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SMOOTH SOLUTIONS OF A CLASS OF QUASIELLIPTIC
EQUATIONS

ALIK M. NAJAFOV

ABSTRACT. In this paper the smoothness of solutions of one class of
quasielliptic equations in the bounded domain G C R" satisfying the
flexible A-horn condition are studied.

Proceeding from the fact that some mixed derivatives D" f may not be
estimated by derivative functions contained in the norm of the space Wé(G)
and on the other hand from the undesirability of using higher order deriva-
tives of a function f, one finds it necessary to consider other types of Sobolev
spaces Wli(Q, G), that are introduced and studied in [21] with the finite norm

Ifhvies =2 > [P,

eCQiced\Q

where
P2 P3 Pn

|VMG={/l~{/(/&dwuuwwm>%m}?~]”%%};,
R R

R

XG— the characteristic function of the set G C R", e, = {1,2,...,n};el =
enU{0}; Q— be a fixed subset of set e,; O# e C Q;p € [1,00);a € [0,1]";7 €

Jevi 15VE sVt 1V 15V L , ,

€ [l,o0l; l € N*; D" f=D{" Dy ---Dy f, Djj = DjJ for 7 € eV 1
lgvi

D7 =0 forje€ ex\(e Vi); j € eV i-denote that, or j € e C @, or
j =1 € e, \Q. Note that these spaces were also defined by A.D. Djabrailov
[6] but with the norm of the space Wé(Q,G) replacing D' f by D7 f
(note, that in case [6] dominate mixed derivatives). Unlike in the paper [6]
here the dominant term is either unmixed derivatives, or mixed derivatives,

or mixed derivatives and the unmixed derivatives are equal.

At |Q| =1 (|Q] - the number of the set @) ) the space W;,(Q, G) coincides
with the space of Sobolev Wé(G), at @ = e, the space W]i(Q, G) coincides
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with the space of Sobolev with dominant mixed derivatives SLW(G), intro-
duced and studied by S.M.Nikolskii [27] with finite norm

1Flsy00 = 2 ||Pf]] .

eCen

where | = (l1,l2,...,1,), l; € N for j € ey; I° = (I5,15,...,15), 1§ =1 for
j€e If=0forj€e,\e.

For example, in equation

u A+ g + uy + uy, +ul, =0

the norm of function u;’y can not be estimated by the norm of space W(1:1.1)|
but may be estimated by the norm of the Sobolev space with dominating
mixed derivatives SULYDW. Therefore we require additional derivatives of
the function u(z,y, z).

Let us consider the problems on smoothness of solutions of equations type

(1,7 € ex\Q ):

> > p (aae,iée,i (iU)D‘SEWIu(fv)>

ai<l; 1
s <! |a’l|6n\Q§1’
)

N 1
jeecq 1070, o=t

eVi
= Y > D fpen@), (1)
a;<lj,j€eCqQ ]a,ﬂe o<t

where |a, He > %] Suppose, that the coefficients a,, s, () are

QT
Jeen\Q
bounded, measurable functions are in the domain G, aq, 5. ,(7) = as, ;a.,(T)
and

Z Z Qo i0e,i ("'U)éae,iglse’i

a;=l;, 1 -1
A,
jeecQ 01, 0=1
>Co > Y |’ €€ R, Co=const>0. (2)
=] _
et I tlene™

We assume that fpevi(x) € Lo(G) for o; < 1, j € Q, < 1
faevi(x) € Lo ox(G) for aj =1;, j € Q, }a, Hen\Q =1.

A generalized solution to (1) in G is a function u(z) € Wi(Q,G) such
that

a, %‘en\Q
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> Y 0 s @D w@)D o) da
G

ai<l; 1
s <) |a’l|5n\Q§1’
J="7

jeecq 10:7],,\ o<1

=3 Y Ol @D ey da, (3)
G

a;<lj, ’Oé

1
T Sl
]E(Z‘CQ l |5TL\Q

ol ol
for every function v(z) €W, (Q,G). We denote by W, (Q,G) the supple-
ment of C§°(G) in the norm Wi(Q, G).
Notice that at |Q| = 1 (|Q|-the number of the set @) the equation (1)
converts into the following

> D% (as@)Du(@) = Y D*fala), (4)

a,7|<1, o, 7]<1
51|t
where ’oz, ﬂ = %, at @) = e, the equation (1) converts into the following
Jj€en J
Y b~ (aaeée (x)Déeu(@) = 3 D fuela). (5)
ajgljv Ctjglj,
9j<lj, j€eCen
j€eCen

