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ABOUT CHARACTERS AND THE DIRICHLET KERNEL
ON VILENKIN GROUPS

MEDO PEPIC

Dedicated to Professor Fikret Vajzovié on the occasion of his 80th birthday

ABSTRACT. In this paper we study properties of characters and the
Dirichlet kernel on Vilenkin groups which are of key importance for an-
alyzing convergence, integrability and summability of Fourier-Vilenkin
series.

1. INTRODUCTION AND PRELIMINARIES

In this paper we work on a Vilenkin group G (i.e. an infinite, totally
unconnected, compact Abelian group which satisfies the second axiom of
countability). We can introduce the topology on G using the zero neighbor-
hood chain

G=GyD>G D DG, D....,Ny~yGy = {0}, (1)
which consists of open subgroups of group G, such that quotient group
G,/ Gni1 is a cyclic group of prime order p,y1,Vn € Npo. G is called
bounded iff a sequence

(pn)neN = (p17p27 o )a

is bounded. For n € N we denote

My = p1P2...Pn (Mo :=1).

A classical example of a Vilenkin group is the product space
o
HGk7
k=1
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where Gy, = {0,1} is a cyclic group of the second order for all £ € N,
equipped with the discrete topology, with component addition (note that
addition in each component is done by module 2). Its direct generalization
is the group

G =1]z0w),
k=0

where Z(ny) := {0,1,2,...,np — 1} ,nx > 2, is cyclic group of order ny
(k € Npy) equipped with the discrete topology. An arbitrary € G has a
unique representation in the following form

(o)
x:Zanxn, an €{0,1,2,...,ppt1 — 1} (2)

n=0

where x,, € G,\Gp+1 are previously arbitrary chosen and fixed, and for all
n € Ny and

o0
Gn:{xeG:Zaim’i,ai:0,f0r0§i<n}. (3)
i=0
G can be equipped with a Haar measure which is normalized (in the sense
of u(G) =1) and for all n € Ny and for all z € G:

o+ Gr) = . (4)

mn
The class of all continuous functions f : G — C' is denoted by C(G). For
1 < p< oo, LP(G) is the set of all functions f on G, measurable (according
to ) such that

[ 5@ dutz) < .
G

L*>*(G) is the set of all essentially bounded functions on G. All of these sets
become Banah spaces in the case when we define the norm in the usual way.
From compactness of the group G follows

LY(G) C LP(G), for 1 < p < q < oo;

and using the fact that Haar measure is invariant with respect to translation
it follows that norm ||.[|, is invariant in respect to translation for all 1 < p <
oo. If functions f, ¢ on G are such as that the function f(x —h) ¢(h) on G
is integrable for almost all 2 € G, then [, f(z — h) ¢(h)du(h) is called the
convolution of functions f and ¢ and we write

frpla) = /G £ — B)p(h) dpu(R).
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For all sequences of numbers (b,)nen, with the property b, | 0, we can
introduce metrics in G, invariant with respect to translation, by

bn, *—y € G \Gnii;
d(:v,y):{o Ty \Gi1

It is a common to take b, = u(G,) or b, = u(Gpi1)-
In G there is countable collection of I' characters - continuous complex
value functions x, which satisfies the following conditions

Ix(z)| = 1(Vz € G), x(= +y) = x(2)x(y)(Vz,y € G).

The characters form an Abelian group with respect to the pointwise product
of functions. We topologize (I',-) by defining a neighborhood basis around
the unit

X0 € I(xo(z) = 1,Vz € G)
using the collection of all sets
U(A,e) ={xel:|x(a) -1 <e,Vae A},

where A denotes the collection of all compact subsets in GG and € rangs over
all positive numbers. It is known that [4, Th. 24.15 and Th. 24.26] (T,)
is discrete, countable Abelian group with torsion. Additionally, Vilenkin
proved [8, Chapters 1.1, 1.2, 1.3 and 1.4] that in I" there exists a chain

PQZ{Xo}Crl clyc---I'yC---
consists of subgroups I';, = G+ of the group I', with following properties:

(Vn € Ng)Gi .= {x eI': x(z) = 1,Vz € G,,} =T(G/Gy); (5)

o
U r,=T; (Vn e Ny)l',t1,/T, is cyclic group with prime order p,41 |

n=0
(6)
If for n € Ny we arbitrary choose x € I'y11\I', and we assign to it the
index my,, then for € G\ Gpnyi1 is Xot'(z) = 1 and therefore

