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COARSE EXAMPLES OF BAUES COFIBRATION CATEGORY

NADIA E. GHEITH MOHAMAD AND PAUL D. MITCHENER

ABSTRACT. In this article, we set up a framework for homotopy theory incoarse
geometry by defining a notion of cofibration for coarse maps. We show that the
axioms of a Baues cofibration category hold.

1. INTRODUCTION

Many aspects of topology have an analogue notion in coarse geometry with
respect to large scale properties; see [8, 9, 13, 15]. For example, there is a notion
of coarse homotopy which is an analogue of the notion of homotopy in topology
[13–15].

The usual framework for axiomatic homotopy theory is that ofa Quillen model
category [3,12]. Unfortunately, the axioms required for a category to be a Quillen
model category are hard to prove in the coarse setting. Bauesintroduced a weaker
notion of cofibration category in [1,2] as a generalization of a Quillen model cate-
gory.

Definition 1.1. A cofibration categoryis a categoryC with two classes of mor-
phisms,cof of cofibrations andw.e. of weak equivalences. These are to satisfy:

C1: Composition axiom: Isomorphisms are both cofibrations and weak equiv-
alences. If f and g are composable morphisms inC , if two of the three
morphisms f , g, and g f are weak equivalences, then so is the third. The
composite of cofibrations is a cofibration.

C2: Push out axiom: For a cofibration i: A →֒ X and a morphism f: A→Y
there exists the push out inC

X
f
′

// X∪AY

A
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and i
′
is a cofibration. Moreover;

(a): if f is a weak equivalence, so is f
′
,

(b): if i is a weak equivalence, so is i
′
.

C3: Factorization axiom: For any map f: X →Y inC there exists a commu-
tative diagram

X
f

//� o

i ��❄
❄❄

❄❄
❄❄

❄ Y

Z
g

∼
??⑧⑧⑧⑧⑧⑧⑧⑧

where i is a cofibration and g is a weak equivalence.

Before stating the last axiom, we need to introduce another definition. A morphism
in a cofibration categoryC is called atrivial cofibrationif it is both a weak equiv-
alence and a cofibration. An object S inC is called afibrant modelif each trivial
cofibration i: S→ Q in C admits a map r: Q → S, where ri= 1S. We call r a
retractionof i.

C4: Axiom on fibrant models: For each object X inC there is a trivial cofi-
bration X

∼
→֒ SX where SX is a model fibrant inC . We call X

∼
→֒ SX a

fibrant model ofX.

In this article, we show that natural notions of weak equivalence and cofibration
in coarse geometry give us a Baues cofibration category structure on the category
of coarse spaces and coarse maps. For certain axioms involving limits and colimits,
we need to use the notion of non-unital coarse spaces (see [6]).
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2. COARSE GEOMETRY AND GENERALISED RAY

In the large scale we can define an abstract coarse space in terms of entourages
[5,8,15,16].

This definition comes from [8].

Definition 2.1. Let X be a set. Then X is called aunital coarse spaceif it is
equipped with acoarse structure, defined to be a collectionε of subsets M of X×X
calledentouragessatisfying the following axioms:

(1): If M ∈ ε and M
′
⊆ M, then M

′
∈ ε.

(2): Let M1,M2 ∈ ε, then M1∪M2 ∈ ε, and M1M2 ∈ ε where M1M2 = {(x,z) |
(x,y) ∈ M1,(y,z) ∈ M2 for some y}. We call M1M2 the compositeof M1

and M2.
(3): ∆X ∈ ε where∆X = {(x,x) : x∈ X}.



COARSE EXAMPLES OF BAUES COFIBRATION CATEGORY 85

(4):
⋃

M∈ε M = X×X.
(5): If M ∈ ε, Mt = {(y,x) | (x,y) ∈ M} ∈ ε.

We can use(X,ε) to refer to a coarse space when we need to emphasise the collec-
tion of entourages.

A subset M is calledsymmetricif M = Mt .

A non-unital coarse spaceis a coarse space defined as above, but we drop the
axiom where∆X must be an entourage.

In the nonunital case, we get many more coarse maps. Consequently, using
nonunital coarse spaces, it becomes extremely easy to construct (nonzero) categor-
ical products in the coarse category, see [6]. Initially, let us focus on the unital
case.

Definition 2.2. Let X and Y be unital coarse spaces. Then a map f: X →Y is said
to becontrolledor coarsely uniformif for every entourage M⊆ X×X, the image

f [M] = {( f (x), f (y)) : (x,y) ∈ M}

is an entourage. A controlled map f is calledcoarseif the inverse image of a
bounded set is also bounded.

Definition 2.3. We call two coarse maps f,g: X →Y close, and write f∼Crs g, if
the set{( f (x),g(x)) | x∈ X} is an entourage,.

A coarse mapf : X →Y is called acoarse equivalenceif there is a coarse map
g: X →Y such that the compositionsf ◦g andg◦ f are close to the identity maps
1X and 1Y respectively.

We call two coarse spacesX andY coarsely equivalentif a coarse equivalence
f : X →Y exists.

A subsetB ⊆ X is said to beboundedif the inclusion B →֒ X is close to a
constant map, or equivalently if it takes the formM(x) = {y : (x,y) ∈ M} for some
entourageM ⊆ X×X and pointx∈ X.

Definition 2.4. Let X be a set andε a collection of subsets of X×X. Thecoarse
structure generated byε is the minimum coarse structure on X that containsε. We
write this structure〈ε〉.

Note that here we donotassume that the coarse structure generated by a collec-
tion is unital.

The following definition comes from [5].

Definition 2.5. Let X be a Hausdorff space. A coarse structure on X is said to be
compatible with the topologyif every entourage is contained in an open entourage,
and the closure of any bounded set is compact. We call a Hausdorff space equipped
with a coarsre structure compatible with the topology acoarse topological space.
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Any coarse topological space is locally compact, and the bounded sets are pre-
cisely those which are precompact.

Example 2.1. Let (X,d) be a proper metric space. Then d induces a coarse struc-
ture on X, which is calledmetric structuresuch that:

Let Dr = {(x,y) ∈ X ×X | d(x,y) < r}. Then E⊆ X ×X is an entourage if
E ⊆ Dr , for some r> 0.

The coarse space X equipped with the metric coarse structureis a coarse topo-
logical space if X is locally compact.

