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SURVEY ON THE KAKUTANI PROBLEM IN P-ADIC ANALYSIS I

ALAIN ESCASSUT

ABSTRACT. Let IK be acomplete ultrametric algebraically closed fahdl letA

be the Banach K-algebra of bounded analytic functionsérftipen” unit diskD

of K provided with the Gauss norm. L&tult(A, || . ||) be the set of continuous
multiplicative semi-norms of\ provided with the topology of pointwise conver-
gence, leMultm(A,| . ||) be the subset of the € Mult(A,|| . ||) whose kernel

is a maximal ideal and lelulty (A, ]| . ||) be the subset of thee Mult(A, || . ||)
whose kernel is a maximal ideal of the fofm— a)A with a € D. By analogy
with the Archimedean context, one usually callsrametric Corona problem,

or ultrametric Kakutani problenthe question whethdvlulty (A, || . ||) is dense

in Multm(A,]| - ||). In a previous paper, we have recalled the characterization
of a large set of continuous multiplicative semi-norms arft/he multbijec-
tivity of the algebraA would solve the Corona problem. Here we prove that
multbijectivity in the general case. This implies thdulty(A,| . ||) is dense

in Multm(A, || . ||), beginning by the case when K is spherically complete and
generalizing next.
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I. SPECIAL PRIME CLOSED IDEALS OFA

As explained in [11], we consider the IK-algebra of boundedlytic functions
in the "open” diskD of center 0 and diameter 1 and the present paper is aimed at
examining whether the set of multiplicative semi-norms sd&ernel is a maxi-
mal ideal of codimension 1 (which is identified with the di3kis dense inside the
set of of multiplicative semi-norms whose kernel is a madiidaal, with respect
to the topolgy of pointwise convergence: this is the Kakugnblem for the al-
gebraA. That will require to deepen the link between maximal idedlsfinite
codimension, ultrafilters ob and multiplicative continuous semi-norms.
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Notations. All notations of [11] are used here. Let IK be an algebrdycelosed
field complete with respect to an ultrametric absolute valu¢. Givena € K
andr > 0, we denote byl(a,r) the disk{x € K | [x—a| <r}, by d(a,r~) the
disk {xe K | |[x—a] <r}, by C(ar) the circle{x € K | [x—a] =r} and set
D=d(0,17). Letaec D. Givenr, s€]0,1] such that O<r < swe setl (a,1,s) =
{xe K|r<|x—al <s}.

Let A be the IK-algebra of bounded power series convergirig which is com-
plete with respect to the Gauss norm defined| &§_; anX"|| = sup,cy [an|: we
know that this norm actually is the norm of uniform converggionD [5], [13].

Givena e D andR €]0, 1] we callcircular filter of center a and diameter R on D
the filter # which admits as a generating system the family of Eétsr’,r”) N D
with a € d(a,R),r' < R<r”,i.e. ¥ is the filter which admits for basis the family
of sets of the fornD N (NI (i, r{,r{")) with oj € d(a,R),r{ <R< 1/ (1<i<
a,9€ IN).

We | denote byl the circular filter orD of center 0 and diameter 1 and ythe
filter admitting for basis the family of sets of the fofig0,r, 1) \ (Un_od(an, )
with a, € D, rp < |an| and lim_ |an| = 1.

We denote byB(IN, K) the IK-algebra of bounded sequences of K. Bet
(an)nen be a sequence iD thinner than?/. We will denote byTs the mapping
from A into B(IN, IK) which associates to each(x) = y,;_panX" the sequence
(f(an)nen), we will denote by (S) the set of ultrafilters thinner tha® and by
I(S) the ideal of thef € A such thatf (a,) =0V¥n < IN.

Givena < K andr > 0, we denote byp(a,r) the set of circular filters secant
with d(a,r) i.e. the circular filters of centdy € d(a,r) and radiuss € [0,r].

An ultrafilter ¢ on D will be calledcoroner ultrafilter if it is thinner than/.
Similarly, a sequencéa,) on D will be calleda coroner sequenci its filter is a
coroner filter, i.e. if lim_ 1 |an| = 1.

Two coroner ultrafiltersF, G are said to beontiguousf for every subset$ €
F, G e G of D the distance fronfr to G is null.

As in [11], given a normed IK-algebra, we denote byMult(E, || . ||) the set of
continuous multiplicative semi-norms of IK-algebra®{2], [12], [1].

Lety € Mult(A,]| . ||) be different from| . ||. Theny will be said to becoroner
if its restriction to IKX| is equal tq|| . ||.

Let (ay)nen be a coroner sequence v The sequence is callea regular
sequenceif inf je [nen |an — aj| > 0.

An ultrafilter U is said to beregular if it is thinner than a regular sequence.
Thus, by definition, a regular ultrafilter is a coroner ulitefi

We denote byB(IN, IK) the IK-algebra of bounded sequences of K.

By Corollary (4.6) in [15], we have Theorem I.1:
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Theorem I.1. Let S be a sequence in D thinner th@i. Then T is surjective on
B(IN, K) if and only if the sequence S is regular.

Notations. Let She a regular sequence. Sinkeis surjective, there exists a K-
algebra isomorphisms from %(TS) ontoB(N,K), whereKer(Ts) = I(S).
For every ultrafilterG on IN we will denote by®(G) the ideal ofB(IN, K)

consisting of the sequencés, )nc v Such that ling an = 0.
The following Theorem 1.2 is classical [15]:

Theorem |.2. @is a bijection from the set of ultrafilters dN onto MaxB(IN, K)).
The restriction of® to the subset of non-principal ultrafilters dN is a bijection
from this set onto the set of non-principal maximal idealB@N, IK). Moreover,
a maximal ideal of BIN, IK) is principal if and only it is of codimension 1.