The problem of the local smoothness of solutions of equations of type (4)
was considered by several authors. In [8] the Holder continuity of solutions
of quasielliptic equations with continuous or Holder continuous coefficients
of the leading derivatives is studied. In [1] L,-estimates for solutions were
studied, under the condition that the coefficients of the leading derivatives
are infinitely differentiable. In [11] a theorem was proven claiming that
the solution belongs to the Holder class inside the domain, and in [7] local
“interior” Holder estimates were obtained for solutions to a quasielliptic-
type equation in the case when the right-hand side satisfies the anisotropic
Holder condition. In this article and [18], [20], [22], [23] we proved theorems
stating that the solution belongs to the Holder class inside the domain, and
has a zero boundary Dirichlet condition up to bounds. Notice that in this
article, as in [11], we study the Holder continuity of a solution without any
smoothness condition on coefficients. However, observe that unlike [11] here

(1) v #0;
(2) the Holder “exponent” is greater than that in [11];
(3) fo for aj=1;, 7€ Q; !oz, %’en\Q = 1 belongs to a broader class, i.e.

fae\/i S L2,a,ae(G) .
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To study partial differential equations it is necessary to study the space of
functions of many variables with parameters. For some partial values indexes
initially are studied in papers of Morrey [13]-[15], and later on developed in
papers [9], [28], [4], [5], [2], [12], [26], [10], [16], [17], [19], [24] and others.

For all z € G, @,t € (0,00)"; t; = t; for i,j € e,\Q assuming

l o, .
Itae(flj) = {y ’y] —xj\ < §t]],] S €n}, Gtae(af) = Gm[tae<ﬂ?)

Let us consider for = € G the trajectory

p(th,z) = (pr (1%, 2), p2(8)%, 3), ..., pu(ta", @), 0<t; < Ty, j € en,

where for all j € ey, pj(0,2) = 0, the functions p;(uj,x) are absolutely
continuous with respect to u; on [O,Tj)‘j ] and ‘ p;»(uj,x)‘ < 1 for almost all
u; € [O,Tj/\j], where pl;(uj, z) = %pj(uj,x). At 0 € (0,1]", 6; = 0; for
i,j € ep\Q, then the set V(A z,0) = Uogtng]—,jEen [p(t)‘,ac) —i—t)‘H)‘I] we
called the set of (A)-condition introduced by the author in [22]. We will
suppose that z+ V(A ,z,0) C G. In the case of, t; =ty = --- =1, = {,
0 =0,=---=06,=0¢c(0,1], V(A z,0)—is flexible —\,-horn introduced
by O.V. Besov [3].

Definition. The Sobolev-Morrey - W} , . -(Q,G) (p € [1,00)", a € [0,1]",
T € [1,00]) type space is the Banach space of locally summable on G functions
f with finite norm:

1ty o0y = 20 o |

eCQiced\Q

)
p7a7&7T;G
where

”f”p,a,ae,T;G = Hf||Lp,a,85ﬂ'(G)
1
o _=io ’ dt; |~
= sup / H[tj]l "l G ) H (0
<G () L jeen jeQvi Y

where [tj]1 = min{l,t;},7 € en; to = (to1,t02, - -, ton)— be a fized positive
vector, to; = toj for i,j € e, \Q, lo = 0. In the case T = 00, a = (a,...,a),
p=(p,...,p), t = (t,...,t) Sobolev-Morrey space Wé7a7&7m(G) = Wzi,a,ae(G)
were introduced and studied by V.P. 1l'yin [12].

Let A= (A1, A2,..., ), Aj=1for j € Q,0< )\ <ooforjee,\Q,

g=Nli— > {/\ﬂ/j + (A — &ja;) (1 - 1)] ;

j=kVj=ice,\Q p 4
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1
6? = )\jlj — Z |:)\jVj + ()\j — %jaj)* , keaq.
j=kVji=i€en,\Q P
For the prove of the main results, let us formulate Theorems 1 and 2,
which were proved in [24].