Xopet € T A Xy () € {28/ Pt 01 < <} (7)
It is possible in (2) (Vn € Ny) to choose

ZTp € G\ Gpy1 such that x,, (x,) = e2mi [ Pt (8)

In the main part of this paper e will assume that this holds. Hence, further
we will ¥n € Ny, by x,, denote element from G, \Gp+1 for which we have
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Xm,, (2r) = €27/ Prt1_Each n € N we can uniquely represent in the following
form
N

n=> aimi, a;€{0,1,2,...,pis1 — 1} Aay #0AN =N(n).  (9)
=0
Note that (9) is equivalent to
my <n < Mmy4i.

Putting
N
i=0

we obtain complete numeration of elements in group (I, ). According to this
numeration we have

(Vne No)I' = {x0, X1+ » Xmn—1} - (11)
From the invariance of Haar measure under translation it follows that for
all x # xo, is [x(x) du(x) = 0.

G
Besides, the group (I',-) forms a complete and orthonormal system (in
L?*(@)) according to Haar measure on G [1, p.77].
The order relation < on I' we introduce by:

(Vm,n € No)(xm < xn & m <n).

Let
00
x:Zanajn, ap € {0,1,2,...,pps1 — 1},
n=0
00
y:anxn, bn6{071>27"'7pn+1_1}7
n=0

are arbitrarily chosen elements from group G. Order relation < in G we
introduce by putting

x <y< (k€ Np)(a; =b;,Vi € {0, 1,2,.. ,k}) A (ag4+1 < bg1)-

In other words, order relation in G we introduce using lexicographical or-
dering of suitable sequences

(an) = (ag, a1, as,...).

Using (3) , we can also enumerate elements in factor group G/G,, according
to the lexicographical ordering of their representatives

n—1
Zaifﬁi = Z](-n) (0<j<my—1). (12)
i=0
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Each

{z](-n)} = z](-n) +G, (1<j<my),

is generating element of cyclic group G/G,, of order m,,. In a such way each
of groups
G,T'=T(G) and G/G,(n € Ny)

are equipped by an appropriate order relation.
When f € L'(G) and n € Ny, then:

a) cn = ca(f) = ) = f(n) == [ f(@)xn(@) du(z) (n € No) are
Fourier coefficients of functlon I

b) S(f) = S(f,x):=> .2 Of( n)xn(x) is Fourier series (precisely: Fo-
urier-Vilenkin series) of function f, and S,(f) = Sn(f,z) =

Z;:ol f(i)xi(z) is partial sum index n of series S(f, z). Especially,

So(f,x) :==0.
c) Dy(x) = Z?:_()l Xi(z) is the Dirichlet kernel of index n. Especially,
Do(x) = 0.

For all n € Ny, all f € L'(G) and all € G holds
D, x f(z) = Su(f, ), i.e. Dy f=S,f,

since
n—1
Dasfa)= [ D w—t)f(t)du(t)=/<2xz m—t) 1) dpu)
G =0
n—1 )
[ 1Ot = Y- fi(e) = 5.(7.2)
=0
If H is open and compact subgroup in G and if function f € L'(G) has
property
1, Vze H;
flz) = {0, Vo e G\ H,
then

F(0) = w(H).Cyo(x),Yx €T,

where x4 is the characteristic function of a set A [1, p.81]. Especially we
have

[ x(@) duta) = (o) G () Y € TV € N, (13)
Gn
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As consequences we have

/ x(@) dp(z) = x(20) (Gn)-Cas (X), VX €T, Vn € No,Vap € G (14)
20+Gn

and
/ Xk (x) du(z) = 0,Vn € Ny, Yk > my,. (15)
IO+Gn

Properties of Dirichlet kernel on Vilenkin group are discussed in papers
[8], [5] and monograph [1]. Results from these references we quote in a
following theorem.

Theorem 1.
n—1 1— m‘
(D1) Dy, (x) = ‘Ho I Xxnt A Dy, () = my.Ca, (x) [8, 2.2. p4].

(D32) If n € N is given by (9), then

N

D i 1 - Xaii
Dn::Xm.E:/Xg:iij;fi 8, 2.3. p.5] and [1, p.97 and 98].
_0 1 1

(D3) z € G\G,, = (Vk: € No) [Dg(z)| <m, [8,3.61. p.14].
(Dy4) (Yn € Np) fD )du(z) =1 [5, Lemma 2, p.267].

