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COARSE EXAMPLES OF BAUES COFIBRATION CATEGORY

NADIA E. GHEITH MOHAMAD AND PAUL D. MITCHENER

ABSTRACT. Inthis article, we set up a framework for homotopy theorgoarse
geometry by defining a notion of cofibration for coarse maps.sWbw that the
axioms of a Baues cofibration category hold.

1. INTRODUCTION

Many aspects of topology have an analogue notion in coarsmefey with
respect to large scale properties; see [8,9, 13, 15]. Fangbea there is a notion
of coarse homotopy which is an analogue of the notion of hopyotn topology
[13-15].

The usual framework for axiomatic homotopy theory is thaa @uillen model
category [3,12]. Unfortunately, the axioms required foagegory to be a Quillen
model category are hard to prove in the coarse setting. Batreduced a weaker
notion of cofibration category in [1, 2] as a generalizatida Quillen model cate-

gory.

Definition 1.1. A cofibration categorys a categoryC with two classes of mor-
phismscof of cofibrations andv.e. of weak equivalences. These are to satisfy:

C1: Composition axiom: Isomorphisms are both cofibrations aadkequiv-
alences. If f and g are composable morphismg”jnf two of the three
morphisms f, g, and gf are weak equivalences, then so is itk fhhe
composite of cofibrations is a cofibration.

C2: Push out axiom: For a cofibration:iA — X and a morphism fA —Y
there exists the push out

!

f
X ——= XUpY
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f
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and i is a cofibration. Moreover;
(a): if f is a weak equivalence, so is, f
(b): ifiis a weak equivalence, so is i
C3: Factorization axiom: For any map:fX — Y in C there exists a commu-

tative diagram
DA

z
where i is a cofibration and g is a weak equivalence.

Before stating the last axiom, we need to introduce anotkénition. A morphism
in a cofibration categoryC is called atrivial cofibrationif it is both a weak equiv-
alence and a cofibration. An object Shis called afibrant modelif each trivial
cofibration i S— Q in C admitsamaprQ — S, where ri=1s. We callr a
retractionof i.

C4: Axiom on fibrant models: For each object X dhthere is a trivial cofi-

bration X < SX where SX is a model fibrant @ We call X< SX a
fibrant model ofX.

In this article, we show that natural notions of weak eq@mak and cofibration
in coarse geometry give us a Baues cofibration categorytsteion the category
of coarse spaces and coarse maps. For certain axioms imydiviits and colimits,
we need to use the notion of non-unital coarse spaces (ee [6]
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2. COARSE GEOMETRY AND GENERALISED RAY

In the large scale we can define an abstract coarse spacenm @éentourages
[5,8,15,16].
This definition comes from [8].

Definition 2.1. Let X be a set. Then X is calledumital coarse spac it is
equipped with aoarse structurelefined to be a collectionof subsets M of X X
called entouragesatisfying the following axioms:

(1): fM cgand M C M, then M €.

(2): Let Mg, M3 € €, then MUM; € €, and MM € € where MM, = {(X,2) |
(X,y) € M1, (y,2) € My for some . We call MM the compositeof M;
and M.

(3): Ax € e whereAx = {(x,X) : x € X}.
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(4): UyeeM = X x X.
(5): fM eg, M = {(y,x) | (x,y) € M} €&.

We can uséX, €) to refer to a coarse space when we need to emphasise the-collec
tion of entourages.
A subset M is calledymmetricif M = M!.

A non-unital coarse spacis a coarse space defined as above, but we drop the
axiom whereAy must be an entourage.

In the nonunital case, we get many more coarse maps. Comgbguesing
nonunital coarse spaces, it becomes extremely easy tawoingtonzero) categor-
ical products in the coarse category, see [6]. Initially,Us focus on the unital
case.

Definition 2.2. Let X and Y be unital coarse spaces. Thenama@ £ Y is said
to becontrolledor coarsely uniformif for every entourage M- X x X, the image

FIM] = {(f(x), f(y)) : (xy) e M}

is an entourage. A controlled map f is calledarseif the inverse image of a
bounded set is also bounded.

Definition 2.3. We call two coarse maps d: X — Y close and write f~cs g, if
the set{(f(x),g(x)) | x e X} is an entourage,.

A coarse magd : X — Y is called acoarse equivalenci there is a coarse map
g: X — Y such that the compositiorfse g andgo f are close to the identity maps
1x and X respectively.

We call two coarse spacesandY coarsely equivalerit a coarse equivalence
f: X =Y exists.

A subsetB C X is said to beboundedif the inclusionB — X is close to a
constant map, or equivalently if it takes the foktix) = {y: (x,y) € M} for some
entourageM C X x X and pointx € X.

Definition 2.4. Let X be a set and a collection of subsets of X X. Thecoarse
structure generated lgyis the minimum coarse structure on X that contan¥Ve
write this structure(e).

Note that here we dootassume that the coarse structure generated by a collec-
tion is unital.
The following definition comes from [5].

Definition 2.5. Let X be a Hausdorff space. A coarse structure on X is said to be
compatible with the topologif every entourage is contained in an open entourage,
and the closure of any bounded set is compact. We call a Haffisgpace equipped
with a coarsre structure compatible with the topologgaarse topological space
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Any coarse topological space is locally compact, and thexbed sets are pre-
cisely those which are precompact.

Example 2.1. Let (X,d) be a proper metric space. Then d induces a coarse struc-
ture on X, which is callednetric structuresuch that:

Let D = {(x,y) € X x X | d(x,y) <r}. Then EC X x X is an entourage if
E C Dy, for some r> 0.

