N —Lm([Fpx (2))]n, ()= cxme(0) + %@’(0)

n—oo
1 m
m zn™zx
+M/O oy ¥ (§2)dz

= /0 0™ 2p(z) — (0) — 2/ (0)]de

m!
+ exmep(0) + )\Tn@,(o)

—(-n /0 e 0™ o)~ p(0)] dir+ 5 mep(0)

= <(—)\)_m:cjr1 In" x4 + ey mé(x), o(x)),

on using equation (1). This proves equation (3) on the interval [—1,1].
However, equation (3) clearly holds on any interval not containing the origin,
and the proof is complete. O

Replacing x by —x in Theorem 6, we get
Corollary. If G, x(z) denotes the distibution 2 In™ x_, then the neutriz

composition GmyA(azil/)‘) exists and

Gua(@") = (=N 27 ™ 2 + 5 m(p)d(x) (21)
for—=1<A<0andm=0,1,2,....
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