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GENERALIZED QUASILINEARIZATION FOR NONLINEAR
THREE-POINT BOUNDARY VALUE PROBLEMS WITH
NONLOCAL CONDITIONS

BASHIR AHMAD

ABSTRACT. We apply the generalized quasilinearization technique to
obtain a monotone sequence of iterates converging quadratically to the
unique solution of a general second order nonlinear differential equation
with nonlinear nonlocal mixed three-point boundary conditions. The
convergence of order n (n > 2) of the sequence of iterates has also been
established.

1. INTRODUCTION

The subject of multi-point nonlocal boundary value problems, initiated by
Ilin and Moiseev [1,2], has been addressed by many authors, for instance, [3-
9]. In particular, Eloe and Gao [10] discussed the quasilinearization method
for a three-point nonlinear boundary value problem. The quasilinearization
technique [11] is quite fruitful as it not only proves the existence of the solu-
tions of the problem but also provides an iterative scheme for approximat-
ing the solutions. The nineties brought new dimensions to this technique.
The most interesting new idea was introduced by Lakshmikantham [12-13]
who generalized the method of quasilinearizaion by relaxing the convexity
assumption. This development was so significant that it attracted the at-
tention of many researchers and the method was extensively developed and
applied to a wide range of initial and boundary value problems for different
types of differential equations, see [14-22] and references therein.

In this paper, we develop the method of generalized quasilinearization for
the following second order three-point boundary value problem with mixed
nonlinear nonlocal boundary conditions

() = f(t,z(t),2'(t)), te€]0,1], (1.1)
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pz(0) —q2'(0) =a,  px(l)+q¢2'(1) =g(z(y)), 0<y<1,  (1.2)
where f € C([0,1]x R?), p and q are positive constants, a € Rand g : R — R
is continuous. The importance of the work lies in the fact that the boundary
conditions of the type (1.2) appear in certain problems of thermodynamics
and wave propagation where the controller at the end ¢ = 1 dissipates or
adds energy according to a censor located at a position t = v where as the
other end t = 0 is maintained at a constant level of energy. A sequence
of approximate solutions converging monotonically and quadratically to a
unique solution of (1.1) and (1.2) will be obtained in Theorem 3.1 and the
convergence of order n(n > 2) has been established in Theorem 3.2.

2. PRELIMINARIES

It is well known that the solution, x(t) of (1.1) and (1.2) can be written
as

o) = a o 2L et [y

p+2¢  p?+2pq p+2q¢  p?+2pgq

1
—|-/O G(t,s)f(s,z(s),z'(s))ds, (2.1)

where G(t,s) is the Green’s function for the mixed three-point boundary
value problem and is given by

(P +2pq) | (p(t—1)—q)(ps+q), if 0<s<t <1
Note that G(¢,s) < 0 on [0,1] x [0, 1].

We say that o € C2[0, 1] is a lower solution of the boundary value problem
(1.1) and (1.2) if

G(t,s) = (2.2)

a(t) = f(t, a(t),o'(1), te€0,1],

pa(0) — g’ (0) < a,  pa(l) +qa’(1) < gla(v)),
and 3 € C?[0,1] is an upper solution of the boundary value problem (1.1)
and (1.2) if
A'(t) < f(t. (1), B'(1), te€0,1],
pB(0) — ¢B'(0) > a, pB(1) +4qf'(1) = g(B(7))-
We need the following version of Kamke’s convergence theorem (Page 14
[23]) to prove the existence theorem.

Theorem 2.1. Assume that each solution of (1.1) extends to the interval
(0,1) or becomes unbounded on its mazimal interval of convergence. Let
{zm(t)} be a sequence of solutions of (1.1) such that there exists a sequence

{tm} C (0,1) with limy, e tm = to € (0,1) and lim,,—o x%)(tm) =z, 1=
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0,1. Then there is a solution x(t) of (1.1) such that 9 (tg) = x;, i =
0,1 and a subsequence {xm;(t)} of {wm(t)} such that lim; . :Uq(q?] (t) =
2@ (t), i = 0,1, uniformly on each compact subinterval of (0,1).