The coarse space X equipped with the metric coarse struid@reoarse topo-
logical space if X is locally compact.

The following definition comes from [9].

Definition 2.6. Let R be the topological spad¢@, «) equipped with a coarse struc-
ture compatible with the topology. We call the space Beaeralised rayf the
following conditions hold.

e Let M,N C Rx R be entourages. Then the sum
M+N={(u+xv+y)| (uv) e M,(xy) € N}

is an entourage.
e Let MC Rx R be an entourage . Then the set

MS={(u,V) € Rx R|X< UV <y, (xy) € M}

is an entourage.
e Let NC Rx R be an entourage , andeaR. Then the set

a+N={(a+xa+y)|(xy) €N}
is an entourage.

For example, the spade, (with the metric coarse structure) is a generalised
ray.

Proposition 2.1. Let X be a coarse space, and let R be a generalised ray. Let
p,q: X — R be controlled maps, thenpq is a controlled map.

Proof. Let M C X x X be an entourage. Then the image¥l], q[M] are en-
tourages. Now

(p+a)[M]={((p+a)(x), (P+a)(y)) : (xy) € M} C pM]+q[M]
which implies that p+ q)[M] is an entourage. Henge+ q is controlled. O
Definition 2.7. Let X and Y be coarse spaces, equipped with collections of en-
touragesex and ey respectively. Then we define thductof X and Y to be the

Cartesian product X< Y equipped with the coarse structure defined by forming
finite compositions, unions of entourages, and all subdedstourages in the set

{MxN:Me€ex,Ncey}.
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Unfortunately, the above product is not a product in thegmtetheoretic sense
since the projectionpy : X xY — X andpy: X xY — Y are not in general coarse
maps. We shall see that there is a solution to this issue iwthel of non-unital
coarse spaces.

Now we define two different coarse versions of disjoint urdboarse spaces.

The following definition comes from [7].

Definition 2.8. Let X and Y be coarse spaces. Then we defindij@nt unionto
be the set X1Y equipped with the coarse structure given by defining treueagies
to be subsets of unions of the form

MUNU (Bx x By) U (By x By)
where MC X x X and NCY x Y are entourages, ancdBBy C X and B, B, CY
are bounded subsets. We denote this disjoint union by X
The following result is easy to check.

Proposition 2.2. Let X and Y be coarse spaces, R be a generalised ray. Let
px: X = R and p:Y — R be controlled maps. TheniXY the map puy: XU
Y — R defined by the formula

_f px(x) xeX
Pxuy (X) = { py(X) xeY
is a controlled map. O

Definition 2.9. Let X and Y be coarse spaces. Then we define another type of
disjoint unionto be the set X1Y equipped with the coarse structure given by
defining the entourages to be subsets of unions of the forrMhere MC X x X

and NCY x Y are entourages. We denote this disjoint union hy.X .

The spaceX L Y is a non-unital coarse space even wheandY are unital
coarse spaces.
The following is also easy to check.

Proposition 2.3. Let X and Y be coarse spaces, R be a generalised ray. Let
px: X = Rand g:Y — R be controlled maps. ThenlX, Y is a coarse space,
and the map p .v: XY — R defined by the formula

px(x) xeX

Pxuay () = { py(X) xeY
is a controlled map. O
3. NON-UNITAL COARSEMAPS AND COARSEHOMOTOPY

In this section, we define a notion of locally proper, coarsgsnbetween non-
unital coarse spaces, and a coarse version of abstract bpyrgioups.
The following definitions are prompted from [6].
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Definition 3.1. Let X, Y be coarse spaces andX — Y a map.

o We call f alocally proper mayif f |, is proper whenever XC X is a unital
coarse subspace, that is, the inverse image of a bounded Sef Bnder
the map f, is bounded.

e We call f acoarse map between non-unital coarse spifités a controlled
and locally proper map.

Any proper map is locally proper, but the converse in not gbmaue.
We define two maps between non-unital coarse spaces besgatdollows.

Definition 3.2. Let f,g: X — Y be two coarse maps between non-unital coarse
spaces. We say that f i$oseto g if for any unital subspace X_ X, we have £
is close to ¢, in sense of definition (2.3).

We call f acoarse equivalence between non-unital coarse sphdeg is a
coarse equivalence in sense of definition (2.3) whenever X is a unital coarse
subspace.

Let X be a topological space. The produci [0,1] is called a cylinder oiX.
We need to define a coarse version of the topological cylimderder to define a
coarse version of homotopy.

The following definition comes from [10].

Definition 3.3. Let X be a coarse space, R be a generalised ray, and p> R be
some controlled map. Then we define pheylinderof X:

[p X ={(xt) e XxR|t < p(x)+1}

The p-cylinder is a coarse space. We define the project’iompﬁ — R by the for-

mula p(x,t) = p(x) +t and we define coarse mapsii: X — I,X by the formula
io(X) = (x,0) and h(x) = (X, p(X) + 1) respectively.

Our aim in this work is to define a Baues cofibration categoryhencategory
of non-unital coarse spaces. The above definition yieldasidg homotopy and
mapping cylinder which are vital to the axioms.

Definition 3.4. Let fp, f1: X — Y be unital coarse maps. doarse homotophe-
tween §, f1 is a coarse map H1p,X — Y for some controlled map: X — R such
that fp = Hoig and f = H oiy respectively.

We say the mapsy,ffi: X — Y are coarsely homotopic between non-unital
coarse spacei$ fo|,/ is coarsely homotopic to; f,, whenever XC X is a uni-
tal coarse subspace.

