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NEW CLASSES OF NON-NORMALIZED
MEROMORPHICALLY MULTIVALENT FUNCTIONS

HUSEYIN IRMAK AND R.K. RAINA

ABSTRACT. Making use of certain differential operators, this paper in-
troduces two new classes:

Mins(g;p) and SKz, ., 5(q;p)

which consist of non-normalized meromorphically multivalent functions
with complex coefficients in the punctured unit disk. A theorem is
established concerning an inclusion property for the above classes, and
in the concluding section, several consequences of the main result are
pointed out.

1. INTRODUCTION AND DEFINITIONS

Recently, Chen et al. ([1], [2]) introduced and studied certain subclasses of
the class My, consisting of (non-normalized) meromorphically multivalent
functions f(z) of the form :

f(z):Z%—I—Z arz® (k£ 0;¢,pe N =1{1,2,3,...}), (1.1)
k=p

which are analytic in the punctured unit disk D = U — {0}, where U =
{#z:2z € Cand |z| < 1}, and which (in the special cases when ¢ = 1) have a
simple pole at the origin (z = 0) with residue . See also [6], [9] and [14].
A function f(z) is said to be in the subclass S/(q) of meromorphically
multivalent starlike functions (or, meromorphically starlike when ¢ = 1) if

and only if
/() .
%e( ) ) >0 (zel). (1.2)
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Furthermore, f(2) is said to be in the subclass K (g) of meromorphically
multivalent convex functions (or, meromorphically convex when ¢ = 1) if

and only if
Re {— <1 + ZJ{,/;z))} >0 (zel). (1.3)

In addition, also let
My =Mz, Sy:=38,(1) and K = K;(1).
The classes Sy and K consist of meromorphically starlike functions and
meromorphically convex functions in U, respectively.
It is easily seen that

J(2) e ki) = — L ;fz) e 55(q)

and
f(z) e Ky <= —z2f'(2) € S.

For more details of the above definitions, one may refer to [4], [7], and [14].
We define two differential operators of a function f(z) € M , as follows:

pr{f(my =Dt w +Z B (1)

(¢ —1)! zq*"

and
m n yn q(q +n— 1)' K n
PN = S
+Z k! kk—:_QQQQ)_ - akzk+2qu7 (1.5)

(H#O;pzn,qzm;p,qef\/;m,nGNOZNU{O})-
It is clear when m = n = 0, then

DYDY f(2)}} = DIZ{f(2)}} = 2% f(2), (1.6)
and when m = n = 1, then
DAZID{f(2)}) = DAL ()} = [ (2) (L.7)

We note that the differential operator (1.4) has been used in several recent
works (see, [3], [5], [8] and [13]).

In the present paper, by making use of the differential operators defined in
(1.4) and (1.5), two new subclasses involving functions of the form (1.1) are
introduced, and then a theorem exhibiting an inclusion relation between the
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classes My | 5 (¢;p) and SK7,, |, 5 (g;p) is established. Several consequences
of the main result are treated in the concluding section.
Using the hypotheses of differential operators, by making use of operators

in (1.4) and (1.5), we define two new classes

Mns (p) and  SKy, 5 (¢;:p)

consisting of functions f(z) in the class My , which satisfy the following
inequalities, respectively:

< 4 whené >0

14+ Re{Qi1m(z) — Qn(z)} {> g when & < 0 (1.8)

and
me{ [ (2)]° } >0 (2€D:0#0:meN), (1.9)

where

F(2) = 22D f(2)} (¢ € N;n e Ny; f(z) € Mg ) (1.10)

and

2 1+m P

Qn(z) = W (z elU;m e Np). (1.11)

We assume here and throughout this paper, that the values of the expo-
nential form occurring in (1.9) are taken to be their principal values, and R
will denote the set of real numbers.

2. THE MAIN RESULT

In proving our result (contained in Theorem 1 below), we shall need the
following result due to Jack [12].

Lemma 1. Let w(z) be an analytic function in the unit disk U, such that
w(0) = 0. If |w(z)| attains its mazimum value on the circle |z| =r <1 at
a point zg € U, then zow'(z9) = cw(zp), where ¢ is real and ¢ > 1.