Remark 2.2. In the study of boundary value problems involving an n'th
order differential equation of the form

n=by) (2.3)

the following proposition concerning the convergence of the sequence of so-
lutions of the problem has attracted several mathematicians. For the study
of different criteria equivalent to this proposition, we refer the reader to a
detailed survey article by Agarwal [24].

" = ft,x, 2, ... x

Proposition 2.3. If[c,d] is a compact subinterval of (a,b) and {x,(t)} is a
sequence of solutions of (2.2) which is uniformly bounded, that is, |z, (t)| <
M on [c,d] for some M > 0 and for all m = 1,2,..., then there is a
subsequence {xm;(t)} such that {:cﬁ,?]} converges uniformly on [c,d] for each
i=0,1,...,n—1.

Theorem 2.4. (Existence Theorem) Assume that f is continuous on [0, 1] x
R?, g is continuous on R satisfying a one-sided Lipschitz condition ( g(x) —
9(y) < L(zx —y), 0 < L < p) and each solution of z"(t) = f(t,z(t), 2 (t))
extends to [0,1] or becomes unbounded on its mazximal interval of conver-
gence. Let a, 3 be lower and upper solutions of (1.1) and (1.2) respectively
such that a(t) < B(t). Then there exists a solution, z(t) of (1.1) and (1.2)
such that a(t) < z(t) < B(t).

Proof. We define f and g by
B F(tB®),9) + T, if () > B
[t x,y) = q f(t2,y), if a(t) <a(t) < B(t),
F(ta(®),y) + sy, i @(t) < a(t),

~
N—

Let N = max{|o/(t)], [3'(1)], lg(a(7))], l9(8
ger [, we set

7v))|}. For each positive inte-

filt,z,y) = < ft,z,y), if |yl <N+,
ft,x,—(N +1), if y<—(N+1I).
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Observe that f; is bounded and continuous on [0,1] x R2, § is bounded
and continuous on R. By a standard application of Schauder’s fixed point
theorem to the operator defined by (2.1), it follows that (1.1) and (1.2) has
a solution z; with f = fand ¢ = 7.

Now, we show that each solution z; satisfies a(t) < z;(t) < B(t) t € [0, 1].
For the sake of contradiction, let us suppose that a(t) < x;(t) does not
hold and set r(t) = a(t) — zy(t), t € [0,1]. By the standard arguments
[25], let 7(t) have a positive maximum at 7 € (0,1). Then r”(7) < 0 and
|/ (7)] = |2}(7)] < N < N +1. On the other hand, r"'(7) = (1) — 2} (1) >
r(7)/(1 +r(7)) > 0, which is a contradiction. For 7 =1, we have

pr(1) + ¢’ (1) < gla(y)) = g(zi(y)) < Lr(y).

Thus, pr(l) < Lr(y) or r(1) < r(v), which is a contradiction. Similarly,
we get a contradiction for 7 = 0. Hence we conclude that o < z; on [0, 1].
Similarly, one can prove that x; < 3 on [0, 1]. Thus, it follows that a(t) <
x)(t) < B(t), t € ]0,1]. Moreover, for each [, there exists t; € [0,¢;] such that

tlak(t)] = lwr(ty) — 2x(0)] < max{B(0) — a(tr), B(t1) — (0)}.

Thus, each of the subsequences {xy(t;))} and {z},(¢;)} is bounded. Hence,
by Kamke convergence theorem, there exists a subsequence of {xj;} which
converges to a solution of 2”(t) = f(t, z(t), z'(t)) on a maximal subinterval of
[0,t1]. Clearly, a(t) < x(t) < B(t) and all solutions of " (t) = f(t, z(t), z(t))
extend to all of [0,1] or become unbounded. Hence a(t) < z(t) < §(t) and

ft,z(t),2'(t)) = f(t,x(t),2'(t)). This completes the proof. O

Corollary 2.5. Assume that f is continuous with f; >0 on [0,1] X R and
g is continuous with 0 < ¢’ <1 on R. Then the solution of (1.1) and (1.2)
18 unique.

