SARAJEVO JOURNAL OF MATHEMATICS
Vol.4 (16) (2008), 91-95

A MATRIX CHARACTERIZATION OF STATISTICAL
CONVERGENCE OF DOUBLE SEQUENCES

HARRY I. MILLER AND LEILA MILLER-VAN WIEREN

Dedicated to Professor Fikret Vajzovié on the occasion of his 80th birthday

ABSTRACT. Fridy and Miller have given a characterization of statisti-
cal convergence for bounded single sequences using a family of matrix
summability methods. In this paper we prove the analogous result for
double sequences.

1. INTRODUCTION

The concept of the statistical convergence of a sequence of reals © = (x,,)
was first introduced by H. Fast [3].
The sequence = = (x,,) is said to converge statistically to L and we write

lim z, = L statistically if for every € > 0,
n—oo

lim n '|{k <n:|z, — L| > €} =0,
n—oo

where |A| denotes the cardinality of the set A.

Properties of statistically convergent sequences were studied in [1], [2],
[4] and [7]. In [5], Fridy and Miller gave a characterization of statistical
convergence for bounded sequences using a family of matrix summability
methods.

For recent results on double sequences one should consult other references
in [6] which can be found online.

Concretely, in [5], the following is proved.

Theorem 1.1. (Fridy, Miller) Suppose x = (x,) is a bounded sequence
of reals, then lim, .. x, = L statistically if and only if the transformed
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sequence Ax converges, in the ordinary sense, to L for every A € T, where

7 ={A = (ank) : A is triangular, non-negative, Z ani = 1 for each n
k

and lim Z ank =0 for each T having natural density 0}
n—oo

keT

and (Az) denotes the sequence whose n-th term is Y ;o | angxy. Here A =
(ank). By a set T, T C N, having natural density 0, we man that lim %\{t :
n—oo

t<n,teT} =0.

We remark here that Fridy, earlier, showed that statistical convergence is
not equivalent to any regular summability method.

In this paper we consider double sequences z = (x;;)
bers.

00,00
i=1,j=

, of real num-
Definition 1.2. We say that x is convergent to L (in the sense of Pring-

sheim) if for each € > 0 there exists an N = N(e) such that |x;j — L| < €
whenever 1,7 > N.

Definition 1.3. We say x is statistically convergent to L if for each € > 0
the double sequence (yS,,) where y&,,, = —=|{(i,5) i <m,j <n,|z;—L| >
€}| converges (in the sense of Pringsheim) to zero.

Definition 1.4. If A = (amn,i ;) is a 4-dimensional matriz and x = ()
is a double sequence then the double (transformed) sequence, Az = (yYmn),
is defined by Ymn = zzoif?ﬂ Amonyij * Tij, where it is assumed that the
summation exists as a Pringsheim limit (of the partial sums) for each m,n €

N.

Definition 1.5. 7 denotes the collection of all 4-dimensional matrices A =
(@mon,i,ij) satisfying:

(i) amm,i; >0, Vm,n,i,j € N,

(ii) amm,; =0 if either i >m or j > n,

(iii) > j amm,ij =1 for every m,n € N,

(iv) if T € NXN and T has density 0, then the sequence (zmn) =

(X_(i.j)er @min,i,j) has Pringsheim limit zero.

Here T having density zero means ——|{(i, ) : (i,j) € T,i < m,j < n}| has
Pringsheim limit zero as m,n — oo.

2. RESuULT

We now prove the double sequence analogoue of the Fridy and Miller
theorem.
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Theorem 2.1. If x = (z;) is a bounded double sequence, then x is statisti-
cally convergent to L if and only if the transformed sequence Ax is convergent
to L (in the sense of Pringsheim) for each 4-dimensional matriz A € T.