A coarse map f X — Y is termedcoarse homotopy equivalendethere is a
coarse map gY — X such that the compositionsog and fog are coarsely
homotopic to the identitietx and 1y respectively.
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The proof of the following lemma is found in [4] in the unitehge. The non-
unital case follows easily.

Lemma 3.1. Let fp, f1: X — Y be close maps between coarse spacesy i§ &
controlled map, then;fis a controlled map. If §is a coarse map, then, fs a
coarse map. If fis a coarse equivalence, theni$ a coarse equivalence. I fs
a coarse homotopy equivalence, thensfa coarse homotopy equivalence. [

Example 3.1. Let X and Y be coarse spaces, and letp— R be a controlled
map. Consider two close coarse mapsf{: X — Y. Then we can define a coarse
homotopy H I,X — Y between the mapg dénd f; by the formula

f t<1
Hixo = { P00 1

Thus, close coarse maps are also coarse homotopic. In p&tjany coarse
equivalence is a coarse homotopy equivalence.

Theorem 3.2.Let X, Y be coarse spaces. Coarse homotopy defines an equgizale
relation on the set of all coarse maps from X to Y.

Recall that ifX is a coarse spac®) C X x X is an entourage, ardl C X, then
we write

MIA] = {(a,b) e M | a€ A}.
The following definition comes from [9].

Definition 3.5. We call a union X= AU B coarsely excisive decompositidinfor
any entourage m X x X, there is an entourage M X x X such that fAjnm[B| C
M[ANBJ.

Lemma 3.3. Let f: X —Y be amap. Let X AUB be a coarsely excisive decom-
position such that the restrictiongfand f|g are coarse maps. Then f is a coarse
map.

Proof. For any entourag®, we have thaM UM is a symmetric entourage, so
without loss of generality, lehh C X x X be a symmetric entourage containing the
diagonal. We need to show that the imagm| is an entourage.

The setsf[mn (A x A)] and f[mN (B x B)] are entourages aga and f|g are
controlled maps. Itis therefore enough to show tHaiN (A x B)] and f [mN (B x
A)] are entourages.

Pick a symmetric entouragd containingm such thaim/A] " m[B] C M[ANB].
Let (x,y) € mN (A x B). Thenx e Anm[B] andy € BNm[A] so

]
xe ANM[ANB] y e BOhM[ANB]
so(xy) € MN(M[ANB] x M[ANB]).
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By hypothesis, the imag&[M N (M[A x B] x M[AN B])] is an entourage, so
fimn (A x B)] is also an entourage. Similarly, the imafgnn (B x A)] is an
entourage, so the mdpis controlled.

Now letC C Y be a bounded subset, thei{A) ~1[C] and( f|B) ~*[C] are bounded
subsets sincé|A and f |B are coarse maps, and the invefsé(C) C (f|A)~1[C]uU
(f|B)~L[C], so f~%(C) is bounded. Hencé is a coarse map. O

Corollary 3.1. Let p: X — R be a controlled map, A {(x,t) € X x R|t < p(x)},
and B= {(x,;t) e XxR|t > p(X)}, p: X - R, so Xx R=AUB.

Suppose that fX x R—Y is a map such that the restrictiongsfand f|g are
coarse maps. Then f is a coarse map.

Proof. Itis enough to show that x R= AUB s a coarsely excisive decomposition.

To prove thatX x R= AUB is a coarsely excisive decomposition, hatC
X x Rx X x Rbe an entourage. Without loss of generality, supposenthisisym-
metric, andmn = my x mp wherem; C X x X, mp, C Rx Rare symmetric entourages
containing the diagonal.

Let (zw) € X x R be such thatz, w) € mA] N m[BJ, so there exist$x,s) € A
and (y,t) € B such that((x,s),(z,w)) € m, that is, (x,z) € my, (S,w) € mp and
((zw),(y,t)) € m, that is(z,y) € my, (w,t) € mp. By definition of A andB, we
have

s< p(x), t > p(y), and eithew > p(z), orw < p(z).

We prove the case when< p(x), t > p(y), andw > p(z), the other cases are
identical.
So we have
s< p(z) ors> p(2)
and
t<p(z) ort>p(z)
By symmetery of the entourages andmy, we have(p(z),w) € [px p(m)]*mp.
Now letM = my x [p x p(my)]*m, whereM depends omm and the controlled
mapp. Then((z p(z)),(z,w)) € M, and this mean&z,w) € M(ANB), and we are
done. O

Proof of Theorem 3.2: Let f: X — Y be a coarse map, thenis coarsely ho-
motopic to itself using a constant coarse homotbpyl ;X — Y such thaf (x,t) =
f(x), x € X wherep: X — R is some controlled map. Then(x,0) = f(x) =
F(x, p(x) + 1) and sincef is a coarse map, theénis also.

Let f,g: X —Y be coarse maps such thais coarsely homotopic tg, so there
exists a coarse homotogy: 1,X — Y, wherep: X — Ris some controlled map
such thaf (x,0) = f(x), andF (x, p(x) + 1) = g(x).

Define a new coarse m&p: I,X — Y by G(x,t) = F(x, p(x) + 1—t), thenGis
a coarse homotopy frompto f.
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To show this, we first see thép-+ 1) is a controlled map since for an entourage
M C X x X, thenp+ 1(M) is an entourage as the mags controlled. Then by
definition of a generalised ray, the set

{(pX)+1—=s, p(y)+1-t)| (xy) €M, 0<s<p(x)+1, 0<t < p(y)+1}

iS an entourage.