Theorem 1.3. Let S be a regular sequence and f¢tbe a maximal ideal of A. The
following two statements are equivalent:

() 1(S M,

(i) There exists an ultrafiltef! thinner than S such that/ = 7(U).
Moreover, the mappin® which associates to each ultrafilt€i thinner than S the
ideal 7(U) is a bijection fromx(S) onto the set of maximal ideals of A containing
I(S).

Proof. Obviously, (ii) implies (i). Thus, suppose (i) true. L%t (a,)nein- By The-
orem 1.2, the isomorphisms makes a bijectiot from the set of maximal ideals
of A containing!(S) to the set of maximal ideals &(IN, IK) and more precisely,
it makes a bijection from the set of maximal idealsf0bf infinite codimension
containing I (S) to the set of maximal ideals &(IN, IK) of infinite codimension
which actually are the non-principal maximal ideal89iN, IK). Let A’ = W(M).
By Theorem I.1, there exists an ultrafiltéf on IN such that\( is the ideal of the
bounded sequences tending to zero al@hgNow, let = be the natural bijection
from the set of non-principal ultrafilters of IN onto the sétultrafilters thinner
thanSand letV = =(U). ThenA\_ = As(M) henceM = I(S). Moreover, in this
way, we can see th&ito =~1 is a bijection froniz(S) onto the set of maximal ideals
of A containingI(S). O

Corollaire 1.3.1. If U is a regular ultrafilter on D,7(U) is a maximal ideal of A.

Corollary 1.3.2. If A is multbijective, then for everge Multy(A, || . ||) there exists
a coroner ultrafilter 1 such thatp= ¢ ;.

In order to prove Theorem I.6, we shall state Theorem 1.4:

Theorem I.4. There exist regular maximal ideal® of A and fe M, having a
sequence of zeros of order 1 and no other zeros, such that/f.
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Proof. By Theorem I11.4 in [11] there exist bounded sequen@$ncn in D such
thatag = 1 and such that the sequedgﬁ—l ‘ is strictly increasing and then the func-

tion f(X) = Y h_ganX" admits a sequence of zer@s, ) N+ Satisfying|an| = ‘a%l

Thus, particularly, if we sat, = ‘a%l‘, then by Theorem I11.4 in [11f admits ex-

actly a unique zero in each cird®0,ry), each of order 1, and has no other zero in
D. Consequently, by Lemma 1.8 in [11], we can see tHi&t,)| = |f/|(rn) Vn e
IN*. Now, let U be an ultrafilter thinner than the sequer(cg),cn+. We can
check that the sequenc¢e,)nc N is regular, hencél is a regular ultrafilter. Conse-
quently, by Corollary 1.3.27(U) is a maximal ideal oA. Now, by constructionf
belongs ta7(U). But limp e |f'(an)| = limpie | f'|(rm) = || || # 0, hencef’
does not belong td(U). O

Lemma |.5. Let (an)nen be a regular sequence, 18t= infue N [nzknein [8n — |
and letp = infinknein [@n — ax|. Let f € A admit each aas a zero of order 1 and

have no other zero. The/(x)| > || f Hg VX € Up=od(an, (dp) ).

Proof. Let us fixt € IN, letr = |&|. Setu=x—a;, g(u) = f(x) and consider
|9|(p). Sinceg has a unique zero id(0,p~) and admits all the the, — & as
zeros, by Lemma |.5 and 1.8 in [11] we can check ttgtp) > ||g||d = || f]|0.
Insided(0,p™), g(u) is of the formbiu+ S, byu™ with [by|p > |by|p" VN > 2.
Consequentlylg' (u)|p| > || f||d Now |g/ (u)| = |by| = @ Yue d(0,p7). Now, of
coursef’(x) = g (u) hence

)]

o _
(0] = 0 ZHf”BVXGd(auP )-

That holds for every € IN. O

Theorem 1.6. SupposeK is spherically complete. Let/ be a regular maximal
ideal of A. There exists € M, having a sequence of zeros of order 1 and no other
zeros, such that'f¢ M.

Proof. Since/M is a regular maximal ideal, there exists a regular sequégg-
and a regular ultrafilter thinner than the sequence,) such thatM = 7(U).
Since the sequence is regular, we have infyc iy [nscnen |8 —ax| > 0 andp =
inficzninen [@n — & >0

Since KK is spherically complete, sinée> 0 we may apply Corollary 111.6.1
in [11] showing there exist$ € A admitting eacla, as a zero of order 1 and no
other zero. Now by Lemmal l.5, we haVé(x)| > || f ||g Vx € Un_od(an,d ) which

shows thath¢(f’) > 0 because the s& = |J;_od(an, (dp)~) obviously belongs
to U. Consequentlyf’ does not belong ta1. O

By Theorem IIl.5 in [11] we may notice the following propasit 1.7:
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Proposition I.7. Let IK be spherically complete. Lé&t;);cn be a coroner se-
quence such thdt],_q|an| > 0. There exists £ A admitting each gas a zero of
order 1 and having no other zeros.