The following definition comes from [9].

Definition 2.6. Let R be the topological space[0,∞) equipped with a coarse struc-
ture compatible with the topology. We call the space R ageneralised rayif the
following conditions hold.

• Let M,N ⊆ R×R be entourages. Then the sum

M+N = {(u+x,v+y) | (u,v) ∈ M,(x,y) ∈ N}

is an entourage.
• Let M⊆ R×R be an entourage . Then the set

Ms= {(u,v) ∈ R×R | x≤ u,v≤ y,(x,y) ∈ M}

is an entourage.
• Let N⊆ R×R be an entourage , and a∈ R. Then the set

a+N = {(a+x,a+y) | (x,y) ∈ N}

is an entourage.

For example, the spaceR+ (with the metric coarse structure) is a generalised
ray.

Proposition 2.1. Let X be a coarse space, and let R be a generalised ray. Let
p,q: X → R be controlled maps, then p+q is a controlled map.

Proof. Let M ⊆ X × X be an entourage. Then the imagesp[M], q[M] are en-
tourages. Now

(p+q)[M] = {((p+q)(x), (p+q)(y)) : (x,y) ∈ M} ⊆ p[M]+q[M]

which implies that(p+q)[M] is an entourage. Hencep+q is controlled. �

Definition 2.7. Let X and Y be coarse spaces, equipped with collections of en-
touragesεX and εY respectively. Then we define theproductof X and Y to be the
Cartesian product X×Y equipped with the coarse structure defined by forming
finite compositions, unions of entourages, and all subsets of entourages in the set

{M×N : M ∈ εX,N ∈ εY}.
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Unfortunately, the above product is not a product in the category-theoretic sense
since the projectionspX : X×Y → X andpY : X×Y →Y are not in general coarse
maps. We shall see that there is a solution to this issue in theworld of non-unital
coarse spaces.

Now we define two different coarse versions of disjoint unionof coarse spaces.
The following definition comes from [7].

Definition 2.8. Let X and Y be coarse spaces. Then we define thedisjoint unionto
be the set X⊔Y equipped with the coarse structure given by defining the entourages
to be subsets of unions of the form

M∪N∪ (BX ×BY)∪ (B
′

Y ×B
′

X)

where M⊆ X×X and N⊆Y×Y are entourages, and BX, B
′

X ⊆ X and BY, B
′

Y ⊆Y
are bounded subsets. We denote this disjoint union by X⊔Y.

The following result is easy to check.

Proposition 2.2. Let X and Y be coarse spaces, R be a generalised ray. Let
pX : X → R and pY : Y → R be controlled maps. Then X⊔Y the map pX⊔Y : X ⊔
Y → R defined by the formula

pX⊔Y(x) =

{

pX(x) x∈ X
pY(x) x∈Y

is a controlled map. �

Definition 2.9. Let X and Y be coarse spaces. Then we define another type of
disjoint union to be the set X⊔Y equipped with the coarse structure given by
defining the entourages to be subsets of unions of the form M∪N where M⊆X×X
and N⊆Y×Y are entourages. We denote this disjoint union by X⊔∞ Y.

The spaceX ⊔∞ Y is a non-unital coarse space even whenX andY are unital
coarse spaces.

The following is also easy to check.

Proposition 2.3. Let X and Y be coarse spaces, R be a generalised ray. Let
pX : X → R and pY : Y → R be controlled maps. Then X⊔∞ Y is a coarse space,
and the map pX⊔∞Y : X⊔∞ Y → R defined by the formula

pX⊔∞Y(x) =

{

pX(x) x∈ X
pY(x) x∈Y

is a controlled map. �

3. NON-UNITAL COARSEMAPS AND COARSEHOMOTOPY

In this section, we define a notion of locally proper, coarse maps between non-
unital coarse spaces, and a coarse version of abstract homotopy groups.

The following definitions are prompted from [6].
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Definition 3.1. Let X, Y be coarse spaces and f: X →Y a map.

• We call f alocally proper mapif f |X′ is proper whenever X
′
⊆X is a unital

coarse subspace, that is, the inverse image of a bounded set B⊆Y under
the map f|X′ is bounded.

• We call f acoarse map between non-unital coarse spacesif it is a controlled
and locally proper map.

Any proper map is locally proper, but the converse in not always true.
We define two maps between non-unital coarse spaces being close as follows.

Definition 3.2. Let f,g: X → Y be two coarse maps between non-unital coarse
spaces. We say that f iscloseto g if for any unital subspace X

′
⊆ X, we have f|X′

is close to g|X′ in sense of definition (2.3).
We call f acoarse equivalence between non-unital coarse spacesif f |X′ is a

coarse equivalence in sense of definition (2.3) whenever X
′
⊆ X is a unital coarse

subspace.

Let X be a topological space. The productX× [0,1] is called a cylinder onX.
We need to define a coarse version of the topological cylinderin order to define a
coarse version of homotopy.

The following definition comes from [10].

Definition 3.3. Let X be a coarse space, R be a generalised ray, and p: X → R be
some controlled map. Then we define thep-cylinderof X:

IpX = {(x, t) ∈ X×R | t ≤ p(x)+1}

The p-cylinder is a coarse space. We define the projection p
′
: IpX → R by the for-

mula p
′
(x, t) = p(x)+ t and we define coarse maps i0, i1 : X → IpX by the formula

i0(x) = (x,0) and i1(x) = (x, p(x)+1) respectively.

Our aim in this work is to define a Baues cofibration category onthe category
of non-unital coarse spaces. The above definition yields ideas of homotopy and
mapping cylinder which are vital to the axioms.

Definition 3.4. Let f0, f1 : X →Y be unital coarse maps. Acoarse homotopybe-
tween f0, f1 is a coarse map H: IpX →Y for some controlled map p: X → R such
that f0 = H ◦ i0 and f1 = H ◦ i1 respectively.

We say the maps f0, f1 : X → Y are coarsely homotopic between non-unital
coarse spacesif f0|X′ is coarsely homotopic to f1|X′ whenever X

′
⊆ X is a uni-

tal coarse subspace.
A coarse map f: X → Y is termedcoarse homotopy equivalenceif there is a

coarse map g: Y → X such that the compositions g◦ f and f ◦ g are coarsely
homotopic to the identities1X and1Y respectively.
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The proof of the following lemma is found in [4] in the unital case. The non-
unital case follows easily.