(Ds) mk§n<mk+1/\n:akmk+7’/\0<ak <prr1 N0 <r<my=

1—xqk
Dy = 7D, 4@ D, [5, Lemma 3, p.267],
1-— ka
2. RESULTS
Theorem 2.
(J+1)mnp—1
(De) (vn € No)(Vj € {0,1,2,...,pn11—1}) D> Xi = Din,-Xonn-
1=jmn

(D7) (Vn € No)(Van € {0,1,2,.,ps1 = 1) Dayan, = Do T

Mp4+1—1 Pn+1—1 '
(Ds) (tn€No) > Xi = Dpn,. Z X

i=Mp

(Dg) (Vn € No)Dp,,y = Dy, 1_Xm" (Recurrent formulae).
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(Dl())l n = Zaimi , ai6{0,1,2,...,pl~+1—1}/\aN750:>
=0

N

Xml
E : mzl_ X(ai+1~mi+1+"'+aN-mN)’
=0

sz
with
A €L N - 1)
X(aip1:miy1+-+an.my) *= X0, 1= N.

(Dll) (Vn— Zalmw a; € {O 1,2,...,pit1 _1}/\0'N7é0)

(VkE{l 2,...,N}H)(n=aymy +7r) =
D, = Z Dmiiml

— X(aj+1.mip14++ay.my)>
i€{0,1,... N}\{k} "
and
1= xu,
mi 1 _

Dn - DT‘ + D -X(ak+1.mk+1+--~+aN.mN)'
Xmy
Proof. (D)

(j+1)m,—1
Z Xi = Xjmp T Xgma+1+ F Xjmp+(mn—1)
i=jmn

= XD, (X0 + X1+ + X(mn—1)) = Dy X,

(D7) Using (Dg) in third step we have

anmnp—1 an—1 , (F+1)my—1
Pum= 2 =2 (X x)
Jj=0 1=jmn
ap—1 1— Xan
=D Y X = Dmn.limn.
- - Xmy,

mn+1*1 pn+1*1 (j+1)mn*1 pn+1*1
Dy =S ( 5" XJ=DW.Z

i=mn j=1

used (Dg)).

X%@n (in last step we
i=jmn j=1

1From (D1), (10) and (11) follows that (D1o) is just another form of (D2). Here we

present our proof of this property, which is considerably shorter than the proof given in
[1, p.97 and 98].
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(Dg) Using (Dg) we have

mn+1_1 pn+1_1 ]
Dmn+1 — Dp,,, = Z Xi = D, - Z Xmn
i=Mn 7j=1

Pnt1—1 | 1y Pt
= Dmn+1 = Dmn <X0 + 'Zl Xgnn> = Dmn 1_an .
j=

(D10) For the proof we will use mathematical induction. If n =1 = 1.my,
then N = 0 Aap = 1, so (Djg) obviously is true. Let us assume
(D1p) holds for arbitrarily chosen n € N given by (9), and let us
prove that (Djp) also holds for n 4 1. Really, if n is such that there

exist s = minjeqo1,. Ny {71 @i < piv1 — 1}, then

n+1=(p1—Dmo+ -+ (ps — 1)ms—1 + asms + - +axmy + 1

N
= (as + 1)ms + asr1mst1 + ldots + aymy + 1 = Zbimi,
i=0
where
0, 1< 8;
b; = as+1, 1=s;
a;, s<i1<N.

Thereby and by 0 < b; <p;y1 —1 (Vi €{0,1,...,N}), using induc-
tive step we obtain

1—xp
n+1 Z sz 1 — X(bz+1 mz+1+ +bN mN)

If n is such that does not exist number s, then a; = p;1 — 1(Vi €
{0,1,...,N}), then
N+1
n+1=(p—mo+ -+ (pyy1— )my +1=myq1 = Zcimia

with
0, 0<i<N;
=11, i=N+1.