Proof. LetE be the divisor oD (an,1)nen By Theorem 111.16 in [11], there exists
f € B such that7 (f) > E and such thatf|(r) < 2|E|(r) Vr €]0,1[. But since
Mnen [@n| > 0, by Corollary 11.8.1 in [11]|E|(r) is bounded ir0, 1] and hencef
belongs toA. Consequently/ is not null. O

Notation. Recall that we denote by the diskd(0,1). Considering the ring
U[x] of polynomials with coefficients ifJ, we denote by# be the family of
idealsJ of U[x] such thatJNnU # {0} and, given an integes € IN*, let #
be the set ofl € # generated by elements. For every ided € H we put
t(J) =sup{|x| | xe JNU} and¢(J) =inf{sups;|f(X)| | x€ V} and we denote by
u(J) the number such thatJd) = ¢(J)“Y). Finally, we putm(s) = sup{u(J) | J €
Js}. Henceforth, givenfy,..., fs € H(U) such that|| fi|| < 1 Vi =1,...,s, we set
W( f1,..., fs) = inf{max<i<s| fi(x)| | x € U}. Moreover, givenfy, ..., fs € A we set
A(fy,..., fs) = inf{max<i<s|fi(X)| | x € D}.

Remark Characterizing the coroner ultrafiltefd such thaty () is a maximal
ideal appears very hard. For instance, consider an ulgafiltthinner than)”. It
is a coroner ultrafilter. Buff(U) = {0}. Indeed, suppose a non-identically zero
function f liesin 7(U). Let(a,) be its sequence of zeros, sgt= |ay|, n€ IN, and
letE =D\ U,_od(an,r,). Clearly|f(x)| = |f|(|x|) Vx € E. HoweverE belongs to
9 and therefore{! is secant wittE, a contradiction with the hypothesisc 7(U).

On the other hand, the mappirigrom the set of coroner ultrafilters to the set of
ideals ofA is not injective: as noticed in [11], two contiguous coronérafilters
define the same ideal.

Thus, by Theorem 111.3 in [11], if an element e Mult(A,| . ||) is neither the
Gauss norm nor of the forf+ on the whole sef, with # a circular filter onD
of diameterr < 1, then, its restriction to Ik must be the Gauss norm on [¥
So its kernel is a prime closed ideal included in a maximalidé the formJ(U),
with U a coroner ultrafilter.

Here we shall first examine the problem of the continuatiog fto A through
multiplicative norms, what was not done in [11].

Theorem 1.8. Let U be a regular ultrafilter. Then the idedl = 7(U) is a max-
imal ideal of A and there existsd M, having a sequence of zeros of order 1 and
no other zeros, such that ¢ 9.

Proof. By Theorem IIl.4 in [11] we know that there exist SeQges (a,)ne N
in D such that the sequen#g‘f‘j—l‘ is strictly increasing and then the function

f(X) = Sh_oax" admits a sequence of zer@s,),cn+ satisfying|a,| = ‘a%l
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Thus, particularly, if we set, = ‘a%l‘ then f admits exactly a unique zero in

each circleC(0,ry), each of order 1, and has no other zer®inConsequently, by
Lemma 1.8 in [11], we can see that'(an)| = |f/|(rn) ¥Yn € IN*. Now, let U be
an ultrafilter thinner than the sequen@s,),n+. We can check that the sequence
(ap) is regular, hencdl is a regular ultrafilter. Consequently, by Corollary 1.3.1
the ideal™ = 7(U) is a maximal ideal oAA. On the other hand, by lemma I.8,
does not belong ta1. O

By Theorem 1.8 and Corollary 7.2, we now have this corollary:

Corollary 1.8.1. A admits maximal ideals of infinite codimension.

Following Corollary 111.3.1 in [11], we can now complete tlsbaracterization
of continuous multiplicative norms of

Theorem 1.9. Lety € Mult(A, || . ||) be coroner. Them is not a norm. Moreover,
for every fe A such thatp(f) < || f||, there exists g Ker(y) admitting each zero
of f as a zero of order superior or equal to its order as a zerd .of

Proof. Suppose thap is a norm different from the Gauss notm|| onA. So, there
exists a circular filterf on D, of diameterr < 1 such thaty(P) = ¢ +(P) VP €
IK[x]. But by Corollary I11.13.1 in [11], we know that= 1 and hence, the restric-
tion of Y to IK[X] is the Gauss norm. Now, singeis not the Gauss norm oA,
there existsf € A such thatp(f) < || f||. Actually, without loss of generality, we
can choosé € A such that(f) < 1<|/f|. Letp=y(f). And, up to a change
of origin, we can also assume thit0) # 0. By Proposition 11.4 in [11],f is not
quasi-invertible, hencé has a sequence of zer@,)nc in D, with |an| < |an,1]-
For eachn € IN, let g, be the multiplicity order ofa,. By Theorem I1.8 in [11]
we know thaty,_o—anlog|as| < +. Now, there clearly exists a sequergef
strictly positive integers satisfying

th <thi1, NEIN,

liMp_so0 th = 00,

¥ n—otn0nlog(|an|) < +co.
By Theorem II1.5 in [11] there exists a functigne A admitting eacla, as a zero of
orders, > tqqn, such thatg|(|an|) < 2‘ Me—o (%)t”q" vn e IN and consequently

ay
belongs toA.