Lemma 3.1. Let f0, f1 : X → Y be close maps between coarse spaces. If f0 is a
controlled map, then f1 is a controlled map. If f0 is a coarse map, then f1 is a
coarse map. If f0 is a coarse equivalence, then f1 is a coarse equivalence. If f0 is
a coarse homotopy equivalence, then f1 is a coarse homotopy equivalence. �

Example 3.1. Let X and Y be coarse spaces, and let p: X → R be a controlled
map. Consider two close coarse maps f0, f1 : X →Y. Then we can define a coarse
homotopy H: IpX →Y between the maps f0 and f1 by the formula

H(x, t) =

{

f0(x) t<1
f1(x) t ≥1

Thus, close coarse maps are also coarse homotopic. In particular, any coarse
equivalence is a coarse homotopy equivalence.

Theorem 3.2.Let X, Y be coarse spaces. Coarse homotopy defines an equivalence
relation on the set of all coarse maps from X to Y.

Recall that ifX is a coarse space,M ⊆ X×X is an entourage, andA⊂ X, then
we write

M[A] = {(a,b) ∈ M | a∈ A}.

The following definition comes from [9].

Definition 3.5. We call a union X= A∪B coarsely excisive decompositionif for
any entourage m⊆X×X, there is an entourage M⊆X×X such that m[A]∩m[B]⊆
M[A∩B].

Lemma 3.3. Let f : X →Y be a map. Let X= A∪B be a coarsely excisive decom-
position such that the restrictions f|A and f|B are coarse maps. Then f is a coarse
map.

Proof. For any entourageM, we have thatM ∪Mt is a symmetric entourage, so
without loss of generality, letm⊆ X×X be a symmetric entourage containing the
diagonal. We need to show that the imagef [m] is an entourage.

The setsf [m∩ (A×A)] and f [m∩ (B×B)] are entourages asf |A and f |B are
controlled maps. It is therefore enough to show thatf [m∩ (A×B)] and f [m∩ (B×
A)] are entourages.

Pick a symmetric entourageM containingm such thatm[A]∩m[B]⊆ M[A∩B].
Let (x,y) ∈ m∩ (A×B). Thenx∈ A∩m[B] andy∈ B∩m[A] so

x∈ A∩M[A∩B] y∈ B∩M[A∩B]

so(x,y) ∈ M∩ (M[A∩B]×M[A∩B]).
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By hypothesis, the imagef [M ∩ (M[A×B]×M[A∩B])] is an entourage, so
f [m∩ (A×B)] is also an entourage. Similarly, the imagef [m∩ (B×A)] is an
entourage, so the mapf is controlled.

Now letC⊆Y be a bounded subset, then( f |A)−1[C] and( f |B)−1[C] are bounded
subsets sincef |A and f |B are coarse maps, and the inversef−1(C)⊆ ( f |A)−1[C]∪
( f |B)−1[C], so f−1(C) is bounded. Hencef is a coarse map. �

Corollary 3.1. Let p: X → R be a controlled map, A= {(x, t) ∈ X×R | t ≤ p(x)},
and B= {(x, t) ∈ X×R | t ≥ p(x)}, p: X → R, so X×R= A∪B.

Suppose that f: X×R→Y is a map such that the restrictions f|A and f|B are
coarse maps. Then f is a coarse map.

Proof. It is enough to show thatX×R=A∪B is a coarsely excisive decomposition.
To prove thatX × R = A∪ B is a coarsely excisive decomposition, letm ⊆

X×R×X×Rbe an entourage. Without loss of generality, suppose thatm is sym-
metric, andm=m1×m2 wherem1 ⊆X×X, m2 ⊆ R×Rare symmetric entourages
containing the diagonal.

Let (z,w) ∈ X ×R be such that(z,w) ∈ m[A]∩m[B], so there exists(x,s) ∈ A
and (y, t) ∈ B such that((x,s),(z,w)) ∈ m, that is, (x,z) ∈ m1, (s,w) ∈ m2 and
((z,w),(y, t)) ∈ m, that is(z,y) ∈ m1, (w, t) ∈ m2. By definition of A andB, we
have

s≤ p(x), t ≥ p(y), and eitherw≥ p(z), or w≤ p(z).

We prove the case whens≤ p(x), t ≥ p(y), andw ≥ p(z), the other cases are
identical.

So we have
s≤ p(z) or s≥ p(z)

and
t ≤ p(z) or t ≥ p(z)

By symmetery of the entouragesm1 andm2, we have(p(z),w)∈ [p× p(m1)]
sm2.

Now let M = m1× [p× p(m1)]
sm2 whereM depends onm and the controlled

mapp. Then((z, p(z)),(z,w)) ∈ M, and this means(z,w) ∈ M(A∩B), and we are
done. �

Proof of Theorem 3.2: Let f : X →Y be a coarse map, thenf is coarsely ho-
motopic to itself using a constant coarse homotopyF : IpX →Y such thatF(x, t) =
f (x), x ∈ X where p: X → R is some controlled map. ThenF(x,0) = f (x) =
F(x, p(x)+1) and sincef is a coarse map, thenF is also.

Let f ,g: X →Y be coarse maps such thatf is coarsely homotopic tog, so there
exists a coarse homotopyF : IpX → Y, wherep: X → R is some controlled map
such thatF(x,0) = f (x), andF(x, p(x)+1) = g(x).

Define a new coarse mapG: IpX →Y by G(x, t) = F(x, p(x)+1− t), thenG is
a coarse homotopy fromg to f .
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To show this, we first see that(p+1) is a controlled map since for an entourage
M ⊆ X ×X, then p+ 1(M) is an entourage as the mapp is controlled. Then by
definition of a generalised ray, the set

{(p(x)+1−s, p(y)+1− t) | (x,y) ∈ M, 0≤ s≤ p(x)+1, 0≤ t ≤ p(y)+1}

is an entourage.
Now sinceF is a coarse map, it is easy to show that the mapG is coarse. This

proves that the equivalence relation is symmetric.
Now, we prove that the equivalence relation is transitive. Let f : X →Y, g: X →

Y andh: X → Y be coarse maps such thatf is coarsely homotopic tog andg is
coarsely homotopic toh.