Remark 2.6. The simplified version of the condition that each solution
of 2”"(t) = f(t,x(t),2'(t)) extends to [0,1] or becomes unbounded on its
maximal interval of convergence is that f satisfies a Nagumo condition [16,
22], that is, for each M > 0, there exists a positive continuous function hjs on
[0, 00] such that | f(t, z,2")| < har(|2']) for all (¢, z,2") € [0,1] x [-M, M] xR
and

/OO s[har(s)] tds = oo.
0

3. MAIN RESULTS

Theorem 3.1. Assume that
(A1) «, 3 are lower and upper solutions of (1.1) and (1.2) respectively.
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(A2) f(t,z,y) € C([0,1] x R?) such that 2L (t,z,y) > 0, L (f(t,z,y) +
é(t,z,y)) < 0, where ¢ € C?[J x R? R] with %m(t,:c,y) < 0.
Moreover, f satisfies a Nagumo condition in y.

(As) g,9 are continuous on R and g" exists with 0 < ¢’ <1, ¢" > 0.

Then there exists a monotone sequence of solutions converging quadratically
to the unique solution, x(t) of (1.1) and (1.2).

Proof. Define

ft,z,y) = F(t,z) — ¢(t,x,y), t €[0,1], (3.1)

where F(t,z) : [0,1] x R — R is such that F,F,, F,, are continuous on
[0,1] x R and in view of (Ag), it follows that F,,(t,z) < 0. Thus, applying
the generalized mean value theorem on F'(¢,x) yields

F(t,z) < F(t,x1) + Fp(t,x1)(x — x1), (3.2)
which together with (3.1) takes the form
fta,y) < ft e, y) + Fo(t o) (2 — 1) = (¢, 2,9) — ¢, 21, 9))-
Let us define
G(t,z,w1,y) = (21, y) + Fo(t 21) (2 —21) = (0, 2,y) — ot 21, 1)) (3.3)
Observe that
Gtz x1,y) 2 fta,y), Gt z,x,y) = ft,,y). (3.4)
Moreover, using (3.3) together with (As) yields

Ga:(t7$7x17y): Fl‘(taxl)_¢$<t7x7y)2 Fw(t7‘r)_¢$(t7x7y) = fCE(t?x’y) > 07

(3.5)
which implies that G(t,x,x1,y) is increasing in = for each fixed (t,x1,y) €
J x R%. In view of (A3), we get

g9(x) > g(y) + ¢ (y) (= — y).
Letting
9" (z,y) = 9(y) + ¢'(y) (= —y),
we notice that

g(x) = m;}xg*(x, y)v g(l‘) = g*(ZC,ZL'), (3'6)

and 0 < gi(x,y) = ¢'(y) < 1. Now, we set 1 = ap(t) = a(t), y = 2/(t) in
(3.3) and consider the BVP

2 (t) = G(t, z(t), ap(t), 2/ (1)), t € [0,1], (3.7)
pz(0) — q2'(0) = a,  px(1) +q2'(1) = g"(2(7), a0 (7))- (3.8)
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In view of (A1), (3.4) and (3.6), we have
ag(t) > f(t, ao(t), an(t)) = G(t, ao(t), ao(t), ap(t)), t € [0,1],
pao(0) — qap(0) < @, pao(1) +gap(l) < g*(ao(v), ao(7)),
and
BI(t) < f(t,B8(1), B'(1) < G(t, B(t), ao(t), B'(1)), t € [0,1],
pB(0) — ¢3'(0) > a, pA(1) +4qf'(1) = g"(B(7), a0(7)),

which imply that ag and [ are lower and upper solutions of (3.7) and (3.8)
respectively. Thus, by Theorem 2.4 and Corollary 2.5, there exists a unique
solution «; of (3.7) and (3.8) such that

ap <oap < 6.
Next, we consider
2"(t) = G(t,z(t), a1 (t),2' (1)), t € [0,1], (3.9)
px(0) = q2'(0) = a,  pr(1) +g2'(1) = g"(z(), a1 (7). (3.10)

Employing the earlier arguments, we find that a; is a lower solution of (3.9)
and (3.10), that is,

af(t) = G(t, on(t), ao(t), (1)) = G(t, aa(t), en(t), 01 (t)), t € [0,1],
pa1(0) — g/ (0) <, pan(l) +qai (1) = g"(a1(7), a0(7)) < g (a1(y), a1(7)).
Similarly, § is an upper solution of (3.9) and (3.10) as we have

BI(t) < f(t,B(1),B'() < G(t, B(t), en(t), B'(t)), t € [0,1],
pB(0) — ¢B'(0) = a, pB(1) +¢B'(1) = g"(B(v), 1 (7))

Again by Theorem 2.4 and Corollary 2.5, it follows that there exists a unique
solution ap of (3.9) and (3.10) such that

a1 <ap <.