Now, for eachn € IN and for eactk =0, ..., n, letun x = max0,t,gx — k) and let
Pa(X) = [MTr_o(X— ax) . Clearly, all coefficients oP, lie in D except the leading
coefficient that is 1. Consequent|{,|| = 1Vn € IN and therefore

[IPagl| = [lg- D
On the other hand, since the sequetpgs increasing, we can check that for each

fixedn € IN, each zeray of f* is a zero ofP,g of order> . Consequently, by
Lemma 1.5 in [11] in the ringA we can writeP,g in the form f"g,,, with o,, € A.
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By (1), we have|an|||| f™|| = ||g]| hence, sincéd f|| > 1, we can see thdo,|| <
lgl|. But now, since the restriction d@fto IK[x] is || . ||, we havel(P,) = 1, hence
W(Png) = W(P)W(g) = W(g) and therefore

W(g) = W(fan) = Y(f)w(on) < p|g]. @

Relation (2) holds for everm € IN hence lim,_,. . p™|/g|| = 0. Consequently,
W(g) = 0. This, Y is not a norm. Moreover the functiamwe have constructed
admits each zero of as a zero of order superior or equal to its order as a zero of
f. O

Notation. We will denote byMulty(A, || . ||) the set of continuous multiplicative
norms ofA.

By Theorems 111.3 in [11], we now can also state Corollary1:9

Corollary 1.9.1. Lety € Mult(A,|| . ||) be a norm. Ify is not|| . ||, there exists a
circular filter F on D, of diameter K 1, such thatp = ¢ +.

On the other hand, each coroner maximal ideal is the kernsbwfe coroner
continuous multiplicative semi-norm é.

Concerning the Corona Problem, we may notice this:

Corollary 1.9.2. The set of norms in MulA, || . ||) is included in the closure of
Multy (A, ]| - [})-

Theorem 1.10. Let G be the set of circular filters on D of diameteg}0, 1. For
every circular filter ¥ € G, ¢+ is a multiplicative norm on A and the mapping
from G into Mult(A, || . ||) that associates to eacfi € ®(0,1) the norm¢ « is a
bijection from G onto the set of norms of M@t || . )\ {] - ||}

Proof. By Corollary 111.13.1 in [11], we know that for each € G, if 0 < diam(F)
< 1, ¢+ has extension to a multiplicative norm @nand the mappindgs into
Mult(A, || . ||) that associates to each € G the norm¢ ¢ is obviously injective
because its restriction td (D) is already injective.

Now, consider a multiplicative semi-norgon A which is not of the formp
with 7 a circular filter of diameter < 1. Then, if@is not|| . ||, @ is coroner,
therefore by Corollary 1.19.1, it is not a norm. Consequerttie mapping fronG
into Mult(A, || . ||) that associates to eagh € G the normé¢ « is a surjection from
G onto the set of multiplicative norms éfother thar| . ||. O

Thus, Theorem 1.10 lets us characterize the continuousipticéttive norms of
A, which we can summarize in this way:

Corollary 1.10.1. Let@ e Mult(A, || . ||) be different from| . ||. Thengis a norm
if and only if it is of the formp & with F a circular filter of diameter rc]0, 1.

[I. MAXIMAL IDEAL OF INFINITE CODIMENSION

Now we will consider the question whethigulty (A, || . ||) is dense in
Multm(A, || . ||). We have to prove many intermediate results.
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The following Proposition 11.2 is also called Corona Staggnin dimension
1. However, on a non-archimedean field, it is not at all proieebe equivalent
to a property of density for maximal ideals defined by poirftdnside the set
Mult(A,] . ||). We will prove Proposition 1.2 in the same way as in [15]. pusi-
tion I.1 is proven in [15] and is indispensable for furthesults.

Notation. Recall that we denote by the diskd(0,1). Let # be the family
of idealsJ of U[x] such thattNU # {0} and, given an integes € IN*, let #
be the set ofl € # generated bys elements. For every ided € H we put
t(J) =sup{|x| | xe INU} and¢(J) =inf{sups;|f(X)| | x € V} and we denote by
u(J) the number such thatJ) = ¢(3)"Y). Finally, we putm(s) = sup{u(J) | J €
Js}. Henceforth, givenfy,..., fs € H(U) such that||fi|| < 1 Vi =1,...,s, we set
W(fy, ..., fs) = inf{max<i<s| fi(X)| | x € U}. Moreover, givenfy, ..., fs € Awe set
A(fy,..., fs) = inf{max<i<s|fi(X)| | x € D}.

Proposition 11.1. Let J be a finitely generated ideal ofXJ such that NU # {0}.
Then nfs) =2Vs> 2.

In the proof of Proposition 11.2, we will follow a similar wags in [15].

Proposition I1.2. Let se IN*. Forany 1, ..., fs € A satisfying||fi|| <1 (1 <i <)
andA(fy,..., fs) > 0. There exist g,...,gs € A satisfyingy$ ; figi =1 and||gi|| <
A(fy,..., fs)) 2
Proof. As a first step, we will prove that for arfy, ..., fs € H(U) satisfying|| fi|| <
1vi=1,..,sandw(fy,..., fs) > 0, there existyy,...,gs € H(d(0,R)) satisfying
XiS:l figi =1 anngi || < (W( f17 ) fs))_z Vi= 1.8

Since IK]x] is dense irH (U ), we can find polynomialBy, ..., Ps € IK[x] such that
P — fil| < (W(fq,..., fs))?Vi=1,...,s Sincew(fy,..., fs) > 0, by Corollary 111.3.1
in [11], there exists no maximal idedlf of H(U) containing the ideal generated
by fi,...,fs. Consequently, there exisf,...,gs € H(U) such thaty} ;g fi = 1.
Therefore, we can definlky,...,hs € H(U) such that||h|| <1Vi=1,...,s and
such thaty? ;hifi is an elemenf; € U. Let| be the ideal oU[X] generated
by Po,P,...,Ps. Sincel NU # {0}, we have 0< t(l) < ¢(1). Consequently, by
Proposition I1.1 we can fin@o, Q1, ..., Qs € U [x] such thaly?_,QiP, be an element
ac U satisfying|a| > (W(fy,..., fs))™® = (w(fy,..., fs)). Then