So we can define two coarse homotopiesH : IpX → Y andG: IqX → Y such
thatH(x,0) = f (x), H(x, p(x)+1) = g(x) = G(x,0), andG(x,q(x)+1) = h(x) for
all x∈ X wherep: X → R andq: X → R are some controlled maps, andp+q is
controlled by proposition 2.1. Define the mapH +G: Ip+qX →Y as follow

(H+G)(x, t)=







H(x,2t) 0≤ t ≤ (p(x)+1)/2
G(x,2t − (p(x)+1)) (p(x)+1)/2≤ t ≤ ((p+q)(x)/2)+1
G(x,q(x)+1) ((p+q)(x)/2)+1≤ t ≤ (p+q)(x)+1

Note that the mapsK,L : IpX → IpX defined byK(x, t) = (x,2t) and L(x, t) =
(x,2t − (p(x) + 1)) are coarse maps, and the maps((p+ q)/2) + 1: X → R and
(p+ 1)/2: X → R are controlled. Now the mapH +G is a coarse homotopy by
corollary 3.1. �

Lemma 3.4. Let f : X → Y be a map, and i: A →֒ X be a coarse equivalence.
Suppose that the restriction f|A is a coarse map, then f is coarse.

Proof. Sincei is a coarse equivalence, there exists a coarse mapg: X → A such
thatg◦ i andi ◦g are close to 1A and 1X.

We havef ◦ i = f |A. Then f ◦ i ◦g= f |A ◦g, but i ◦g is close to 1X and f ◦1X is
close tof , so thenf is close tof |A ◦g, and f |A ◦g is a coarse map.

Now we need to show thatf is controlled.
Let M = {( f |A ◦g(x), f (x)) : x∈ X}. By closenessM is an entourage.
Let E be an entourage inX ×X, then f × f (E) ⊆ Mt{ f |A ◦ g(x), f |A ◦ g(y)) :

(x,y) ∈ E}M. Since f |A ◦g is coarse,{ f |A ◦g(x), f |A ◦g(y)) : x,y ∈ E} is an en-
tourage, and alsoMt so the composite is an entourage. This shows thatf is a
controlled map.

Now let B ⊆ Y be bounded, andM the entourage defined above thenM[B] is
bounded. Sincef |A ◦g is coarse, we have( f |A ◦g)−1(M[B]) is bounded. Letx∈
f−1(B), then f (x) ∈ B and sof |A ◦g(x) ∈ M[B] which meansf−1[B] is contained
in ( f |A ◦g)−1(M[B]), so f−1[B] is bounded. Hencef is a coarse map, and we are
done. �
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Theorem 3.5. Let fi : X → Y and gi : Y → Z be coarse maps where i= 0,1. If
f0 is coarsely homotopic to f1 and g0 is coarsely homotopic to g1, then g0 ◦ f0 is
coarsely homotopic to g0◦ f1 and g0◦ f1 is coarsely homotopic to g1◦ f1. Further,
then g0◦ f0 is coarsely homotopic to g1◦ f1.

Proof. Let F : IpX →Y define a coarse homotopy between the coarse mapsf0 and
f1 such thatF(x,0) = f0(x) andF(x, p(x)+1) = f1(x) for all x∈X wherepX : X →
R is some controlled map, andG: IqY → Z define a coarse homotopy between the
coarse mapsg0 andg1 such thatG(y,0) = g0(y) andG(y,q(x)+1) = g1(y) for all
y∈Y wherepY : Y → R is some controlled map.

Define the mapK : IpX → Z by K(x, t) = g0 ◦F(x, t). ThenK defines a coarse
homotopy betweeng0 ◦ f0 andg0 ◦ f1. Now we define the mapH : Iq◦ f1X → Z by
H(x, t) = G( f1(x), t), then againH defines a coarse homotopy betweeng0 ◦ f1 and
g1 ◦ f1. By theorem (3.2) we haveg0◦ f0 is coarsely homotopic tog1◦ f1. �

Lemma 3.6. The projection mapπ : IpX → X defined byπ(x, t) = x where x∈ X
and t∈ R is a coarse homotopy equivalence where p: X → R is some controlled
map.

Proof. Define the inclusion mapi : X →֒ IpX by the formulai(x) = (x,0). Then
π ◦ i = 1X, and we can define a coarse homotopyH : Ip◦π(IpX) → IpX (which is
also a controlled homotopy) between the mapi ◦π : IpX → IpX and the identity on
IpX wherei ◦π(x, t) = (x,0) as follows;

H((x, t),s) =

{

(x,s+ t) s≤ p(x)
(x,0) s> p(x)

The mapsπ, i andH are coarse maps, soH defines a coarse homotopy between
i ◦π and the identity onIpX. �

Lemma 3.7. Let f : X →Y be a map, and i: A →֒ X be a coarse homotopy equiv-
alence. Suppose that the restriction f|A is a coarse map, then f is coarse.

Proof. Sincei is a coarse homotopy equivalence, there exists a coarse mapg: X →
A such thatg◦ i andi ◦g are coarse homotopic to 1A and 1X .

We havef ◦ i = f |A. Then f ◦ i ◦g= f |A ◦g, but i ◦g is coarse homotopic to 1X

and by theorem (3.5) the mapf ◦1X is coarse homotopic tof . Since f is coarse
homotopic tof |A ◦g, and sincef |A ◦g is a coarse map, we must have that the map
f is a coarse map. �

4. THE QUOTIENT COARSE COFIBRATION CATEGORY

Let QCrs be thequotient coarse categoryconsisting of all non-unital coarse
spaces and closeness equivalence classes of coarse maps. Denote the class of a
coarse mapf by [ f ]. In [6], Luu proved that the quotient coarse category has
all non-zero limits and colimits. This is good as we can provethat the push out
diagram exists in this category easily.
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Definition 4.1. Let A, X be non-unital coarse spaces. A coarse map f: A→ X is
called acoarse cofibrationif given a coarse map g: X →Y, some controlled map
p: X →R and a coarse homotopy F: Ip◦ f A→Y such that g( f (a)) =F(a,0) for all
a∈ A, t ∈ R, we can find a coarse homotopy G: IpX →Y such that g(x) = G(x,0)
for all x ∈ X, G( f (a), t) = F(a, t) for all a ∈ A, t ∈ R.