1
): B

Continuing this process successively, we obtain a monotone sequence {a;}
satisfying
ap<oag <ap <<y <G,

where the element «; of the sequence {¢;} is a solution of the problem
2"(t) = G(t,z(t), a1 (1), 2 (1)), t € [0,1],

p(0) — ¢2'(0) = a, pz(1) +q2'(1) = g"(x(7), a1 (7))-
Applying Theorem 2.1 (Kamke’s convergence theorem) on the sequence {c; }
of solutions of the above problem, there exists a function z(t) € C?[0,1] and

a subsequence {o;, } of {a;} such that lim;_. ag.i)(t) = 2'(t), i = 0,1,
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uniformly on the compact interval [0, 1]. Thus, the sequence {«;} converges
uniformly in C1[0, 1] to x(t), the unique solution of (1.1) and (1.2).
Now, we prove the quadratic convergence. For that we set e;(t) = x(t) —
a;(t), aj = a;j(t) — a;j—1(t) and note that e;(t) >0, a;(t) > 0. Further
pe;(0) — qef(0) =0, pe;(1) + qef(1) = g(z(v)) — 9" (25 (7), aj-1(7))-
Using the generalized mean value theorem, (Ag), (3.1) and (3.3), we have
ej(t) = a"(t) — o (t)
=F(t,z) = ¢(t, 2, 2") — G(t, (), o1 (t), o (¢))
= F(t,z) — ¢(t,x,a") — {F(t,a;_1)
+ Fp(t, 1) (0 — oj—1) — o(t, o, a;)}
= Fu(t,er)(@ — ) = Fo(t 1) (aj — ;)
— (¢(t, z,2") — o(t, oy, )
= [Fu(t,e1) — Folt, aj1)lej-1(t) + Fu(t, aj1)e;(t)
— ¢u(t, c2,c3)e5(t) — (dur (t, 2, c3)€(t)
= Fua(t, ca)(cr — ajr)ej1(t) + [Fu(t, 1) — da(t, 2, c3)le;(t)
— b (t, c2, c3)€5(t).
> —Fya(t, ca)el_(t) + far(t, 02, c3)€j(t), t € [0,1],

where oj_1 < ¢1 <z, o < ¢ < 7w, 049
particular, we can write

e;-’(t) — fm/(t,CQ,c;;)e;-(t) > —Mleg_l(t), (3.11)
where My > max( zyep Fra(t, z) for
D={(te):0<t<1, a(t) < x(t) < AH)}.

Let u(t) = exp{— fg far(s,c2(s),c3(s))ds} be the integrating factor associ-
ated with (3.11). Then

<3<, ajo1 < <ec.In

t
Ol = (0) > =Mk s [ uts)ds, (3.12)

and in view of €%(0) > 0, it follows that

t
0= =My [ ts)as/u(o).

Thus, there exists N1 > 0 for sufficiently large j such that
e;-(t) > —NlHej_luz, 0<t<1.
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Consequently, we have
e;-'(t) > —MHej,1H2, M > 0.