S S S
1 -1 1
i;a fi+a Qoi;h. f; 1+i;a Qi(fi—P)

By construction, we havgy? ;a 1Qi(fi—R)|| < 1 and hence + 57 ;a1Q;
(fi—PR) is an invertible elementiin HU). So, 33 ;u(a 1(Q +Qoh)) fi=1
and hence for every= 1,...,s, we have|ju=ta=1(Q; + Qoh)|| < (W(fy, ..., fs)) ™2
Vi=1,..,s. Thus, puttinggi = u~1(a~*(Q + Qohi)), i = 1,...,s we have proven
that for anyfy, ..., fs € H(U) satisfying|| fi|| < 1 Vi = 1,...,sandw(fq, ..., fs) > 0,
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there existy, ...,gs € H(U) satisfyings?_; figi = 1 and||gi|| < (w(fq,..., fs)) 72
Vi=1,..s

Now, let us prove the conclusion of Proposition 11.2. So, alketfy, ..., fs€ A

Let (up)nemn be a sequence in K such that<O|uy| < |ups1| < ... < 1 and
limn e |un|"=1. For each =1,...;s, setfi,(x) = fi(upx). Since eachu, be-
longs toD, eachf , is a power series of radius> 1 and hence belongs td(U ).
Then by the claim we have just proven, for each IN, there areg; , € H(U) such
that 52 1 ginfin=1 and|/gin| < (W(fin,..., fsn)) 2. Now, eachg;, is a power
seriesy " ginkX<. Lethi, be the power seriesz"  gink(Un) ““xX. Then we have
[hinll < |un|~2"(W(fy,..., fs)) =2 and hences? ; hinfi is of the form 1+ x"tn(x)
with t, € H(U).

We will get to a conclusion thanks to a Banach process. 4 bt the Banach
space of bounded sequences in K provided with the classio fiéen)nen|jo =
sup,c |an| and letC be the closed sub-space of converging sequences. For every
sequencéa,)nein € C, We putL((an)) = limp_ e an. B

Suppose first that IK is spherically complete. There exisisear mapL of
norm 1 fromE to K expandingL to E. Seth;, = z+°° XX and letl; x be the
sequenceéh; nx)1<n. For each paifi, k), we can now defingj x = Z(Ii.k) and put
g= z;jogi.kxk. SinceZ is of norm 1, each sequengg is bounded and henagg
belongs toA. Moreover, by constructiorg; satisfies||gi|| < (A(fy, ..., fs)) 72 Vi =
1,...,s. Now, we have

00 S

Zigh fi = 2, <|Zl %Z(Ihj)ka—j))Xk (1)

and for each fixed € IN,

'il(iz(li’j)fi’k_j) - (i Z)fi,jhi,mk_j)).

Consequently, sincg;_; hin fi = 1+ X", (X), we can check that
Ilmn‘)+oo (z| (Z] 0f| Jh|nk J)> - lWheneVekZO
and
iMoo ( 554(5% 0 fijhink ) = 0 whenevek 0.
Consequently, sincé extends toE the limit on C, we have
L(Ziszl(zlj(:o fi,j hi,n,kfj )) =1 whenevek =0
and N
L(Ziszl(zlj(:o fi,jhi,n.kfj )) = 0 whenevek £ 0.
Therefore by (1) we obtaify; ;g fi = 1.
Consider now the general case when K is no longer suppodael $pherically
complete. Consider a spherically complete algebraicdtged extensiorK of
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IK. Let D be the disk oK: {x € K | |x| < 1} and letA be the algebra of bounded
analytic functions fronD to K. SetB = A(fy,..., fs))™2. Then by what forgoes,
there exishy,...,hs € Asuch thatzj?:l h; fi = 1 and max<j<s||hj|| <B.

InsideA, letF be the closed subspace of the K-Banach space generateddy 1 a
all coefficients of all théh;. Let us takee > 0 such thaf{1+ &) max<j<s||hj|| < B.
SinceF is a IK-Banach space of countable type, there exists a &alirmap/
from F to K satisfying/(1) = 1 with a norm|| . ||* satisfying||¢|* < 1+¢. LetT
be the closed subspace Afconsisting of the power series with coefficientsHin
ThenT is aA-module and then we have an extensioof ¢ from T to A defined as
L(Tr 08X = T f(e)x¢ which isA-linear and its norm satisfidis’ | < 1+ €.
Now, puttinggj = L(h;j), 1< j <s,we havey? ; fig = 1 and max<j<s||g;j| <B.
Notation. Let I be an ideal ofA. For eachf € A and for eacte > 0, we set
E(f,e)={xeD||f(x)| <e}.

Corollary I1.2.1 . Let I be a proper ideal of A. The famil)fg(f,¢), f € I, € > 0)
generates a filteff on D such thatl C 7(F).

Proof. Let(E(fj,gj), 1< j <nbesuchthag)]_; E(f,&j) = 0. Lete =mini<j<n(gj)
and letFj =D\ E(fj,€), 1< j<n.

ThenUJj_; Fj = D, hence by Theorem I1.2,4 I, a contradiction. O

By Lemma l.5 and Corollary 11.2.1, we can derive CorollarIP:

Corollary 11.2.2 . Let M be a maximal ideal of A. Then there exists an ultrafilter
U on D such thatM = J(U). Moreover, if U convergesM is of codimensiorl
and of the form(x — a)A, a€ D. If U does not converge, it is coronel/ is of
infinite codimension and for everyef M, f is not quasi-invertible.