This definition is illustrated by the following commutativediagram:

X

##❋
❋❋

❋❋
❋❋

❋❋
g

++❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲

A

!!❇
❇❇

❇❇
❇❇

❇❇

f
==④④④④④④④④④

IpX
G // Y

Ip◦ f A

<<②②②②②②②② F

33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

Lemma 4.1. Let f,g: X →Y be close maps between non-unital coarse spaces. If
f is a coarse cofibration, then g is a coarse cofibration. If f isa coarse homotopy
equivalence, then g is a coarse homotopy equivalence.

Proof. First, suppose thatf is close tog andg is a coarse cofibration, we need
to show that f is a coarse cofibration. Letp: Y → R be some controlled map,
h: Y → Z be a coarse map, andF : Ip◦ f X → Z be a coarse homotopy such that
F(x,0) = h( f (x)) for all x∈ X.

Since f is close tog, so p◦ f is close top◦g which implies that the cylinders
Ip◦ f X andIp◦gX are coarsely equivalent.

Let K : Ip◦gX → Ip◦ f X be a coarse equivalence such thatK(x,0) = (x,0) for all
x∈ X.

Define a mapF
′
: Ip◦gX → Z by

F
′
(x, t) =

{

h◦g(x) t = 0
F ◦K(x, t) otherwise

But F
′
is close toF, and sinceF is a coarse map, by lemma (3.1) we haveF

′
is a

coarse map, andF
′
(x,0) = h◦g(x).

Now sinceg is a coarse cofibration, there is a coarse homotopyG: IpY → Z
such thatG(y,0) = h(y) for all y∈Y, andG(g(x), t) = F

′
(x, t) for all x∈ X, t ∈ R.

Define a mapG
′
: IpY → Z by

G
′
(y, t) =







h(y) t = 0
F(x, t) y= f (x)
G(y, t) otherwise

But G
′
is close toG, and sinceG is a coarse map, by lemma (3.1) we have thatG

′

is a coarse map. Thereforef is a coarse cofibration.
The second statement is straightforward. �



94 NADIA E. GHEITH MOHAMAD AND PAUL D. MITCHENER

Considering the above lemma, we have the following definition.

Definition 4.2. Let X, Y be non-unital coarse spaces. We call a closeness class
[ f ] : A→X acoarse cofibration classif the representative coarse map f is a coarse
cofibration. A closeness class[ f ] : A→ X is called acoarse homotopy equivalence
classif the representative coarse map f is a coarse homotopy equivalence as de-
fined in definition (3.4).

Lemma 4.2. Let X be a coarse space, p: X → R be some controlled map. Let
[i] : A →֒ X be an inclusion class in the quotient coarse category, thenthe inclusion
class [ j] : X ×{0} → IpAA∪ (X ×{0}) is a coarse homotopy equivalence class,
where pA = p |A.

Proof. Define a closeness equivalence class[π] : IpAA∪ (X×{0}) → X ×{0} by
π(x, t) = (x,0) for all x ∈ A or t = 0. Thenπ is a representative coarse map, and
[π◦ j] = [1X×{0}]. Define a controlled mapp0 : X×{0}→ Rby p0(x,0) = p(x) for
all x∈X, so we can define a coarse homotopy class[H] : Ip0◦π(IpAA∪(X×{0}))→
IpAA∪ (X ×{0}) between the class[ j ◦ π] and the identity on[IpAA∪ (X ×{0})]
where j ◦π(x, t) = (x,0) for all x∈ X as follows;

H((x, t),s) =

{

(x,s+ t) s≤ p0◦π(x, t)
(x,0) s> p0◦π(x, t)

The classesπ, j, andH are closeness equivalence classes so[H] defines a coarse
homotopy class between[ j ◦ π] and the identity class that defined on the space
IpAA∪ (X×{0}). �

Lemma 4.3. Let X be a non-unital coarse space, p: X → R be some controlled
map. Let i: A →֒ X be an inclusion, where pA = p |A. Write

(IpAA)∪ (X×{0}) = {(x, t) ∈ IpX : x∈ A or t = 0}

Let j : (IpAA)∪ (X×{0}) →֒ IpX be the obvious inclusion. Then the following are
equivalent;

(1): [i] : A →֒ X is a coarse cofibration class.
(2): Suppose we have an equivalence class[ f ] : (IpAA)∪(X×{0})→Y, then

there exists a coarse homotopy G: IpX →Y such that G◦ j = f .
(3): There is a coarse homotopy class[r] : IpX → (IpAA)∪ (X ×{0}) such

that r(x, t) = (x, t) for all (x, t) ∈ (IpAA)∪ (X×{0}).

Proof. First note that sincepA = p|X and i is the inclusion, thenpA(a) = p(i(a))
andpA is a controlled map.

((1) ⇒ (2)) Let [ f ] : (IpAA)∪ (X×{0}) →Y be a closeness equivalence class,
then f is a representative coarse map. Define a mapf0 : X ×{0} → Y by f0 =
f |X×{0}, andH : IpAA→Y such thatH = f |IpAA. Then f0, H are coarse maps, and
since[i] is a coarse cofibration class, soi is a coarse cofibration. This means that
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there exists a coarse homotopyG: IpX → Y such thatG(i(a), t) = H(a, t) for all
a∈ A, t ∈ Rand so thenG◦ j(x, t) = f (x, t).

((2) ⇒ (3)) Suppose that[I ] : (IpAA)∪ (X ×{0}) → (IpAA)∪ (X ×{0}) is the
identity class, soI is the representative identity map. By (2) there exists a coarse
homotopy class[r] : IpX → (IpAA)∪(X×{0}) such thatr ◦ j = I , that is,r( j(x, t)) =
r(x, t) = (x, t) for all (x, t) ∈ (IpAA)∪ (X×{0}).

((3)⇒ (2)) Suppose we have a coarse homotopy class[r] : IpX → (IpAA)∪(X×
{0}) such thatr(x, t) = (x, t) for all (x, t) ∈ (IpAA)∪ (X×{0}).

Let [ f ] : (IpAA)∪ (X×{0})→Y be a closeness equivalence class, thenf is the
representative coarse map. So we can define a coarse homotopyG: IpX → Y by
writing G(x, t) = f (r(x, t)). ThenG◦ j(x, t) = G(x, t) = f (r(x, t)) = f (x, t), so
G◦ j = f .