Now sinceF is a coarse map, it is easy to show that the 1iGap coarse. This
proves that the equivalence relation is symmetric.

Now, we prove that the equivalence relation is transitivet . X —Y,g: X —
Y andh: X — Y be coarse maps such thiais coarsely homotopic tg andg is
coarsely homotopic tb.

So we can define two coarse homotopkes X — Y andG: IgX — Y such
thatH (x,0) = f(x), H(x, p(x) + 1) = g(x) = G(x,0), andG(x,q(x) + 1) = h(x) for
all x e X wherep: X — Randq: X — R are some controlled maps, apd-q is
controlled by proposition 2.1. Define the mep+G: I, X — Y as follow

H(x,2t) 0<t<(p(x)+1)/2
(H+G)(x,t){ G(x,2t = (p(x)+1)) (p(x)+1)/2<t<((p+a)(x)/2)+1
G(x,q(x) +1) (P+a)(x)/2) +1<t<(p+a)(x)+1

Note that the map&,L: 1pX — 1pX defined byK(x,t) = (x,2t) and L(x,t) =
(x,2t — (p(x) + 1)) are coarse maps, and the mdpp+q)/2)+1: X — Rand
(p+1)/2: X — Rare controlled. Now the mad + G is a coarse homotopy by
corollary 3.1. O

Lemma 3.4. Let f: X —Y be a map, and:iA — X be a coarse equivalence.
Suppose that the restriction fis a coarse map, then f is coarse.

Proof. Sincei is a coarse equivalence, there exists a coarsegnap— A such
thatgoi andiogare close to A and 1.

We havef oi = f|a. Thenfoiog= f|aog, butiogis close to X andf o 1x is
close tof, so thenf is close tof [ao g, andf|aogis a coarse map.

Now we need to show thdtis controlled.

LetM = {(f|acg(X), (X)) : x € X}. By closenes$/ is an entourage.

Let E be an entourage iX x X, thenf x f(E) C M{f[a0g(X), flacg(y)) :
(x,y) € E}M. Sincef|aogis coarse{f|aog(x),flacg(y)):xye€ E} is an en-
tourage, and als! so the composite is an entourage. This shows fhist a
controlled map.

Now let B C Y be bounded, an¥ the entourage defined above theiB] is
bounded. Sincé |ao(g is coarse, we havéf [ao0g)~1(M[B]) is bounded. Lek ¢
f=1(B), thenf(x) € B and sof | o g(x) € M[B] which meansf ~1[B] is contained
in (flaog)~1(M[B]), so f~1[B] is bounded. Hencé is a coarse map, and we are
done. OJ
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Theorem 3.5. Let f: X —Y and g: Y — Z be coarse maps where=i 0,1. If
fg is coarsely homotopic to, fand g is coarsely homotopic to;gthen go fg is
coarsely homotopic toggp f; and gyo f1 is coarsely homotopic to,@ f1. Further,
then g o fp is coarsely homotopic toi@ f;.

Proof. LetF: I,X — Y define a coarse homotopy between the coarse rfigqusd

f1 such thaf (x,0) = fo(x) andF (X, p(x) +1) = f1(x) for all xe X wherepx : X —
Ris some controlled map, arf8l: IY — Z define a coarse homotopy between the
coarse mapgp andg; such thaG(y,0) = go(y) andG(y,q(x) + 1) = ga(y) for all

y € Y wherepy: Y — Ris some controlled map.

Define the magK: IpX — Z by K(x,t) = goo F(X,t). ThenK defines a coarse
homotopy betweegg o fop andggo f;. Now we define the mapl : lq.1,X — Z by
H(x,t) = G(f1(x),t), then agairH defines a coarse homotopy betwegr f; and
g1 o f1. By theorem (3.2) we hawg o fg is coarsely homotopic tg, o f. 0

Lemma 3.6. The projection mapt: 1,X — X defined byr(x,t) = x where xe X
and t€ R is a coarse homotopy equivalence whereXp— R is some controlled
map.

Proof. Define the inclusion map: X — [,X by the formulai(x) = (x,0). Then

Toi = 1x, and we can define a coarse homotdpy | por(1pX) — 1,X (which is

also a controlled homotopy) between the mapt: 1,X — |,X and the identity on
IpX wherei o TI(X,t) = (x,0) as follows;

_ [ (xs+1) s<p(x)
Hix0.9={ beor? SS80
The mapsr, i andH are coarse maps, $b defines a coarse homotopy between
i otand the identity onpX. O

Lemma 3.7. Let f: X —Y be a map, and:iA— X be a coarse homotopy equiv-
alence. Suppose that the restrictiofp fs a coarse map, then f is coarse.

Proof. Sincel is a coarse homotopy equivalence, there exists a coarsg map»
A such thagoi andi o g are coarse homotopic ta and X .

We havef oi = f|a. Thenfoiog= f|aog, butiogis coarse homotopic toxl
and by theorem (3.5) the mdjo 1x is coarse homotopic td. Sincef is coarse
homotopic tof |4 0 g, and sincef |5 o g is a coarse map, we must have that the map
f is a coarse map. O

4. THE QUOTIENT COARSE COFIBRATION CATEGORY

Let QCrs be thequotient coarse categorgonsisting of all non-unital coarse
spaces and closeness equivalence classes of coarse mapste be class of a
coarse mapf by [f]. In [6], Luu proved that the quotient coarse category has
all non-zero limits and colimits. This is good as we can prthet the push out
diagram exists in this category easily.
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Definition 4.1. Let A, X be non-unital coarse spaces. A coarse map £ X is
called acoarse cofibratioif given a coarse map:gX — Y, some controlled map
p: X — Rand a coarse homotopy:Hp.+A—Y such that ¢f (a)) = F(a,0) for all
ac A, te R, we can find a coarse homotopy (X — Y such that ¢x) = G(x,0)
forallx € X, G(f(a),t) =F(at) forallac A, teR.