1. DENSITY OF Multi(A, ] . [|) IN Multm(A, [ . )

Let us recall the definition of an increasing pierced filtdr [5

Definition. Let ac K, let R> 0 and consider the filterl; admitting for basis
the annulil" (a,r,R) r €]0,R[. This filter is called increasing filter of center a and
diameter R. Moreover, if all F is an infraconnected subsetkofand if every
annulusr (a,r,R) contain holes of F, then the filter on F induced &yis said to
be pierced. Next, a pierced filter is called a T -filter if itsld® satisfy a certain
relation [5].

By using properties of -filters and particularly idempotefit-sequences [14],
by Lemma 35.1 and Proposition 37.1 in [5], Proposition 1.6 @5]), we have the
following proposition:

Proposition Ill.1. Let (rn)nen be a sequence ifK | such thatO < ry, < 1,
liMmn- 1 n =1, let (gn)ne v be a sequence diN such that g < g1 and
liMn_ e (rnﬁ)qn =0. Let1€]0,1] and for each re IN, let b, € C(0, (rp)%), let
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an1,...,ang, be the g-th roots of k and let F= D\ <Un€|N(U(j:‘n:1d(an’j, I‘)).
Set fi(X) = [Ty H?kzl (rlakf> Then each fbelongs to RF) and the sequence
J

(fa)nemn converges in KIF) to an element f strictly vanishing along the pierced
increasing filter of cente® and diameterl.

Notation. Given a unital commutative ultrametric IK-algebBaand f € B, we
denote bysp(f) the spectrum off i.e. the set ok € K such thatf — x is not
invertible inB.

Proposition 111.2. Let (B,| . ||) be a unital commutative ultrametric Banach
IK-algebra. Suppose there exi6e B, ¢, ¢ € Mult(B, || . ||) such thaty(¢) <
@), spl)NTO,Y(¢),e(¢)) = 0 and there existg €]0,@(¢) — Y(¢)] satisfying
further ||(¢ —a)~ || < M Vae I(0,y(¢),@(¢) —€). Then there exists € B such
thaty(f) =1, @(f) =0.

Proof. Lets=(¢), t=@¢), Q= ||¢|, R=t—¢eandl = %. Letrg €|s;t —¢[.
Consider the sequencen j )nciN,1<j<q, defined in Proposition 1.1 and the set

E=d(0,Q)\ <UneIN (U™ ,d(@n,, |—))). Then inH (E) we have

gl <tvoe U (jC_]ld(anJ, ). @

There exists a natural homomorphighirom R(E) into B such thatd(x) = ¢.
SinceQ=|¢|| and||(¢—b)~1[|< M Vb e I'(0,s,t), by Theorem 1.18 in [11] and by
(1) 8 is clearly continuous with respect to the norfns||e of R(E) and|| . || of B.
Consequentlyd has continuation to a continuous homomorphism fté(k ) to B.

Now, lety/ = Yo 6, ¢ = @oB. Then bothy, Y belong toMult(H(E),|| . ||)
and satisfy)/'(x) = s, @(x) =t —¢. So,y/ is of the form¢+ with ¥ a circular
filter on E secant witfC(0,s) and¢ is of the form¢ ; with G a circular filter onE
secant withC(0,t).

Consider now the functiorf constructed in Proposition Ill.1 which, by con-
struction, belongs tél (E) and has no zero and no poledf0,s™).

Consequently,f(x)| = |f(0)| = 1Vxe d(0,s™). Moreover, we have lig f(x) = 0,
hence@(f) =0. Letg=0(f). Theny(g) =Y (f) =1 andg(g) = ¢(f) =0,
which ends the proof. O

Proposition 111.3. Let M be a non-principal maximal ideal of A and |&t be an
ultrafilter thinner thanG,,. Then¢q, belongs to the closure of MyltA,||.]|) in
Multm(A, || ])-

Proof. LetV be neighborhood o in Mult(A,]|.]|). It contains some set of
the form ¥ (¢, f1,..., fq,€), wherefq, ..., fg € A ande > 0, with respect to the
topology of pointwise convergence i.e.
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rV((I)I‘vflv"'foIvs):{(pGMUIt(A H H | M) (prJ) <‘c‘ J :l 7q7 q6
IN*}. For eachj = 1,...,q, there existE; € ‘u such thalﬂfJ X)|—du(fy)|, <t
VX € Ej. LetE = m‘j‘:lE, Then

| ()] —dau(f)) |, <eVxeEVj=1,..q
Consequently, belongs toV (¢ ¢, fi, ..., fy,€) forallac E. O

Corollary 111.3.1 . Let M be a univalent non-principal maximal ideal of A and let
@< Multn(A, || . ||) satisfy Kefg) = M. Thengis of the formg(f) = limg | f(X)|
with U a coroner ultrafilter such thay(U) = M. Moreover, @ belongs to the
closure of Mulf(A, || . ||) in Multm(A, ]| . |]).

Proposition 111.4 . Let U be a coroner ultrafilter on D, let £ A\ 7(U) be non-
invertible in A, such thaf f|| < 1and let ge A, he 7(U) be such that fg=1+h.

LetT = pu(f), lete €]0,7[ and letA = {x € D ( £ (x)g(X)] —1(00 <e | 1f0] -

1| <eg}.
00

Suppose that there exist a functioE A admitting for zeros in D the zeros of h
in D\ A and a functiorh € A admitting for zeros the zeros of hAg each counting
multiplicities, so that h=hh. Then|h(x)| has a strictly positive lower bound iy
andh belongs to7 (U).

Moreover, there existe €]0,1[ such thatw < inf{max(| f (x)|,|h(x)|) \ x e D}.