1 — X, 0, 0<i<N;
1~ Xm, _{ 1, i=N+1.
then (D1g) becomes clearly true equality Dy, = Dy, -1.X0-
(D11) Let n be given by (9). Then
N
n:Zaimi:akmk+T<:>r: Z a;m;.
i=0 i€{0,1,2,...N}\ {k}
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Then we have

n—1
D=5
=0

aomo+-+ag_1mp_1—1 aomo+--+apmp—1 aomo+...4+anmpy—1
= Z Xi + Z Xi + Z Xi
i=0 i=agmo—+...4+ak_1Mp_1 i=agmo—+-—+apmy
=51+ 52+ 53,
otherwise
D,=D,+SyND, =51+ 853. (16)

aomo+--+ag_1mp_1—1

S1 = Z Xi

=0
aomo+---+anmy—1 aimi+-+anmy—1 ag—1Mmi—1+--+aymy—1
- S Xi + S Xit+o ) Xi
t=ai1mi+-+anympy 1=asmo—+-+anmpy 1=armg+---+anmy
k Ljflfl
j=1 i=Lj

where we put

o Jamj+---+aymy, 0<j5<N;
L%_{ 0, j=N+1 (17)
Because
'_1—1 Lj+aj_1mj_1—1 a]-_lmj_l—l
Z Xi = Z Xi = Z XLj+i
i i 1=L; =0
aj,1mj,17]. aj— 1—1 (S+l mj— 1—1
IR SRR D DR DR
=0 1=smj_1
aj-1-1 a;j—1
I —Xm,_
= XLj’ij',l Z X')snj,I = XLj’-ij,1 1_7“7
s=0 Xmij—1
we have

1— aj—1 k—1 1

k
_ Xrj—1 ij
S1 = Z XLj'ijfl 1 — Xom, Z miq X<a]+1 mjp1ttay.my)’
=1 mj_1 =0 m
(18)
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agmo+-+aymy—1 1M1 +...Faymy—1
Ss = § Xi = E Xi
i=agmo+---+apmy i=agioMpp2+-tanmy
AptoMpqo+...Faymy—1 any—1my_1t+anmy—1 aymny—1
+ E Xit..oF E Xi+ E Xi
1=Qp43Mp43++anmy i=aNmy =0
N+1 Lj—1—-1 N+1 aj_1
_ . D Xm] 1
=3 Y = Y Dy,
j=k+2 i=L; j=k+2 Xmj—1
N
1-— Xm
j
= > Dy X
. - Xm
j=k+1 J
So,

1—xw
S3="> Dpmy—X(0 i : (19)

vl 1-— Xm; jH1-mjp1ttan-my)
J:

aomo~+-+armp—1 apmg+-+anmy—1

Sy = > Xi = > Xi

i=aomo+-Far_1Mr_1 1=k 1Mk+1+Fanmy
Li—1 Ligy1+agmg—1 apmi—1

= § Xi = E Xi = XLpy1 E Xi-
i:Lk+1 Z:Lk-‘rl =0

So,
(20)

mi X . 4t . *
1— Xy (agq1-mp41 an-mp)

(D11) follows form (16), (18), (19) and (20).

Remark 1.

a) (D11) can be written in the following form

1 —xm
Dn_akmk - Z sz 1— % .X(ai+1Ami+1+--~+aNAmN)'
i€{0,1,2,... N}\{k} e

b) Putting £ = N, in (D11), we obtain (Ds), i.e
1—
D, = ADmN_I_XaN .D,.
1— Xmy

my, 0<k<n;

Corollary 1. (i) z € Ga\Gny1 = Dy (2) = { 0 k>n
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(ii) Dp,, () = mn.ng (x) (see (Dy)).
(i) x € GNG, = :Z xi(z) = 0.

(iv) (Vo € G\ {0})(31n = n(z) € Ng) D, (z) = { gzk 2 i Z .g n;

(v) (Vo € G {0}) i n() = 0.

Proof. (i) z € Gy, = = € Gx(Vk < n) (from (1)). Therefore and from
(11) using fact that is Gi¥ C G (Vk < n) we obtain

Dmk (x) = mg.

By x ¢ Gpi1 = x ¢ Gi(Vk > n+ 1). Therefore, using (5) , follows

k-1 Di+1
1-— T (x
Dmk(w) = H Xom, ( ) =0,

. Pn+1 "
because this product contains the factor 112‘;’” (g) = 1—1€i =0,

where € = i, (%) 18 ppt1 — th root of unit.

(ii) Follows directly from (7).