This definition is illustrated by the following commutatiiagram:

Lemma 4.1. Let f,g: X — Y be close maps between non-unital coarse spaces. If
f is a coarse cofibration, then g is a coarse cofibration. If &isoarse homotopy
equivalence, then g is a coarse homotopy equivalence.

Proof. First, suppose that is close tog andg is a coarse cofibration, we need
to show thatf is a coarse cofibration. Lgi: Y — R be some controlled map,
h:Y — Z be a coarse map, arfé: |,,+X — Z be a coarse homotopy such that
F(x,0) = h(f(x)) for all x € X.

Sincef is close tog, sopo f is close topo g which implies that the cylinders
Ipof X andlp.gX are coarsely equivalent.

LetK: IpgX — lpot X be a coarse equivalence such tkak, 0) = (x,0) for all
xe X.

Define a magF : lpogX — Z by

' | hog(x) t=0
Fxt) = { FoK(xt) otherwise

But F is close toF, and sinceF is a coarse map, by lemma (3.1) we h&vds a
coarse map, anfl’ (x,0) = hog(x).

Now sinceg is a coarse cofibration, there is a coarse homo@py,Y — Z
such thaiG(y,0) = h(y) for all y € Y, andG(g(x),t) = F (x,t) forall x e X,t € R
Define a magG : 1,Y — Z by

, hy) t=0
Gyt)=4{ F(xt) y=f(x
G(y,t) otherwise
But G is close toG, and sinces is a coarse map, by lemma (3.1) we have tBat

is a coarse map. Therefofes a coarse cofibration.
The second statement is straightforward. O
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Considering the above lemma, we have the following defimitio

Definition 4.2. Let X, Y be non-unital coarse spaces. We call a closeness clas
[f]: A— X acoarse cofibration claskthe representative coarse map f is a coarse
cofibration. A closeness clagf: A— X is called acoarse homotopy equivalence
classif the representative coarse map f is a coarse homotopy alpuige as de-
fined in definition (3.4).

Lemma 4.2. Let X be a coarse space,: X — R be some controlled map. Let
[i] : A— X be an inclusion class in the quotient coarse category, thernclusion
class[j]: X x {0} — I,,AU (X x {0}) is a coarse homotopy equivalence class,
where p = p |a.

Proof. Define a closeness equivalence clags I, AU (X x {0}) — X x {0} by
T(x,t) = (x,0) for all x e Aort = 0. ThenTtis a representative coarse map, and
[Tt0 j] = [1x x 03] Define a controlled mapg: X x {0} — Rby po(x,0) = p(x) for

all x e X, so we can define a coarse homotopy cl&ls | y,on(lp AU (X x {0})) —
IpnAU (X x {0}) between the clasf§ o 17 and the identity orjl,, AU (X x {0})]
wherej oTi(x,t) = (x,0) for all x € X as follows;

= { (g SR

The classest, j, andH are closeness equivalence classefgalefines a coarse
homotopy class betweel) o 1] and the identity class that defined on the space
IpaAU (X x {0}). O

Lemma 4.3. Let X be a non-unital coarse space; ¥ — R be some controlled
map. Leti: A< X be an inclusion, whereap= p |a. Write

(IpaA) U (X x {0}) = {(x,t) e IpX :xe Aort=0}

Let j: (Ip,A) U(X x {0}) — IpX be the obvious inclusion. Then the following are
equivalent;

(1): [i] : A— X is a coarse cofibration class.

(2): Suppose we have an equivalence c[d$s (Ip,A)U(X x {0}) =Y, then
there exists a coarse homotopy X — Y suchthat G j = f.

(3): There is a coarse homotopy clags: 1,X — (Ip,A) U (X x {0}) such
that r(x,t) = (x,t) for all (x,t) € (Ip,A)U (X x {0}).

Proof. First note that sincga = p|x andi is the inclusion, thempa(a) = p(i(a))
andpa is a controlled map.

(1) = (2)) Let [f]: (IpnhA)U(X x {0}) — Y be a closeness equivalence class,
then f is a representative coarse map. Define a fiapX x {0} — Y by fo =
f [xx{0}, @ndH : Ip,A— Y such thaH = f "pAA' Thenfy, H are coarse maps, and
sinceli] is a coarse cofibration class, sis a coarse cofibration. This means that
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there exists a coarse homoto@y 1,X — Y such thatG(i(a),t) = H(a,t) for all
acAteRandsotherGo j(x,t) = f(xt).

((2) = (3)) Suppose thafl]: (Ip,A)U (X x {0}) = (IpaA) U (X x {0}) is the
identity class, sd is the representative identity map. By (2) there exists assoa
homotopy clas§]: 1pX — (Ip,A)U(X x {0}) suchthato j =1, thatis,r(j(x,t)) =
r(x,t) = (xt) forall (x,t) € (Ip,A) U (X x {0}).

((8) = (2)) Suppose we have a coarse homotopy didsspX — (1p,A) U (X x
{0}) such thar (x,t) = (x,t) for all (x,t) € (Ip,A) U (X x {0}).