Theorem 1. Let an open set G C R™ satisfied of (A)-condition, 1 < p < q <
00,0<a; <A,0<T;<1,j€ey, 1 <1 <m<o0,v=_(v,V2,...,Vp),
vj > 0— be integer, j € ep, f € Wlﬁa’ae’Tl(Q,G) and let €; >0, j € ey, then

Wl (Qa G) — Lq,b,ae,Tg (G),

p,a,e,T1

preciously speaking, for the function f the generalized derivatives DY f exists
and the inequalities are valid:

v eVvi
I fleay X I o] ©)
eCQiced\Q jEQVi P 15G
D" f q.bee, ;G = < Oy ||f”Wl amry (@G) (p < q < o0), (7)

where

€js Jjeeva
S; = )
Ty - (1) (% = %) j€Q\e.

In particular, if €2 > 0, j € e,, then DVf is continuous on G and the

J
inequality is valid:

eVi
Sup|D”|<Clz S I f‘ ) (8)
eCQiced\Q jEQVi a6
where
0_ ey, 1 jEeVi,
J —Vj— (1 - aejaj)ﬁ, j € Q\e,

here T; € (0, min(1,%0;)], j € en, C1 and Ca are constants which do not
depend on f and a constant C1 which does not depend on T also.

Theorem 2. Let the domain G, with parameters p, q, 71, To and vector’s e, v
satisfy the conditions of Theorem 1. If ¢; > 0, j € ey, then the derivatives
D f satisfy the Holder’s condition in metric Ly with exponent B, that is

v ! !
1A G)D fllye < C il . o LT 1617 165 o (9)
JEQ
where B = (81,63,...,8}), B = ﬁjl- fori,j € e, \Q and leffomll number
satisfy the following inequalities:

0< 35 <1, if €5 >1 forjce,
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0§5}<1, if sjzlforjEe;OSﬁ;glforjeQ\e;
0< 8] < g, if €5 <1 forjce,
0<p <1, if 01,
Ao
0< B <1, if S0 =1,
Ao
€0 . €0
0<pt< =, — <1,
_ﬁ_AO if "

where \g = max \j, g = mineg;, and
jeen Q

11
eQi=Aili = ) {/\M + (A — &ja5) <p - q)] , i €en\Q
jcen\@

Ifs? >0, j € en, then

sup A G)DY fI < C| fllwr
S

p,a,®,T

1,0 1,0
@ L1167 1 o, (10)
jeqQ

where ﬂ;’o(j € e,) satisfies the same conditions, that ﬁ]l with the substitute
ej by €.

Additionally, suppose that G is a bounded domain in R".

Theorem 3. If & = Ajlj = Y _pjcicene (W% + %) > 0.7 € en (k€ Q),
)\j_l =1, j € e\Q, then any geneml@'zedfsolution of equation (1) from
W(Q,G) belongs to the space C, 45 (G?), G4 C G.

Proof of Theorem 3. Existence of the solution of equation is proved with
the help of the variational method in [25]. First let all aq, s, () except for
the ones for which o; = 1;, j € Q, |a, Hen\Q =1and foevi =0,e C Q,i=
Jj € en\Q. Let d = (di,d, ..., d,)fixed vector, b = (b1, bo,...,by), di = dj,
by =b; for i = j € e,\Q, xo € G and My(zg) be the parallelepiped in R"

Mp(x0) = {x g — wos| < W, je en} ,
and G? be a subdomain of the domain G such that (0 < dj <1,j€ey):

Gd:{y:\yj—af| <d)‘j,j€en,x€8G}
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we shall assume that b; < d;, j € e,. From the variational principle it follows
that

Z S (D an s @)D (0(2) (u(@) — pl(a))

My (z0) 5J—J ’O‘vz|e \oSh

8], o<1
<D @) - pla) ez [ 3 Y -yl
Mo@o) PE0 il <h

Lo A o<t
X g, 4 () D" (u(z) — p(2)) D" (u(z) — p(x)) dx
= A(u() — p(z), Mh(z0)) (11)

for any 6(z) € C° (My(zp)) such that #(x) = 1 in the neighborhood of
O My (z9), in any polynomial p(x) of the form

=2 2 G

a;=lj,
j€eC@

eVvi

«

’ l En\Q

and for an arbitrary solution u(x) of equation (1). Assume in (11)
_ Lo
=1 H w; < ~ >
Jj€Een

where w;(t) € C®(R), w;(t) = 1 at [t| < 27%, w;(t) = 0 at || > 1,

0 < wj(t) < 1.Itis clear that (z) = 0in M (20), (x) = 1in a neighborhood
2

of My (z0), where we have taken the coefficients p(x) as

/ (u(z) — p(z))z® dz = 0.
rIb(ﬂco)\”g (wo)
From inequality (11) with the help of (6) we obtain
A(u(z) = p(z), Mp(z0)) < A (u(iﬁ) = p(@), (o) \ My (fﬂo))
terA (u(@) = ple), My@o)\ My (20)) < ¢4 (w(@) = p(x), My(w0)\ My (20) )

Since A (u(x) — p(x),G) = A (u(z),G), then

Aute)ny(e0) < (1- 1) Afuta) )

<
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hence by induction we obtain that

A (), Mg (20)) < (1= DFA (o), o).