(ii) z ¢ G, = = ¢ Gx(Yk > n). Hence, by (ii), Dp, (z) = 0(Vk > n).
Therefore we have

Z Xz(fL') = Z(Dmk-H (1‘) - Dmk(x)) =0.
1=Mn k=n
(iv) By G\{0} = | J(Gn\Gns1) and fact that is {Gn\Gni1}pen,
n=0

tasselation of set G\ {0}, we conclude that an arbitrarily chosen
x € G\ {0} there exists one (and only one) n = n(x) € Ny such
that x € G, \Gn+1. Hence and by (i) follows (iv).

(v) Let n =n(x) from (iv). Then we have

0 mp—1 [e’s)
D xnl@) =Y xil@)+ D xile)
n=0 1=0 1=mp

k=n

=my+ (0—m,) =0.
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N
Theorem 3. For all n = > aym;, ay # 0 and for all k € Ny and all

i=0
z € Gp\Gr+1
n k> N;
D (a:) = { ) )
" Dn’k'X(ak;+1~mk+1+m+aN4mN)(x)’ k S N,
where
= 1—¢e?
Dy g = g%_(Zalml) + my T (Vk: < N),
=0

€ = Xm, (T) is some primitive pyi1-th root of unit.

Proof. a) k> N = Git 2 G} (Vi < N). Hence and from (Djo) we have

N

—x (7)o

Zsz XA e (), () = 3 ams = .
sz(l') °

b) k<N = (G 2 GH(Vi < k) Axm; & GE(Vi > k) Az ¢ Gi(Vi >
k)ADp,(x) =0 (Vi > k) A Xm, () = ¢ (some primitive pyii-th root
of unit). Hence and from (D;g) we have

(Zazmz> ka T) .o X (2)

+mk>‘mk§j§ VI (@)X ()

m
k+1

k
= an ka+1( ) XmN(x)

O
N
Corollary 2. For all n = ) aym;, any # 0 and for all k € Ny and all
i=0
r € Gp\Gri1
n, k> N;
_ k
[Dn)] = |Dngl <> aimi, k<N.
i=0
e n<my;
Theorem 4. a) [ Dp(z) du(z) = { Lk 0>
w, n < mpy;
mk+1
b) S Dn(@)du(z) =4 1- mk“ mg <n < Mpt1;

Gr\Gr+1 0, n > meys.
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Proof. a) By (11) we have

n—1
[ Pot@)aut) = | > i) dute) = [ duta) = Gt <)
G G = Gy,

If n > my, then

n—1

[Pa@ dut) = [ 3 xite) duta)

Ch Gy 1=0

/ Dy (x) dp() = / g)ﬁ(x) du()

—1
Gi\Grt1 U (Goe+Grg)

Pr+1—1 n—1

=Y [ (Zxw) e
=L jatGry, 0

Pr+1—1n—1

- Y Y [ @)
7=l izoj-Gk+Gk+1

Pr+1—1n—1

= Z Z / Xi(j.xx + x) du(j.xp + x)
i=1 i=0gy

Pr+1—1n—1

= > D> X @) ul(Grin) G, ().

j=1 =0
So,
Pr+1—1n—1 '
[ Du@dnte) =G Yo @Gy, () (1)
GiGr j=1 i=0
Now we discuss separately each of the three (only) possible cases:
bi) n <my;  bo) mp <n <mpgr; b3) n>mpg.
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In the case by) we have y;(x;) =1 (Vi < my), then
1n

/ Do(x) du(x i Z_: n(Pri1 — 1)
j=1 =0

k+1 Mi41
Gi\Grt1

In the case by) we have

Pr+1—1 [mp—1

/ Dy (z) du(x) = Z Z VU + Z xz Tk)

. 1
Mg4+1

Gi\Gri1 7j=1 =0 1=my

(1]
2l
8]
(4]
(5]
(6]

(7]

Pr+1—1

= 1 Z mk—l—g(sz) =1- n

9

because Zpk“ ! = —1, for each fixed i € {my, mp+1,...,n—1}.

Z
In the case b3) we have

Pr+1—1 [my—1 mpy1—1

/ Dy () dpa(z) = — X v+ Y daw

M1

Gi\Gri1 j=1 =0 i=my,

Mg+1—1pg41—1

_ mk(Prt1 — 1) Z Z o

M41 mk+1 =y,

because €; is some primitive pgy1-th root of unit (We take in account
that (g, (xi) = 0, for i > my1).
O
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