Let [f]: (Ip,A)U(X x {0}) — Y be a closeness equivalence class, thésthe
representative coarse map. So we can define a coarse hont@tdgX — Y by
writing G(x,t) = f(r(x,t)). ThenGo j(xt) = G(x,t) = f(r(xt)) = f(xt), so
Goj="f.

((2)and(3) = (1)) Let]i]: A— X be a closeness equivalence class. We need to
prove that the representative coarse migg coarse cofibration. Lét: |, A—Y
be a coarse homotopy agd X — Y be a coarse map such thata,0) = g(i(a))
for allae A. By (3) we have a coarse homotopyl,X — (Ip,A) U (X x {0}) such
thatr(x,t) = (x,t) for all (x,t) € (Ip,A) U (X x {0}).

Define a magfy: X x {0} — Y by fo(x,0) = g(x). Thenfy is a coarse map. Let
f: (InA)U(Xx{0}) =Y be amap such thdty (o; = foandf|;, o=F, we need
to show thatf is a coarse map. Since the inclusrx {0} — (1,,A) U (X x {0})
is a coarse homotopy equivalence by lemma (4.2) and sinaealpd is a coarse
map, so by lemma 3.7, the mdps coarse as required.

Therefore by (2) there exists a coarse homotBpy,X — Y defined byG(x,t) =
for(xt), and thenG(x,0) = fo(x,0) = g(x), for all x € X, andG(i(a),t)) =
fr(i(a),t) = f(a,t) = F(at) for all a€ A, t € R. Thereforeli] is a coarse cofi-
bration class. O

Theorem 4.4, The quotient coarse category Qcrs is a Baues cofibratiorgcaye
The weak equivalences are the coarse homotopy equivaltasses, and the cofi-
brations are the coarse cofibration classes.

Proving this theorem requires us to prove the following ltssn order to satisfy
the axioms required of a Baues cofibration category.

Proposition 4.1. Let [f]: X — Y be an isomorphism in the quotient coarse cate-
gory. Then[f] is both a coarse cofibration class and coarse homotopy etgrica
class.

Proof. Let [f] be an isomorphism, thefis the representative coarse map, so we
have a coarse may: Y — X such thatgo f is close to %, fogis close to .
Therefore by example (3.1) the mdps a coarse homotopy equivalence. Hence
[f] is a coarse homotopy equivalence class.
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Now letF: Ip,.X — Z be a coarse homotopy whepg: Y — Ris some con-
trolled map. Leth: Y — Z be a coarse map such thatx,0) = h(f(x)) for all
xe X.

Defineamayis: lp, Y — Z by G(y,t) =F(g(y),t), thenG(f(x),t) =F (g(f(x)),t)
forallx e X,t € R, andG(y,0) = F(g(y),0) =h(fog(y)) forallye Y.

But by assumption we hag f is close to %, f ogis close to ¥ which implies
thatho fog is close toh. ThereforeG |y, g, is close toh andG ||MX) is close toF.

Now define another ma@': lp,Y — Z by

, hy) t=0
G(yt)=4q F(xt) y="f(x
G(y,t) otherwise
But G is close toG, and sinceG is a coarse map so by lemma (3.1) we h&ve

is a coarse map. Thereforfeis a coarse cofibration, and hendg is a coarse
cofibration class. O

The next two axioms follow immediately from the definitions.

Proposition 4.2. Consider two equivalence classgs: X — Y and[g]: Y — Z.
If any two of the morphismg|, [g] and [gf] are coarse homotopy equivalence
classes, then so is the third. O

Proposition 4.3. Composition of coarse cofibration classes is a coarse cdfdma
class. O

Proposition 4.4. Let X, Y be non-unital coarse spaces, andjiletX — Y be an
equivalence class that is both a coarse cofibration classaedarse homotopy
equivalence class. Then there is a coarse mapY — X such thafr oi] = [1x].

Proof. Sinceli] is a coarse homotopy equivalence class, the msa coarse ho-
motopy equivalence which means that there exists a coarpehmé — X such
thathoi andioh are coarsely homotopic to(11ly respectively.

So we have a coarse homotdpy |, X — X such thaf (x,0) = h(i(x)), F (x, p(x) +
1) = x for all x € X. Without loss of generality, we can assume- gi for a con-
trolled mapq: Y — R. Sincei is a coarse cofibration, there exists a coarse homo-
topy G: IqY — X such thaG(y,0) = h(y) for ally € Y, andG(i(x),t) = F(x,t) for
alxe X;teR

Define a coarse map Y — X by the formular (y) = G(y,q(y) +1). By con-
struction we have oi(x) = G(i(x), py(i(x)) + 1) = F(x, py(i(x)) + 1) = x for all
x € X. Hence[r oi] = [1x]. O

The following definition comes from [6].

Definition 4.3. Suppose thatX,ex ) is a non-unital coarse space, Y is any set, and
f: X =Y isany map.
Thepush-forwardcoarse structure ofy along f is defined by;
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fiex =< {(f x f)(F):F eex} >.
The following obvious proposition also comes from [6].

Proposition 4.5. Suppose thatX,ex) is a non-unital coarse space, and X —Y
is any locally proper map. Then.sdy is the minimum coarse structure on 'Y which
makes f into a coarse malpl

Definition 4.4. Let f,g: A— X be coarse maps between non-unital coarse spaces.
TheCoequalizeof [f], [g] is defined by writing Coddf], [g]) = X, equipped with
the coarse structure

€coeq(f][g) =< &, f+€a,0:€a. {(f X 9)(F) : F € ea} >x,

together with the identity map in level of sé&sX — Coed|f],[g]) (which is a
coarse map).

The proof of the following lemma is found in [6].