Proof. a) Suppose x = (z;;) is bounded and z is statistically convergent to
L. Suppose further that A = (am ;) € 7 and € > 0 is given. Then

Y it Y Gmmigi (1)

(4,4)€T {(.9):(6,5) €T,

i<m.j<n}
where T := {(4,7) : |x;j — L| > €}. This yields
(AT~ L] = \Zamn,m zij — L)

(4,9)

Z Ui g (Tij — L)) + ‘ Z Am,nyi,j(Tij — L)

(i,5)eT {(4,9):(4,9) ¢ T,
i<m,j<n}
< (sup |z — L)) Z Ui + € Z Amnyi,j-
(.9) (i,§)ET {(6,):(1.5) €T,
i<m,j<n}

Since T' has density zero and € is arbitrary, property (iv) implies that
limyy, 1—oo0 | (AZ)m,n — L] = 0.

b) Now we prove the reverse implication.

Suppose x = (z;5) is a bounded double sequence that does not converge
statistically to L. Then there exists an € > 0 such that T, does not have
density zero, where T, := {(4,7) : |xij — L| > €}. Then either:

Case 1. T." := {(i, ) : ;; > L + €} does not have density zero,
Case 2. T, :={(4,J) : ®ij < L — €} does not have density zero.

Suppose Case 1 holds. Then, there exists § > 0, and two strictly increas-

ing sequences of natural numbers (my) and (ny) such that:

1
mpng

{(¢,7),% < my,j < ny such that z;; > L+¢€}| > 9 (2)

for all kK € N. We now deﬁne a 4-dimensional matrix A as follows:

Lif § <my,j < np and zij > L+e
a where ,uk—|{(z J) i <my,j <ny and x5 > L+ €},
oM d 0 otherwise ’
i = L if i<m,j<nand (m,n)# (mg,ng)Vk € N, '
T 0 otherwise
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We now show that A = (amn,;) given by (2) is in 7 but Az does not
converge to L.

Clearly Z” Ay ngi,jTij > L+ € for all k € N, so Ax does not converge
to L. It remains to show that A (given in (2)) is in 7. It is easy to see
that A satisfies i), ii), and iii) from Definition 4. We now show that A
satisfies condition iv). Suppose T' € NXN has density zero. Then, for
(m,n) # (mg,ng) from (2) zpmn = —=|{(i,4) € T,i <m,j < n}| tends to
Z€ero as m,n — oo.

For k € N, from (2) we get

1, . . .
N7 mpmig = —{(0.5) 1 (i.5) € Tyi < my, j < np,wij > L+ e}
(i) €T Hie
1 1
< Z
— 0 mpnyg

So, limg_,o Z(i’j)eT Qmy ng,i,j = 0 since T' has density zero. Hence A =
(@m,n,ij) is in 7. The proof for Case 2 is completely analogous. O

Definition 2.2. 7 C 7 is defined to consist of all 4-dimensional matrices
A = (amn,i,j) whose entries are all rational numbers.

Corollary 2.3. If x = (x;;) is a bounded double sequence, then x is statis-
tically convergent to L if and only if Az is convergent to L for each A € 7.

Proof. a) If x = (z;;) is bounded and is statistically convergent to L, then,
by our Theorem, Az is convergent to L for every A € 7*.

b) Suppose x is not statistically convergent to L. In the proof of b) in our
Theorem, we see that there exists A € 7%, such that Ax is not convergent
to L. O

We note that 7 has cardinality of the continium (i.e. of the real line)
while 7* is countable.

We conclude this note with an example. Namely, we show that our theo-
rem cannot be extended to unbounded double sequences. This has already
been noted for single sequences [5].

Example. Let A = (amn,,;) be the (C,1,1) 4-dimensional Cesaro matrix,

i.e.
L ifi<mand j<n
Ammn,i,j = mn . .
T 0 otherwise

Define x = (x;;) as follows:

[ ntifi=j=n
N otherwise )
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Then = converges statistically to zero, but Ax does not converge to zero,
and A € T*.
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