Further, for every a d(0, (t—¢)), we havew < inf{max(| f (x) — al,|h(x)|) | x €
D}.
Proof. Letu € A and lets be the distance af from IK\ A. So, the diskd(u,s™) is
included in/A\, hencefg has no zero inside this disk. Consequerijtfyx)g(x)| is a
constanbin d(u,s™). Consider the familyr, of radii of circlesC(u,r), containing
at least one zero ofg. By Theorem 1.4 in [11]/, has no cluster point different
from 1. Consequently, there exigis> s such thatfg admits at least one zero
in C(u,p) and admits no zero id(u,p~). And then|f(x)g(x)| is a constant in
d(u,p™). But then, au we see thab = ¢ and thereforel(u,p~) is included inA.
Hencep = s and thereforef g admits at least one zemin C(u,s). Thus, ato we
haveh(a) = —1. Therefore, in the diskl(a,s) we can check thapy s(h) > 1.
But by Theorem 1.9 in [11], we havigq s(h) = ¢y s(h), henced,s(h) > 1.

Now,

LT L
¢U,S(h) ¢U,s(h) (I)u,S(h) B (I)U,S(h)

Therefore, sincé,s(h) > 1, we obtain

Ihl
dus(h)

< |[hll. 1)
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But since by definitiord(u,s™) is included inA, h has no zero in this gisk, hence
Ih(x)| is constant and equal i, s(h). Consequently, by (1) we obta%%' <||h]|
and therefore

lh(u)| > % YueA.

This shows thah does not belong tg (), hence,d(h) # 0. Consequently,
du(h) =0. R .

Now, by hypothesis, we haveg—hh = 1. Since bothy, h belong toA and
therefore are bounded D, it is obvious that infmax(| f (x)|, [n(x)|) | x € D} > 0.
So, we may obviously choose<]0,T — €[ such that

w < inf{max(|f(x)|, [h(x)|) | x € D}. 2)

Let us now show that for everye d(0, (T —¢€)), we have
w < inf{max(| f(x) —al,|h(x)|) | xe D}.

Let ' ={xeD| |f(x)| >1—¢} and letac d(0,(T—¢€)"). When} lies in
N, we have f (B)| > |a|, hence by (2), maf (B) —al,[h(B)|) > w because by(2),
eitherco < [A(B)], or < | f(B)| = |f(B) —al.

Now, letB lie in D\ A’ and lett be the distance frori to A’. SinceD\ A\’ is
open,t is > 0. Considerpg;(f). Either there existgi € A’ such thati —p| =t
and thenpg, (f) > |f(1)| > T—¢, or there exists a sequen©e)nen € A’ such that
limn- 10 |B—Xa| =t and|x, — B| > t. Suppose that we are in the second case: there
exists a sequence)nemn € N such that lim_ .« |B—X,| =t and [x, — B| > t.
Then the sequence is thinner than the circular filter of ceffitand diametet,
hence

im | ()] = (1)

hencedg,(f) > t1—¢again. If f has no zero im(B,t™), then|f(x)| is a constant
in that disk, hence of courdgs(f) < 1—¢, a contradiction. Consequentlfymust
have a zergin d(B,t™). Therefore, due to (2), we havi(y)| > w. But since by
definition, A C /', the zeros oh belong to/\’. And sinced(B,t~)NA’ = 0 actually
h has no zero ird(B,t~). Consequentlyh(x)| is constant ind(B,t~) and hence
Ih(B)| > w, which completes the proof. O

The following basic Proposition is easily checked and is@plieation of Propo-
sition 10 in [3]:
Proposition 111.5. Let S be a set and let E be a subset. f£dte an ultrafilter on E.
Then the filteﬁon S with basigF is an ultrafiter inducing on E the ultrafiltes.
Corollary 111.5.1 . Let S be a set and let E be subset of S. ‘Léie an ultrafilter
on E and letf = G be the ultrafilter on S havingf as a basis of filter. Let f be a
function defined on S with values in a compact topologicatspa

Thenlimg f(x) = lim & f(x).



68 ALAIN ESCASSUT

Proof. Suppose that admits distinct limits onff and G. Then ¥ is a basis of a
filter on Sthat is not secant witly;, a contradiction sinc is the ultrafilter induced
by G onE. O
We can now prove Proposition 111.6 in the general context &kl that is not
supposed to be spherically complete:
Proposition 111.6 . Let M be a non-principal maximal ideal of A and |&t be an
ultrafilter on D such thatM = 7(U). Let f € A\ M satisfy||f|| <1, lett = ()
and lete €]0,t[. There exists ¢ 0 such that, for every & d(0,T — €), there exists
0a € A satisfying(f —a)ga—1€ M and||gal| < c.
Proof. Suppose first thaf is invertible inA. By Theorem 1.4 in [11],/f(X)] is
a constant and hence is equaltto Therefore,|f(x) —al =1 Va € d(0,T —¢).
Consequentlyf — ais invertible and its inversg, satisfies|ga|| = 1. Thus, we
only have to show the claim whehis not invertible. Since does not belong to
M, we can findg € Aandh € M such thatfg=1+hwithh e M.
We know that there exists be an algebraically closed spdiBricomplete exten-

sion K of IK (Theorems 7.4 and 7.6 in [11]). L& be the disk{x € K | x| <1}.
Let A be the algebra of bounded power series convergir@ with coefficients in
K./ makes a basis of a filtét onD and by definitionU is the the filter induced by
W onD. By Corollary 11.5.17L is an ultrafilter orD. Consider nowf as an element
of A. Then@l defines an elemen of Mult(A, || ||) asy(¢) = limz, [£(X)], V¢ € A
Consequently, by Corollary I1.5.1is equal to liny; | f(x)|. Let

A={xeD| | [T(})gX)]| — e <&, [ [f(X)| 1] < &}.