Lemma 4.5. Let f,g: A— X be coarse maps between non-unital coarse spaces.
The coarse space Cogd, [g]) is a coequalizer off] and [g] (in the category-
theoretic sense) in the category Qdrs.

Definition 4.5. Let A, X, and Y be coarse spaces between non-unital coarsespa
Suppose that we have coarse map&i— X and f: A— Y. Then we define

XVaY =Coed]i],[f])
where
~ i i ~ f i
Ao X — X XY, frA— VY 2 XU,Y
are the representative coarse maps andli.XY is the disjoint union in definition
(2.9).

Theorem 4.6. Let X, Y, and A be non-unital coarse spaces, suppose we have
equivalence classes of two coarse mapsA — X, [f]: A— Y. Then we have a
push out diagram in the quotient coarse category.

[f']
X —= XVaY

[HT T[i/]
[f]
A Y

Proof. Define the classeB|: A — XU Y, [f]: A— XU Y by [I] = [ix oi] and
[f] = [iy o f] whereix andiy are the representative inclusion maps, so the maps
and f are representative coarse maps.

Now the ma: X Li» Y — Coeq([i],[f]) is the identity map at the level of sets,
and clearly it is a coarse map. So we can factor the representaapsi, f' as

follows;

Y XY — 2 X VaY X% X Y —2 o XVAY
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respectively, wheréy, iy are the inclusions. Sind® iy, andix are coarse maps,
theni’, f are also coarse maps.
Letg: XU« Y — Z be a map defined by writing

01(x) xeX
g(x):{ gz(x) xeY

theng is coarse such thatoi is close tago f. Leth: X VoY — Z be the same map
(as a set map) ag then clearlyg = ho 8. Hence[g] = [h] o [0]. We need to show
that[h] is a unique coarse map.

First sincegoi is close togo f, thenh is controlled. Second, suppose that
B C Zis a bounded subset, aélC X VAY is a unital subspace, then we can write
W = B(W') for some unital subspadt’ C X L, Y.

Now sincegis a locally proper map, the |,/ )~1(B) is bounded, bug = ho#,
and (g [y)~*(B) = (8 [yy) (N [gw))~)(B)). Sinced is surjectiveh W (B)is
bounded. Thereforkis locally proper. Hencé is a coarse map.

Now hol(a) = h(8(iy(i(a)))) =h(8(i(a))), and

ho f(a) = h(B(iy(f(a)))) =h(6(f(a))) forallac A.

To check uniqueness, consider another coarselmAp/aY — Z such thag is
close tol 0 6. We need to show thatis close toh, so letE C X VAY x X VAY be
an entourage.

Clearly if E C XU Y x XL Y, then(l x h)(E) is an entourage. Now I& =
(i x f)(F) for someF an entourage i\ Since the mag is close td 08, goi is

close tol 000 f. Therefore

hx I((ix f)(F)) = ((goi) x (1080 f))(F)
which is an entourage iB as needed. O

Proposition 4.6. Let[i]: A— X be a coarse cofibration class, and [ét: A—Y
be an equivalence class of a coarse map f. Then in the pustiramram:

fl
X —[>]X\//_\Y

[HT T[i']
[f]

A——Y
the map[i'] is a coarse cofibration class.

Proof. The above theorem proves the first part. We need to shovi fhiata coarse
cofibration class, so it is enough to show thas a coarse cofibration.
Suppose that: X Us Y — Ris some controlled may; : lgoi! Y = Z is a coarse

homotopy, and): X . Y — Z is a coarse map such thaty,0) = g(i/(y)) for all
yevy.
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Define a mapG: I (A — 1g,Y by G(a,t) = (f(a),t) for all a € A, thenG
is a coarse map. Sinapi o f =qo f oi by the above push out diagram, then
the cylindersl (A andl, ¢ ;A are the same. The mdpoG: | ¢ ;A — Zis
a coarse homotopy such tHab G(a,0) = F(f(a),0) = g(i' (f(a))) = g(f (i(a)))
for all a € A by the above push out diagram.

By the universal property we hage: X — Z defined byg (x) = g(f'(x)) for all
x € X, thend is a coarse map arfdo G(a,0) = g (i(a)) for all a e A.

Since the clas§] is a coarse cofibration classis a coarse cofibration which
implies that there is a coarse homotdfy lgot X = Z such thatH (x,0) = g (x)
for all x € X, H(i(a),t) = FoG(a,t) for allac A, t € R We can define a new
coarse homotopyl": lq(X U Y) — Z by writing

H'(£/(0,t) =H(xt), H'(i'(y),t) = F(%,1).
Letw € X L, Y such thav= f'(x) orw=i'(y) xe X,y €Y, then
H'(w,0) = H'(f'(x),0) whenw= f (x), andH (i (x),0)) whenw =i (x).
This is equivalent to saying

H(x,0) = g(f'(x)), andF(y,0) = g(i' (y)).

Then by the abovéd' (w,0) = g(w) for all w e X L, Y, andH'(i' (y),t) = F(y,t)
for all y € Y. Hencei is a coarse cofibration which implies thaf is a coarse
cofibration class. O

Proposition 4.7. Let [i]: A— X be a coarse homotopy equivalence class, and
let [f]: A=Y be an equivalence class of a coarse map f. Then in the push-ou
diagram: )
f
X —[>] XVaY

[HT T[i/]
[f]
A——Y
the map[i'] is a coarse cofibration class.