Let 0 < & < 2%, it follows that [[(z0) C ﬂ%(ﬂ:‘o). Further kln2 <
2

In JT £
bj icen 1
In [T &, we take k = ms | w=1—¢ then
Jj€en J

A (u(x),Mp(z0)) < WFA (u(z), @)

) bj
In ] J In I g~

Jj€en ~J jcen 2

<wTEE M), G =e A

Inw In w
b- <1n2 — ﬁ)
=l ¢ 5057 Au(@), )
Jj€en fj
llnigj_ lnwb
AN R U |2
) ( 11 §J> V1A (@), )
JjE€en bj
llnuz) _ Inw
A\ Im [ £
: ( 11 §]> e VA (u(2), G),
Jj€en J

for any zg € G% b; < d;, j € e,. Denote by ‘11?1—‘; = D jce, M and

- 1111[“’2 = Z]Een oj. It is obvious that 0 < n; = &ja; < 1,0 < 05 < 1,

Jj€en J

gj < ij ] € en; 51 = é'j for 27] € en\Qa ] € ép, then

N\ =05
A(ule),Me(eo)) < © T (Z) A(u().C). (12)

2J
Jj€en J
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j.../l[ng"j / uz(x)dx]l C—” /1 /11_[ ibggj~
0o 0 o 0

Jj€en Jj€en bj

This means that w(z) € Lagwm1(GY) C Lo g (G?) and also D" u(z) e
Loawr(GY), for all e C Q, i € eQ\Q, then it follows that u(x) € WQIﬂ@J
(Q,G). If we check the conditions of Theorems 1 and 2, it turns out that
gj > 0, 8? > 0, for 0 < ¢j <1, j € e, and the conditions of Theorems 1
and 2 are satisfied. Thus by Theorem 1 Du(z) is continuous on G¢ and,
by Theorem 2 D"u(x) satisfies the Holder condition, i.e. u(z) € C,, 5 (G%).

Now we consider the nonhomogeneous quasielliptic equation (7,4’ €9\ Q) :

S Y 0 (a0 )

a;j=l;, 1 -

]J:JJ |a7l ‘En\Q_l7
‘ L s 1 _

jeecq 19.7],,\0=1

S D feni(x), (13)

a;<lj, o, T <1
j€eCQ | ! |€"\Q_

where aq, 5, (%) satisfies earlier imposed restrictions, inequality (2) is sa-
tisfied, fuevi(x) € Lo(G) for o; < 1, j € Q, a,%}en\Q < 1 fuevi(z) €
€ Ly ax(G) for aj =1, j€Q, |a, He Q= 1. We again consider some
substitution G%. Let o € G¢, bj < dj,j € e, and up 4, be a generalized

ol
solution of equation (13) in My(zp) from the space Wy (@, Mp(zo)) i.e.

> Y 0 [ @D u@)D o) do
G

Tlene™
JGGCQ |6, en\ @1

S =yl / Fueus @)D v(w)dar, (14)
s J”°‘w|

j€eCQ e"\Qf

Assuming v(x) = up 4, in (14) by virtue of (2) we obtain

/ DY (D, )

Qg ’
Mo(0) JEJ_C]Q o7l
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<o Y Y e Nena / foevi dz

PR A
+ Z Z / faevide < Cy H b;", (15)
Jaejezcl]cé |a’%|en\Q:1”b($o) j€en
here ¢; = ¢; = a,%mai;d {(2 -2y, >\|e,L\Q ; |3€‘,a|6n\Q} ,i,j € en\@ > 0 and

¢j = max {(2l; — 2v;),®ja;} > 0, j € Q. Cy and ¢; do not depend on u(x)
and zg. Since u(x) = u(x) —up 5, is a solution of equation (1) when the right
hand side is zero, therefore for it
b\ %
A ) <o I (2) A,
jeen J

is valid for any &; < bj, j € e, if x9 € GP. Then from (12) and (13) we
obtain

Au(@),Ne(x0)) < CaA (ue). Me(@0) ) + C5A (s, Me(@0))

b\
< Cs <J> A(u(z), Q).
JjE€en gj

Further, we again apply Theorems 1 and 2 and in this case we obtain the
required results.