((2) and(3)⇒ (1)) Let [i] : A→X be a closeness equivalence class. We need to
prove that the representative coarse mapi is a coarse cofibration. LetF : IpAA→Y
be a coarse homotopy andg: X →Y be a coarse map such thatF(a,0) = g(i(a))
for all a∈ A. By (3) we have a coarse homotopyr : IpX → (IpAA)∪ (X×{0}) such
that r(x, t) = (x, t) for all (x, t) ∈ (IpAA)∪ (X×{0}).

Define a mapf0 : X×{0}→Y by f0(x,0) = g(x). Then f0 is a coarse map. Let
f : (IpAA)∪(X×{0})→Y be a map such thatf |X×{0} = f0 and f |IpAA=F, we need
to show thatf is a coarse map. Since the inclusionX×{0} →֒ (IpAA)∪ (X×{0})
is a coarse homotopy equivalence by lemma (4.2) and since themap f0 is a coarse
map, so by lemma 3.7, the mapf is coarse as required.

Therefore by (2) there exists a coarse homotopyG: IpX →Y defined byG(x, t)=
f ◦ r(x, t), and thenG(x,0) = f0(x,0) = g(x), for all x ∈ X, and G(i(a), t)) =
f r(i(a), t) = f (a, t) = F(a, t) for all a ∈ A, t ∈ R. Therefore[i] is a coarse cofi-
bration class. �

Theorem 4.4. The quotient coarse category Qcrs is a Baues cofibration category.
The weak equivalences are the coarse homotopy equivalence classes, and the cofi-
brations are the coarse cofibration classes.

Proving this theorem requires us to prove the following results in order to satisfy
the axioms required of a Baues cofibration category.

Proposition 4.1. Let [ f ] : X →Y be an isomorphism in the quotient coarse cate-
gory. Then[ f ] is both a coarse cofibration class and coarse homotopy equivalence
class.

Proof. Let [ f ] be an isomorphism, thenf is the representative coarse map, so we
have a coarse mapg: Y → X such thatg◦ f is close to 1X, f ◦ g is close to 1Y.
Therefore by example (3.1) the mapf is a coarse homotopy equivalence. Hence
[ f ] is a coarse homotopy equivalence class.
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Now let F : IpY◦ f X → Z be a coarse homotopy wherepY : Y → R is some con-
trolled map. Leth: Y → Z be a coarse map such thatF(x,0) = h( f (x)) for all
x∈ X.

Define a mapG: IpYY→Z byG(y, t)=F(g(y), t), thenG( f (x), t)=F(g( f (x)), t)
for all x∈ X, t ∈ R, andG(y,0) = F(g(y),0) = h( f ◦g(y)) for all y∈Y.

But by assumption we haveg◦ f is close to 1X , f ◦g is close to 1Y which implies
thath◦ f ◦g is close toh. ThereforeG |Y×{0} is close toh andG |IpY f (X)

is close toF .

Now define another mapG
′
: IpYY → Z by

G
′
(y, t) =







h(y) t = 0
F(x, t) y= f (x)
G(y, t) otherwise

But G
′
is close toG, and sinceG is a coarse map so by lemma (3.1) we haveG

′

is a coarse map. Thereforef is a coarse cofibration, and hence[ f ] is a coarse
cofibration class. �

The next two axioms follow immediately from the definitions.

Proposition 4.2. Consider two equivalence classes[ f ] : X → Y and[g] : Y → Z.
If any two of the morphisms[ f ], [g] and [g f ] are coarse homotopy equivalence
classes, then so is the third. �

Proposition 4.3. Composition of coarse cofibration classes is a coarse cofibration
class. �

Proposition 4.4. Let X, Y be non-unital coarse spaces, and let[i] : X →Y be an
equivalence class that is both a coarse cofibration class anda coarse homotopy
equivalence class. Then there is a coarse map[r] : Y → X such that[r ◦ i] = [1X ].

Proof. Since[i] is a coarse homotopy equivalence class, the mapi is a coarse ho-
motopy equivalence which means that there exists a coarse map h: Y → X such
thath◦ i andi ◦h are coarsely homotopic to 1X , 1Y respectively.

So we have a coarse homotopyF : IpX →X such thatF(x,0)= h(i(x)), F(x, p(x)+
1) = x for all x∈ X. Without loss of generality, we can assumep= qi for a con-
trolled mapq: Y → R. Sincei is a coarse cofibration, there exists a coarse homo-
topy G: IqY → X such thatG(y,0) = h(y) for all y∈Y, andG(i(x), t) = F(x, t) for
all x∈ X, t ∈ R.

Define a coarse mapr : Y → X by the formular(y) = G(y,q(y)+ 1). By con-
struction we haver ◦ i(x) = G(i(x), pY(i(x))+ 1) = F(x, pY(i(x))+ 1) = x for all
x∈ X. Hence[r ◦ i] = [1X]. �

The following definition comes from [6].

Definition 4.3. Suppose that(X,εX) is a non-unital coarse space, Y is any set, and
f : X →Y is any map.

Thepush-forwardcoarse structure ofεX along f is defined by;
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f∗εX =< {( f × f )(F) : F ∈ εX}>.

The following obvious proposition also comes from [6].

Proposition 4.5. Suppose that(X,εX) is a non-unital coarse space, and f: X →Y
is any locally proper map. Then f∗εX is the minimum coarse structure on Y which
makes f into a coarse map.�

Definition 4.4. Let f,g: A→X be coarse maps between non-unital coarse spaces.
TheCoequalizerof [ f ], [g] is defined by writing Coeq([ f ], [g]) = X, equipped with
the coarse structure

εCoeq([ f ],[g]) =< εX, f∗εA,g∗εA,{( f ×g)(F) : F ∈ εA}>X,

together with the identity map in level of setsθ : X → Coeq([ f ], [g]) (which is a
coarse map).

The proof of the following lemma is found in [6].

Lemma 4.5. Let f,g: A→ X be coarse maps between non-unital coarse spaces.
The coarse space Coeq([ f ], [g]) is a coequalizer of[ f ] and [g] (in the category-
theoretic sense) in the category Qcrs.�

Definition 4.5. Let A, X, and Y be coarse spaces between non-unital coarse spaces.
Suppose that we have coarse maps i: A→ X and f: A→Y. Then we define

X∨AY =Coeq([ĩ], [ f̃ ])
where

ĩ : A
i // X

iX // X⊔∞ Y, f̃ : A
f

// Y
iY // X⊔∞ Y

are the representative coarse maps and X⊔∞ Y is the disjoint union in definition
(2.9).