Since K is spherlcally complete, by Proposition I.7. we can fai@® h in the
form hh whereh € A is a function admitting for zeros iB the zeros ofiin D \A
andh € A'is a function admitting for zeros the zeros lofin A, each counting
multiplicities. Moreover, we can choo$eso that||h|| < 1. Now, in the fieldK,
by Proposition 1l1.4, there existﬁ) > 0 such that for every cT( 0,(t—¢)), we
havew < inf{max(| f (x) — a, |h )| xe D}. This implies that infmax(| f (x) —
al,|h(x)|) |x € D} > wVvae d(0,T—&). We notice thaf| f —a|| < 1 for everya e
dA(O,r —¢€), so we may apply Proposition 1.2 and obtain a bobrahly depending
on f andh and function¥,, h, € Asuch that f — a)¢q +hhy = 1, with

l6a]l < b, ||ha]| < bVaed(0,T—¢). (1)

By hypothesis we have limph(x) = 0. Hence by Corollary 111.5.1, oD we have
lim, h(x) = 0. Then, by Corollary I11.5.1 we have ligth(x) = 0 hence, oD,

lim¢ hhy(x) =0Vae d(0,T—¢). (2)
Now, let us fixa € d(0,T1—¢€). LetG be the closed K-vector subspace Isf

(considered as a IK-Banach space), linearly generatedliivgy 1 and all coeffi-
cients of/,. Taken > 0 such tha{1+ n)max(||4al,|/hal|) < b. We notice thaG



SURVEY ON THE KAKUTANI PROBLEM IN P-ADIC ANALYSIS I 69

is a IK-Banach space of countable type, hence there exi&diagar mapping=
from G to IK of norm < 1+n, such tha(1) = 1 [15]. LetF be the closed K-
vector subspace & consisting of all power series with coefficientsin ThenF
is aA-module andcE has continuation to A-linear mapping? from F to A defined
as=(y2_obX") = 2 o =(bn)x. This mapping= has a norm bounded by-1n.
Setga = =(3). Then by (1) we have

19all <b(1+n) vacd(0,T—¢). 3)

On the other hand, by construction, for every G, we have|=(2)| < |Z/(1+n):
that holds particularly for elements &N D. Now, since(f —a)(la) — hhy = 1,
for all x € D, we havel,(x) € G, f(x) —a € K and hencéhhy(x) belongs toG.
Therefore the inequality applies and shows thh.)(X)| < |(hh)(X)|(1+n),
hence by (2) we can derive ligE (hhy)(x) = 0 Va € d(0,T — £). But since= is aA-
module linear mapping, we ha (f —a)h, — 1) = (f —a)ga — 1. Consequently,
lime |(f(X) —a)ga(x) — 1| = 0Vae d(0,T—¢) and hencé f —a)g, — 1 belongs to
J(U). Puttingc =b(1+n), by (3) we are done. O
Theorem IIl.7. A is multbijective.

Proof. SupposeA is not multbijective and lef be a maximal ideal which is not
univalent. LetF be the quotient fiele%, let © be the canonical surjection from
ontoF and let| . |4 be the IK-Banach algebra quotient normFraf By Corollary
1.2.2 there exists an ultrafiltet on D such thatM = J(U). Thus, there existy €
Mult(A, || . ||) such thaKer(w) = M andy # ¢ ;. Consequently, there exists A
such thatp(f) # ¢ (f), with () # 0, ¢4 (f) # 0. We shall check that we may
also assume(f) < ¢ (f). Indeed, suppose(f) > ¢ (f). Letge Abe such
that8(g) = 6(f)~%. Then we can see that(g) = W(f)™1, du(g) = (¢ ()72,
thereforeg(g) < ¢«(9). Thus, we may assumg(f) < ¢ (f) without loss of
generality. Similarly, we may obviously assume thhét < 1.

By construction,d ¢, factorizes in the formp, o 6 and similarly, | factorizes
in the form, o 6 with @, @ € Mult(F, || . ||g). So, onF we haveg(8(f)) >
@2(8(f)).

Leto = ¢¢(f) and lete €]0,0[. By Proposition II1.6, there exists > 0 such
that, for everya € d(0,0 — €), there existgj, € A satisfying(f —a)ga— 1€ M and
| gall <c. Now,8(ga) = (8(f —a))~L. Thus,||(8(f —a))}||q< cVac d(0,0—¢).
Therefore, by applying Proposition 111.2 to the Banach lIgebraF, we can see
that there existy € F such thatg;(y) = 1,@(y) = 0. Therefore, takingy € A
such thaB(g) =y, we getd(g) =0, Y(g) = 1, a contradiction to the hypothesis
Ker(¢¢) = Ker(y). This finishes showing that is multbijective. O

Corollary 1Il.7.1 . For every@ € Multn(A,].[|) \ Mults(A,|| . ||), there exists a
coroner ultrafilter 7 such thatp(f) = lim¢ | f(x)| VT € A.

Corollary 111.7.2 . Multy(A,]|.]) is dense in Mulk(A, ||.]))-
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Corollary 111.7.2 together with Theorem 111.7 in [11] obuisly suggests the fol-
lowing conjecture:
Conijecture. Multy(A,]|.||) is dense in MultA, || |).

Acknowledgement | am very grateful to Bertin Diarra for many advises and to
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