From (2.1), we have

ei()=loa)-o" (@5 (s (gt )+ Gt sns) s
(3.13)

Observe that

9(@(v)) — 9" (a;(7), @j-1(7))

(@(7)) = g(aj-1(7)) = ¢'(aj—1 (M) () — @j—1(7))
"(co)ej—1(7) — ¢'(aj—1(7)(ej—1(7) — €;(7))

"(c1)es_1(7) + 9 (aj-1)e; (7). (3.14)

Substituting (3.14) in (3.13) and taking the maximum over the interval [0, 1],
we obtain

g
g
g
(

llell < Mallej—11? + Adllesll + Millej—1 ], (3.15)

where M3 = My(, ¢ = (1712(1 + 2+2pq) M, provides a bound for ||¢”| on

[ai—1(7),z(7)], A1 = A |l < A <1 and My = maxfo M|G(t, s)|ds.
Solving (3.15) algebraically, we get

llejll < dllej—1l%,

where 6 = (M3 + My)/(1 — A1) and |lej|| = max{|e;(t)] : t € [0,1]} is the
usual uniform norm. This establishes the quadratic convergence. ([

Theorem 3.2. Assume that

(B1) «, 3 are lower and upper solutions of (1.1) and (1.2) respectively.

(B2) gif(t,x,y) € C([0,1] x R?) for i = 0,1,2,...,n such that aag;-

flt,xz,y) > 0 fori = 1,2,...,n — 1, aay(agng(t x,y)) > 0, %
(f(t,z,y) + o(t,x,y)) < 0, where ¢ € CO"[J x R R] with %
¢(_t,x,y) < 0. Moreover, f satisfies a Nagumo condition in y.

d‘iig(x) € C(R) for i = 0,1,2,...,n satisfying 0 < d‘iig(x) <

#J‘orizlﬂ,...,n—l with0<M<% anddci—nng(x)zO.

Then there exists a monotone sequence of solutions converging monotonica-
lly to the unique solution of (1.1) and (1.2) with the order of convergence
n (n>2).

Proof. Let us define
f(t7 x? y) = F(t7 x) - ¢(t7 aj? y)? t e [07 1}' (3'16)

(Bs)
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In view of (Bz), we note that F € C%"([0,1] x R) and %F(t,x) < 0.
Applying the generalized mean value theorem on F(¢,x), we get

(=gl (z — 21)!
Ft,z) <Y @F(t,xl)Tl,
i=0 )

which together with (3.16) takes the form

G P x—11) n xz—x1)"
ft) < 0 i) T T e ) T ()

— Oz Oz

where 1 < & < z. Define

G*(t,z,r1,y) 28% (t,r1,y _Z.! —anqﬁ(fy)(x_m,

where £ depends on x7. Observe that
G*(t,z,21,y) = f(t.zy), G*(tz,2,y) = f(t,z,9) (3.19)
Moreover, using (Bs), we find that

(r —xq) !

Grlta,ay) 2 30 55 f (o y) =y > 0,
=1 .

which implies that G*(¢, x, z1,y) is increasing in z for each fixed (¢,z1,y) €
J x R2. Further, the generalized mean value theorem together with (B3)
gives

n—1 ;
d’ (z —y)*
> -
g(z) > 2 i) ey
Setting
n—1 4 i
*ok _ d' (.TJ B y)l
g7 (z,y) = ; )
we notice that
g(z) = m;a,xg**(x, y), g(z)=g"(z,x). (3.20)

Clearly g*(z,y) > 0 and
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Now, we consider the BVP
2’ (t) = G*(t,z(t), ap(t), 2'(t)), t € [0,1], (3.21)

pz(0) — ¢z'(0) = a, px(1) +q2'(1) = g™ (z(7), ao(7))- (3.22)

In view of (B1), (3.19) and (3.20) yield
ap(t) > f(t, ao(t), ap(t)) = G*(t, ao(t), ao(t), ,
pao(0) — gog(0) < a,  pao(l) + qap(1) < g™ (a ( ) 0o(7)

and

B(t) < f(t,B(t), 5'(t)) < G*(t,8(t), an(t), B (1)), t € [0,1],
pB(0) — ¢B'(0) > a, pB(1)+¢3' (1) = g™ (B(7), a0(7)),

which imply that ag and (3 are lower and upper solutions of (3.21) and (3.22).
Thus, by Theorem 2.4 and Corollary 2.5, there exists a unique solution oy
of (3.21) and (3.22) such that

ap <o < 6.
Continuing this process successively, we obtain a monotone sequence {a;}
satisfying
ag<ap <ay <<y <,

where the element «; of the sequence {¢;} is a solution of the problem
2(t) = G*(t,x(t), aj_1(t), 2'(1)), t € [0,1],