Theorem 4.6. Let X, Y , and A be non-unital coarse spaces, suppose we have
equivalence classes of two coarse maps[i] : A→ X, [ f ] : A→Y. Then we have a
push out diagram in the quotient coarse category.

X
[ f

′
]
// X∨AY

A

[i]

OO

[ f ]
// Y

[i
′
]

OO

Proof. Define the classes[ĩ] : A → X ⊔∞ Y, [ f̃ ] : A → X ⊔∞ Y by [ĩ] = [iX ◦ i] and
[ f̃ ] = [iY ◦ f ] whereiX and iY are the representative inclusion maps, so the mapsĩ
and f̃ are representative coarse maps.

Now the mapθ : X⊔∞ Y →Coeq([ĩ], [ f̃ ]) is the identity map at the level of sets,
and clearly it is a coarse map. So we can factor the representative mapsi

′
, f

′
as

follows;

Y
iY // X⊔∞ Y

θ // X∨AY X
iX // X⊔∞ Y

θ // X∨AY
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respectively, whereiY, iX are the inclusions. Sinceθ, iY, andiX are coarse maps,
theni

′
, f

′
are also coarse maps.

Let g: X⊔∞ Y → Z be a map defined by writing

g(x) =

{

g1(x) x∈ X
g2(x) x∈Y

theng is coarse such thatg◦ ĩ is close tog◦ f̃ . Let h: X∨AY → Z be the same map
(as a set map) asg, then clearlyg= h◦θ. Hence[g] = [h] ◦ [θ]. We need to show
that [h] is a unique coarse map.

First sinceg◦ ĩ is close tog◦ f̃ , thenh is controlled. Second, suppose that
B⊆ Z is a bounded subset, andW ⊆ X∨AY is a unital subspace, then we can write
W = θ(W′

) for some unital subspaceW
′
⊆ X⊔∞ Y.

Now sinceg is a locally proper map, then(g |W′ )−1(B) is bounded, butg= h◦θ,
and(g |W′ )−1(B) = (θ |W′ )−1((h |θ(W′

))
−1)(B)). Sinceθ is surjective,h |−1

W (B) is
bounded. Thereforeh is locally proper. Henceh is a coarse map.

Now h◦ ĩ(a) = h(θ(iy(i(a)))) = h(θ(i(a))), and
h◦ f̃ (a) = h(θ(iy( f (a)))) = h(θ( f (a))) for all a∈ A.
To check uniqueness, consider another coarse mapl : X∨AY → Z such thatg is

close tol ◦θ. We need to show thatl is close toh, so letE ⊆ X∨AY×X∨AY be
an entourage.

Clearly if E ⊆ X⊔∞ Y×X⊔∞ Y, then(l ×h)(E) is an entourage. Now letE =
(ĩ × f̃ )(F) for someF an entourage inA. Since the mapg is close tol ◦θ, g◦ ĩ is
close tol ◦θ◦ f̃ . Therefore

h× l((ĩ × f̃ )(F)) = ((g◦ ĩ)× (l ◦θ◦ f̃ ))(F)

which is an entourage inZ as needed. �

Proposition 4.6. Let [i] : A→ X be a coarse cofibration class, and let[ f ] : A→Y
be an equivalence class of a coarse map f . Then in the push-outdiagram:

X
[ f

′
]
// X∨AY

A

[i]

OO

[ f ]
// Y

[i
′
]

OO

the map[i
′
] is a coarse cofibration class.

Proof. The above theorem proves the first part. We need to show that[i
′
] is a coarse

cofibration class, so it is enough to show thati
′
is a coarse cofibration.

Suppose thatq: X⊔∞ Y → R is some controlled map,F : Iq◦i′Y → Z is a coarse

homotopy, andg: X⊔∞ Y → Z is a coarse map such thatF(y,0) = g(i
′
(y)) for all

y∈Y.
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Define a mapG: Iq◦i′◦ f A → Iq◦i′Y by G(a, t) = ( f (a), t) for all a ∈ A, thenG

is a coarse map. Sinceq◦ i
′
◦ f = q◦ f

′
◦ i by the above push out diagram, then

the cylindersIq◦i′◦ f A and Iq◦ f ′◦iA are the same. The mapF ◦G: Iq◦ f ′◦iA → Z is

a coarse homotopy such thatF ◦G(a,0) = F( f (a),0) = g(i
′
( f (a))) = g( f

′
(i(a)))

for all a∈ A by the above push out diagram.
By the universal property we haveg

′
: X → Z defined byg

′
(x) = g( f

′
(x)) for all

x∈ X, theng
′
is a coarse map andF ◦G(a,0) = g

′
(i(a)) for all a∈ A.

Since the class[i] is a coarse cofibration class,i is a coarse cofibration which
implies that there is a coarse homotopyH : Iq◦ f ′X → Z such thatH(x,0) = g

′
(x)

for all x ∈ X, H(i(a), t) = F ◦G(a, t) for all a ∈ A, t ∈ R. We can define a new
coarse homotopyH

′
: Iq(X⊔∞ Y)→ Z by writing

H
′
( f

′
(x), t) = H(x, t), H

′
(i

′
(y), t) = F(y, t).

Let w∈ X⊔∞ Y such thatw= f
′
(x) or w= i

′
(y) x∈ X, y∈Y, then

H
′
(w,0) = H

′
( f

′
(x),0) whenw= f

′
(x), andH

′
(i

′
(x),0)) whenw= i

′
(x).

This is equivalent to saying

H(x,0) = g( f
′
(x)), andF(y,0) = g(i

′
(y)).

Then by the aboveH
′
(w,0) = g(w) for all w ∈ X ⊔∞ Y, andH

′
(i

′
(y), t) = F(y, t)

for all y ∈ Y. Hencei
′

is a coarse cofibration which implies that[i
′
] is a coarse

cofibration class. �

Proposition 4.7. Let [i] : A → X be a coarse homotopy equivalence class, and
let [ f ] : A→Y be an equivalence class of a coarse map f . Then in the push-out
diagram:

X
[ f

′
]
// X∨AY

A

[i]

OO

[ f ]
// Y

[i
′
]

OO

the map[i
′
] is a coarse cofibration class.