We begin by proving

Theorem 1. Let § #0; k #0; ¢ > m > n; p,q € N; m,n € Ny, and also
let f(2) € M} ,. Then

f(z) € M3, 6 (@0) = f(2) € SK, . 5 (45D). (2.1)

Proof. To prove (2.1), we show that if a function f(2) is in the class My ,
then

f(z) € M3, 06 (@3p), (2.2)
implies that

f(2) € SK7, 5 (g3p). (2.3)
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Let us define a function w(z) by

[ (2)]° = (g = m)°[1+w(2)], (2.4)
where the function €,,(z) is defined by (1.11). Obviously, the function

w(z) is either analytic or multivalently meromorphic in U, with w(0) = 0.
Differentiating (2.4), we obtain

1 z2u'(2)
L4 [Qgm(2) = Qn(2)] = = ———, 2.
+2n(2) = 0 = 3 s (25)
If we now suppose that max,<|., |w(z)| = |w(z0)] =1 (20,2 € U), and

apply Lemma 1, we also obtain that zow'(20) = cw(z9) (c > 1). On setting
z = 2, and then putting w(zg) = € (¢’ # —1) in (2.5), we finally get

< e >{ 215 When5>0' (2.6)

5§ 1+ei® <55 whend <0

But the inequalities in (2.6) contradict our assumptions stated in (1.8).
Hence, we must have |w(z)| < 1 for all z € U. Evidently, it follows from
(2.4) that

()] = (a=m)’| = (g = m)’Jw(z)| < (= m)’,

which implies that

Re {[2m(2)}’} >0 (570).
and so f(z) € SK7, , 5 (¢;p). This completes the proof. O

3. SOME CONSEQUENCES OF THE MAIN RESULT

In view of the definitions of the classes M7, (¢;p) and SK3, . 5 (¢;p),
we exhibit below several interesting (and useful) subclasses of meromorphi—
cally multivalent or meromorphically univalent functions. By specializing
the parameters, we obtain the following subclasses:

Vi (a;p) = MGos(a;p) (61 =0 # 0), Vg(q p) = Mg 45(g;
0), V5, (p) = MGo5(Lip) (63 = 0 # 0), V5, (p) = M015(1;
0), VI(g;p) = MGo1(a:p), Vi(g:p) = M011§q p)

5y = 6 #

Vi(p) = Mg11(1;p), Wi (5p) = SKG5(a5p) (61 = 5 # i =
SKG15(qp) (02 =0 #0), Wi (p) = SKooa(l,p) (65 = 0 # 0), W5 (p) =
(a;p) ESKoo 1(¢;p), Wi (g; p) =SKG1.1(4:p),

8K015( ;p) (64=6 # 0), Wy

Wi (p ) SKS,O,l(hP) Wi (p)
Also, we observe that
Sp(q) =Wr(g;p), S§ = Wi (p), Ki(q) = W5 (¢;p), and K = W5 (p).
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In view of the above relationships, we conclude this paper by mentioning
some of the deducible cases which stem from our main result (Theorem 1).
These consequences are contained in the following:

Corollary 1. Let 61 # 0, K # 0, p,q € N, and also let f(z) € My . If
f(2) € Vi (g;p), then f(z) € Wi (¢;p).

Corollary 2. Let d3 # 0, k # 0, p,q € N, and also let f(z) € M} . If
f(2) € V5 (¢;p), then f(2) € W5 (¢;p).

Corollary 3. Let 03 # 0, k # 0, p € N, and also let f(z) € M. If
f(z) € V5, (p), then f(z) € W§, (p).

Corollary 4. Let 04 # 0, k # 0, p € N, and also let f(z) € My. If
f(2) € V5, (p), then [f(z) € W§,(p).

Corollary 5. Let x # 0, p,q € N, and also let f(z) € My . If f(z2) €
Vi(g;p), then f(2) € Sf(q), i-e., [f(2) is meromorphically multivalent in
D.

Corollary 6. Let x # 0, p,q € N, and also let f(z) € My . If f(z) €
Vi(q;p), then f(z) € K5(q), i-e., f(z) is meromorphically multivalent con-
vezr in D.

Corollary 7. Let x # 0, p € N, and also let f(z) € Mj. If f(z) €

Vi(g;p), then f(z) € Sy, i.e., f(2) is meromorphically starlike in D.

Corollary 8. Let x# 0, p € N, and also let f(z) € My. If f(z2) € V5(p),
then f(z) € Ky, i.e., f(z) is meromorphically convex in D.
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