pz(0) — q2'(0) = a,  px(1) +q2'(1) = g™ (2(7), 01 (7)),
where £ in G* (given by (3.18)) depends on ;1. Employing the arguments
used in the preceding theorem, it follows that the sequence {c;} converges
in C1[0,1] to =, the unique solution of (1.1) and (1.2).
Now, we prove the convergence of order n > 2. For that we set e;(t) =
x(t) — oj(t), aj—1 = a;(t) — a;j—1(t) and note that

pe;(0) — qe5(0) =0,  pe;j(1) +qej(1) = g(z(y)) — g™ (es(7), -1 (7))
d

Using the generalized mean value theorem, (Bs2), (3.16) and (3.18), we can

find aj_1 <& < (& depends on a;—1) such that
el(t) = 2" (t) — o (t)

J J
n—1 ; i
- (‘92 ) ’ (.’L‘ - Ozj_l)l (‘9” ’ (a; - aj_l)"
- g axzf(t")‘]—hx) il +amnf(t7§17x)T
n—1 ;
o (o —aj1) 0" (aj —aj_1)"
- 8332]0(75304]'71,05]‘) il + O n¢(t 57 )T

0

i
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n—1 ,; i n—1 n; )
81 , ejfl 7 , aj*l
8xif(t’ Oéjfb%‘)T - 2 %f(t, %'717%')7!
=

am" , " , egL_1
+ {Wf(ﬂfl,x ) + Wé(tafvaj)] o

oz"
=1
o )€t
n—1 i—1
o 12
- ) if(tva]—ha;)ﬁ e;’—q agfl(ej_l - (1]_1)
=1 " r=0
o N
n—1 ; 1 i—1 . n n L
ZD:BJ@%m%MEETﬁ%J%+aP%&%V,
i=1 T r=0
" / 6?—1 n
= w(t)ej + %F(t,g,aj)ﬁ Z (A)(t)ej — €1€j71, te [0, 1],
-1 7 i—1 S n
where w(t) = Y700 95 f(t a1, 0f)f g€yt > 0 and L ZGF

(t,¢&, Oé;) > —ey, for some €; > 0. Here, we have chosen & = £ (in general &;
and ¢, depending on «;_1, are independent) as a;_1 <&, & < x. Thus, for
each j, we have

ef(t) > —eel 4, t€10,1]. (3.23)

As before, from (2.1), we have

ej<t>:[g(x(v))—g**(amaj_1<~y>>1( — )+/ Gt 5)e! (s)ds.

p+2q  p>+2pg

Clearly (3.24)
a() = 47 (05 (7). a5-1(7)) = & oty ()T =220
& ot = j;;—l(”)"i 5 ot @)= )
TN C S, S LI et
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= %g( ]—1(7))1-1' 263771(7)@;__11_7”(7)6]@)
i=1 T r=0
A ot =)
n—l i—1
= [ £ (/B_j\i)—l ;1. Z:(:) eﬁilfr(v)a?l('y)} e;(7) + €€y, (3.25)

we observe that

1
J1—>1 () - ]1—>1 0o — a Z_ Z' ] 1 aj_l(’}/) N < 3

Therefore, we can choose A1 < 3 and jo € N such that for n > jp, we have
P;(t) < A2. Thus, using (3.23) and (3.25) in (3.24) and taking the maximum
over the interval [0, 1], we obtain

lejll < eallej—all™ + Asllesll + esllej—a ™, (3.26)

where €1 = €3¢, A3 = A2, (= (575 + p7iamg)
Solving (3.26) algebraically, we get

and €5 = max fol €1|G(t, s)|ds.

llejll < ellej—ull™
where 6 = (€4 + €5)/(1 — A3). This establishes the convergence of order
n (n > 2). O
Remark 3.3. It is clear that Theorem 3.2 remains valid if we replace
the condition Wf(t xz,2') > 0 for i = 1,2,...,n — 1 in (Bg) by that of

Tf(t,z,2") >0 with 2 f(t,z,2") > 0, where I = 377 %;l) (m(_ﬂ)lz)_l.
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