Proof. Suppose that[i] is a coarse homotopy equivalence class, theni is a coarse
homotopy equivalence, and there exists a coarse maph: X → A such thati ◦h is
coarsely homotopy toidX , andh◦ i is coarsely homotopy toidA. The mapi

′
is

defined byi
′
(y) = π(y) for all y∈Y.

Now define a mapr : X⊔∞ Y →Y by

r(π(y)) = y, y∈Y, and, r(π(x)) = f ◦h

A similar argument in theorem (4.6) shows that the mapr is a coarse map.
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The compositesr ◦ i
′
(y) = r(π(y)) = y for all y∈Y, i

′
◦ r(π(y)) = i

′
(y) = π(y),

andi
′
◦ r(π(x)) = i

′
( f ◦h(x)), by the push out diagram this implies thati

′
◦ f ◦h=

f
′
◦ i ◦h, but i ◦h is coarsely homotopic to the identityidX .
By theorem (3.5), we havef

′
◦ i ◦h is coarsely homotopic tof

′
, and therefore

i
′
◦ r is coarsely homotopic toidX⊔∞Y. Hencei

′
is a coarsely homotopy equivalence

which implies thati
′
is a coarse homotopy equivalence. �

Definition 4.6. Let [ f ] : X → Y be the closeness equivalence class of a coarse
map, and p: X → R be a controlled map. Then we definethe mapping cylinder
of [ f ], Cf to be the push out IpX ∨X Y which is defined to be Coeq([ f̃ ], [ĩ]) where
f̃ : X → IpX⊔∞ Y andĩ : X → IpX⊔∞ Y are coarse maps.

Proposition 4.8. We have a coarse cofibration class[i] : X → Cf and a coarse
homotopy equivalence class[r] : Cf →Y such that[ f ] = [r ◦ i].

Proof. Let θ : IpX X⊔∞ Y →Cf be the coequalizer coarse map. Then we define the
mapsi : X →Cf , r : Cf →Y by

i(x) = θ(x,0)
r(θ(y)) = y, y∈Y andr(θ(x, t)) = f (x),x∈ X, t ∈ R

Sinceθ is a coarse map, theni is also, and by a similar argument to that in theorem
(4.6) we show thatr is a coarse map.

Define a maps: Y →Cf by s(y) = θ◦ iY(y), for all y∈Y, thens is a coarse map,
andr ◦s= 1Y and by proposition (3.6), the mapX →֒ IpXX is a coarse homotopy
equivalence. Thereforer is a coarse homotopy equivalence by the push out diagram
and proposition (4.7). This implies that any coarse map close to r is a coarse
homotopy equivalence. Hence[r] is a coarse homotopy equivalence class, and that
f = r ◦ i.

Now we need to prove that[i] : X →Cf is a coarse cofibration class. First,i is
a coarse map since it is a composite of two coarse maps, so it isenough to show
that i is a coarse cofibration. Letq: Cf → R be a controlled map. Suppose we
are given a coarse homotopyF : Iq◦gX → Z and a coarse maph: Cf → Z such that
F(x,0) = h(i(x)) for all x∈ X.

We can define a mapG: IqCf → Z by writing G(θ(y), t) = h(θ(y)) for all y∈Y,
and

G(θ(x,s), t)=































h(θ(x,s− t
2)) 0≤ s≤ (q(i(x))+1)/2, t ≤ 2s

F(x, t −2s) 0≤ s≤ (q(i(x))+1)/2, t ≥ 2s
h(θ(x,q(i(x))+1−s− t

2)) (q(i(x))+1)/2 ≤ s≤ q(i(x))+1,
t ≤ 2(q(i(x))+1)−2s

F(x,s−q(i(x))+1+ t
2) (q(i(x))+1)/2 ≤ s≤ q(i(x))+1,

t ≥ 2(q(i(x))+1)−2s

The maps(x,s, t) 7→ g(π(x,s− t
2)), (x,s, t) 7→ g(π(x,q(i(x))+1−s− t

2)), (x,s, t) 7→
F(x, t −2s), (x,s, t) 7→ F(x,s−q(i(x))+1+ t

2) are all controlled. Using the same
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argument as in lemma (3.3 (2)), the set

{(x,s, t) : 0≤ s≤ (q(i(x))+1)/2}∪{(x,s, t) : (q(i(x))+1)/2≤ s≤ q(i(x))+1}

is coarsely excisive decomposition.
Now since the mapsg◦π andF are both controlled maps on the sets{(x,s, t) :

0≤ s≤ (q(i(x))+1)/2} and{(x,s, t) : (q(i(x))+1)/2≤ s≤ q(i(x))+1}, by corol-
lary 3.1 (2), the mapG is controlled on the set

{(x,s, t) : 0≤ s≤ (q(i(x))+1)/2}∪{(x,s, t) : (q(i(x))+1)/2≤ s≤ q(i(x))+1}

It is clear thatF(x,0) = g(π(x,0)) whent = 2sandt = 2(q(i(x))+1)−2s. Hence
we have thatG is a coarse homotopy as required. �

Using the above results, we can prove theorem (4.4) as follows;
Proof of Theorem (4.4): Axiom (C1) is proposition (4.1), proposition (4.2),

and proposition (4.3). Axiom (C2) is proposition (4.4). Axiom (C3) is proposition
(4.6), and the last axiom (C4) is just proposition (4.8). �

Now since we have proved an important theorem that shows our quotient coarse
category Qcrs is a Baues cofibration category [(4.4)], it is not hard to prove the
following result (see [11]).

Proposition 4.9. Let [ f ] : A → Y be a coarse homotopy equivalence class in the
quotient coarse cofibration category, Then in the push out diagram

X
[ f

′
]
// X∨AY

A

[i]

OO

[ f ]
// Y

[i
′
]

OO

the map[ f
′
] : X → X∨AY is a coarse homotopy equivalence class. �

Corollary 4.1. The inclusions i0, i1 : X →֒ IpX are coarse cofibrations where p: X →
R is some controlled map.

Proof. The cylinder IpX is the mapping cylinder of the identityX → X where
p: X → R is some controlled map. It follows by proposition (4.8) thatthe in-
clusion map[i0] is a coarse cofibration. The mapκ : IpX → IpX defined by the
formula

κ(x, t) = (x, p(x)+1− t)

is an isomorphism, and the mapi1 is the compositionκ◦ i0.. �
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