Proof. Suppose thdli] is a coarse homotopy equivalence class, thisra coarse
homotopy equivalence, and there exists a coarsemap— A such that oh is
coarsely homotopy tidy, andhoi is coarsely homotopy tas. The mapi’ is
defined byi' (y) = mi(y) forally € Y.

Now defineamap: Xl,Y — Y by

r(n(y)) =y, yeY, and r(m(x)) = foh
A similar argument in theorem (4.6) shows that the magpa coarse map.



100 NADIA E. GHEITH MOHAMAD AND PAUL D. MITCHENER

The compositesoi' (y) = r(ti(y)) = yforally € Y, i or(m(y)) =i'(y) = m(y),
andi'or(m(x)) =i'(f oh(x)), by the push out diagram this implies thiat f oh =
f' oioh, butiohis coarsely homotopic to the identitgy .

By theorem (3.5), we havé oioh is coarsely homotopic té', and therefore
i’ or is coarsely homotopic tinly, ,_y. Hencei' is a coarsely homotopy equivalence
which implies thai’ is a coarse homotopy equivalence. O

Definition 4.6. Let [f]: X — Y be the closeness equivalence class of a coarse
map, and p X — R be a controlled map. Then we defithe mapping cylinder

of [f], C to be the push outK vVx Y which is defined to be Cogd], [i]) where
fi X = 1pXUsY andi: X — 1pX 1, Y are coarse maps.

Proposition 4.8. We have a coarse cofibration clafs: X — C; and a coarse
homotopy equivalence claf$: Cs — Y such thaff] = [r oi].

Proof. Let8: 1, XY — C¢ be the coequalizer coarse map. Then we define the
mapsi: X —C¢,r: C; — Y by
i(x) =6(x,0)
r(e(y)) =y, yeYandr(B(xt)) = f(x),xe X,teR
Sinceb is a coarse map, theris also, and by a similar argument to that in theorem
(4.6) we show that is a coarse map.

Define amags: Y — Ct by s(y) = 00iy(y), forally €Y, thensis a coarse map,
andr os= 1y and by proposition (3.6), the map— 1, X is a coarse homotopy
equivalence. Thereforrds a coarse homotopy equivalence by the push out diagram
and proposition (4.7). This implies that any coarse mapectog is a coarse
homotopy equivalence. Hen@® is a coarse homotopy equivalence class, and that
f=roi.

Now we need to prove thai]: X — Cs is a coarse cofibration class. Firsts
a coarse map since it is a composite of two coarse maps, senbisgh to show
thati is a coarse cofibration. L&} C; — R be a controlled map. Suppose we
are given a coarse homotopy. Iq.gX — Z and a coarse map: Cs — Z such that
F(x,0) = h(i(x)) for all x € X.

We can define amap: 1,Cs — Z by writing G(8(y),t) = h(6(y)) forally €Y,
and

( h(8(x,s— 1)) 0<s< (qi() +1)/2 t<2s
F(x,t —2s) t 0<s<(q(i(x))+1)/2,t>2s
h(8(x,q(i(x)) +1—s—5 qi(x))+1)/2<s<q(i(x))+1,
g4 Mexair) ) (e (g)(i(x)% 5 (i)
F(x,s—q(i(x)+1+3)  (q(i(x)+1)/2<s<q(i(x)+1,
t>2(q(i(x)+1)—2s

The mapgx,s.t) — g(M(x,5—3)), (x.5.t) = g(M(x,q(i(x)) +1-5—3)), (x,S.t) =
F(xt—2s), (x,5t) = F(x,s—q(i(x)) + 1+ 5) are all controlled. Using the same
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argument as in lemma (3.3 (2)), the set

{(xs1):0<s<(q(i(x) +1)/2tu{(xst) : (ai(x) +1)/2 < s<q(i(x)) + 1}
is coarsely excisive decomposition.

Now since the mapgo tandF are both controlled maps on the s¢g,st) :
0<s<(q(i(x))+1)/2} and{(x,s,t) : (q(i(x))+1)/2 <s<q(i(x))+ 1}, by corol-
lary 3.1 (2), the mayss is controlled on the set

{(xs1):0<s< (qi(0) +1)/2U{(xs1) 2 (qi(x) +1)/2 < s< q(i(x) + 1}
It is clear thatF (x,0) = g(11(x,0)) whent = 2sandt = 2(q(i(x)) + 1) — 2s. Hence
we have thaG is a coarse homotopy as required. O

Using the above results, we can prove theorem (4.4) as fejlow

Proof of Theorem (4.4) Axiom (C1) is proposition (4.1), proposition (4.2),
and proposition (4.3). Axiom (C2) is proposition (4.4). Ari (C3) is proposition
(4.6), and the last axiom (C4) is just proposition (4.8). O

Now since we have proved an important theorem that showsumirent coarse
category Qcrs is a Baues cofibration category [(4.4)], itas mard to prove the
following result (see [11]).

Proposition 4.9. Let [f]: A—Y be a coarse homotopy equivalence class in the
quotient coarse cofibration category, Then in the push cagim

f/
X —[>]X\//_\Y

[HT T[i/]
[f]
A——=Y
the map[f'] : X = XVAY is a coarse homotopy equivalence class. O

Corollary 4.1. The inclusionsg,i; : X — X are coarse cofibrations where X —
R is some controlled map.

Proof. The cylinderlpX is the mapping cylinder of the identit{ — X where
p: X — Ris some controlled map. It follows by proposition (4.8) thla¢ in-
clusion maplig] is a coarse cofibration. The map 1,X — |,X defined by the
formula

K(X,t) = (X, p(x) +1—t)
is an isomorphism, and the mapis the compositiork oig.. O
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