Finally, we consider equation (1) all of whose coefficients are different
from zero and exist for small derivatives of the solution. Then we transfer
such members to the right hand side of the equation and obtain the required
result. The theorem is proved. ([l

The following theorem on smoothness of solution under the conditions
of Theorem 3 holds when the generalized solution satisfies the Dirichlet
boundary condition.

Theorem 4. Let the domain G C R™ such that there exists w = const > 0

for any point xg € G and the number ¢ < 1 there exists a parallelepiped

MNewe(x!) such that Mge(z') C Me(zo) N (R™M\G) and u(x) is a solution of
!

equation (1) from the space V([D/’z (Q,G). If
s
Ej:)\jlj— Z ()\jljj+2]> >0, jJ Gen(k:EQ),
j=kVji=ice,\Q

then u(x) belongs to the space C, 5 (G).
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Proof of Theorem 4. 1t is sufficiently in this case, to let all aq, s, ,;(7) = 0,
except for ones for which a; = 6; =15, j € Q, |a, %}en\Q = 5,% @ = 1.
Let 9 € 0G and all f,evi = 0 in My(xg) for e C Q, @ € €,\Q, u(z) =0
outside of G.

From the variational principle it follows that
A (u(x), Mp(z0)) < A (0(x)u(z), My(0)) -
As 0(z) =0 in My (xp), then
2

Al(u(x), Mol0)) < A (@), Moo\ My (20))

e Z Z H bj—2lj+2ujb—2+2lu,>\|en\Q / (Daewu(ﬂs))2d:p.

a;<lj, |g.1 17€Q
e ot ], o< Mo (0)\M (x0)

As u(@)|n_, ;1) = 0, where Mep(x!) C My(z0)\ Mo (x0), then we have

A(u(), o(a0)) < 7 A (u(@). My (20)) |

and hence it follows

consequently

Therefore
N\ =05
Au(w),Ne(xo) < € I (2) Aule),C), (17)
Jj€en J

if & < bj, j € ey for all zg € OG, fievi =0 in My(zg). Let’s estimate now
A (u(z),Me(wo)) at given 0 < & <1, jEepn, & =§; fori,jee,\Q, z0€ G
and f.evi £ 0, for e C Q, i € e,\Q. Let us consider two cases:
a) xo € GVE;
b) zo ¢ GVE.
a) In this case for all {; < b;, j € e, assuming that b; = /&;, j € e, we
have

N\ 5095
A <a T () A0

Jj€en g



204 ALIK M. NAJAFOV

) b\ i

+C [] 7 < ] (g) (A (u(z),G)+1). (18)
JjE€en JjE€en J

b) In this case there exists a point ! € OG, such that I_IQ\/E(xl) >

ﬂ\/g(xo). Let b; > 2\/57, J € en. For all b, j € e, let us consider wuy 41—

ol
solution of equation (1) in My(z') N G from the space W, (Q,M(z') N G) ,
for which inequality

A (Ub’ml,rlb(.flfo)) < Cy H b;j (19)
Jj€en
is valid, if assuming that u, ,1 = 0 outside of My(z) N G.

The function u(x) — w, z1-solution of equation (1) My(z!), where for all
Qo 6.:(7) = 0, except for the ones, for which a; = 6; = [;, j € Q,
}a,% @ = ‘5,% @ = 1 and fuevi = 0, for e C Q, i € e,\Q. From
inequalities (17) and (19) we have

A (u(x), I’IQ\/E(JJI)> <C5A (U — Up g1, ”2\/5(371)>

+00t (1. Mg <G T (2)" 46,

27
jeen 5]

b\ "
<A (u(:ﬂ), mm(:cl)) < Cq <;> A (u(z),G),
jEen J
consequently

1 1 i p 1 1 db

/.../[ng’v / w(z)de| ] ngc/---/ y
. o G e, b 27

0 0 JjEen Me(z0) Jj€en 0 0 J€en U,

This implies that u(z) € Logwe1(G?) C Lo 4w (G?) and also D*"u(z) €
Lo (GY), for all e C @, i € eQ\Q, then it follows that u(x) € W2l,a,ae,r
(Q,G). Then in this case the conditions in Theorems 1 and 2 are satisfied.

Thus by Theorems 1 and 2 it follows that u(z) € €)1 (G). The theorem is
proved. O
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