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ON 6-b—IRRESOLUTE FUNCTIONS

N. RAJESH

ABSTRACT. The concept of b-open sets was introduced by Andrijevic.
The aim of this paper is to introduce and characterize 6-b-irresolute
functions by using b-open sets.

1. INTRODUCTION

In 1965, Njastad [7] initiated the study of so called a-open sets. This
notion has been studied extensively in recent years by many topologists.
As a generalization of open sets, b-open sets were introduced and studied
by Andrijevic. This notions was further studied by Ekici [3, 4, 5], Park [§]
and Caldas et al [2]. In this paper, we will continue the study of related
functions with b-open [1] sets. We introduce and characterize the concepts
of #-b-irresolute functions and relationships between strongly b-irresolute
functions and graphs are investigated.

Throughout this paper, X and Y always refer to topological spaces on
which no separation axioms are assumed unless otherwise mentioned. For a
subset A of X, cl(A) and int(A) denote the closure of A and interior of A in
X, respectively. A subset A of X is said to be a-open [7] (resp. b-open [1])
if A C int(cl(int(A))) (resp. A C cl([(A)) U int(cl(A))). The complement
of b-open set is called b-closed [1]. The intersection of all b-closed sets of
X containing A is called the b-closure [1] of A and is denoted by bcl(A).
A set A is b-closed [8] if and only if bcl(A) = A. The union of all b-open
sets of X contained in A is called the b-interior [1] of A and is denoted
by bint(A). A set A is said to be b-regular [8] if it is b-open and b-closed.
The family of all a-open (resp. b-open, b-closed, b-regular) sets of X is
denoted by aO(X) (resp. BO(X), BC(X), BR(X)). We will set BO(X, x)
={V e BOX)|z € V} for z € X.
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2. PRELIMINARIES

A point z of X is called a b-0-cluster [8] point of S C X if bel(U)N S #
& for every U € BO(X,x). The set of all b-0-cluster points of S is called
the b-6-closure of S and is denoted by bclp(S). A subset S is said to be
b-0-closed [8] if and only if S = bclp(S). The complement of a b-6-closed set
is said to be b-6-open [8].

Theorem 2.1. [8] Let A be a subset of a topological space X. Then,
(i) A€ BO(X) if and only if bcl(A) € BR(X).
(i) A € BC(X) if and only if bint(A) € BR(X).

Theorem 2.2. [8] For a subset A of a topological space X, the following
properties hold:

(i) If A € BO(X), then bcl(A) = bcelg(A),

(i) A € BR(X) if and only if A is b-0-open and b-0-closed.

Definition 2.3. [8] A topological space X is said to be b-regular if for each
closed set F' and each x ¢ F, there exist disjoint b-open sets U and V' such
that x € U and F C V.

Theorem 2.4. [8] For a topological space X, the following properties are
equivalent:
(i) X is b-reqular;
(ii) For each open set U and each x € U, there exists V € BO(X) such
that x € V. C bel(V) C U;
(iii) For each open set U and each x € U, there exists V € BR(X) such
thatx eV C U.

Definition 2.5. A function f : X — Y is said to be b-irresolute [6] if
f~1(V) € BO(X) for every V € BO(Y).

Definition 2.6. A function f: X — Y is said to be weakly b-irresolute [10]
if for each x € X and each V- € BO(Y, f(x)), there ezists a U € BO(X, x)
such that f(U) C bel(V).

3. 0-b-IRRESOLUTE FUNCTIONS

We introduce the following definition

Definition 3.1. A function f : X — Y is said to be 0-b-irresolute if for
each © € X and each V. € BO(Y, f(z)), there exists U € BO(X,x) such
that f(bcl(U)) C bel(V).

Clearly, every b-irresolute function is #-b-irresolute and every -b-irresolute
function is weakly b-irresolute. But the converses are not true as shown by
the following example.
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Example 3.2. Let X = {a,b,c} =Y, 7 = {2,{a}, X} and 0 = {2, {b},
Y'}. Then the identity map f : (X,7) — (Y,0) is 6-b-irresolute but not
b-irresolute.

Theorem 3.3. For a function f : X — Y the following properties are
equivalent:

(i) f is O-b-irresolute;

(ii) belg(f~H(B)) € f~H(bely(B)) for every subset B of Y ;

(iii) f(bclp(A)) C belp(f(A)) for every subset A of X.

Proof. (i)=(ii): Let B be any subset of Y. Suppose that = ¢ f~!(bclp(B)).
Then f(z) ¢ bclp(B) and there exits V- € BO(Y, f(x)) such that bcl(V) N B
= . Since f is #-b-irresolute, there exists U € BO(X, x) such that f(bcl(U))
C bel(V). Therefore, we have f(bcl(U)) N B = @ and bel(U)N f~1(B) =
@. This shows that = ¢ belp(f~!(B)). Hence, we obtain bcly(f~1(B)) C

fH(bclg(B)).
(ii)=(iii): Let A be any subset of X. Then we have bcly(A

)
(f(A)) C f~1(bcly(f(A))) and hence f(bclg(A)) C bCLg( (A)).
(iii)=(ii): Let B be a subset of Y. We have f(bcly(f~1(B))) C belg(f(f*
(B))) C belp(B) and hence belg(f~1(B)) C f~(bcly(B)).

(ii)=(i): Let x € X and V € BO(Y, f(z)). Then we have bcl(V) N (Y —
bel(V)) =@ and f(z) ¢ belg(Y —bcl(V)). Hence, x ¢ f~(belg(Y —bel(V)))
and x ¢ belg(f1(Y —bcl(V))). There exists U € BO(X, z) such that bcl(U)
N 1Y —bcl(V)) = @ and hence f(bcl(U)) C bel(V). This shows that f
is f-b-irresolute. O

C belp(f!

A point z of X is called a b-f-interior point of A if there exists a b-open
set U containing x such that bcl(U) C A. The set of all b-6-interior points
of A is said to be the b-6-interior of A [8], denoted by binty(A).

Theorem 3.4. For a function f : X — Y the following properties are
equivalent:
(i) f is b-O-irresolute;
(i) f7X(V) C binty(f~L(bcl(V))) for every V € BO(Y).
(iii) belg(f~1(V)) € f~Hbcl(V)) for every V € BO(Y).

Proof. (i)=(ii): Suppose that V € BO(Y) and z € f~1(V). Then f(z) €
V' and there exists U € BO(X x) such that f(bcl(U)) C bcl(U). Therefore,
xelU Cbel(U) C f L(bcl(V)). This shows that x € bintg(f~(bcl(V))).
This shows that f=1(V) C binte(f~(bcl(V))).

(ii)=(iii): Suppose that V € BO(Y) and = ¢ f~1(bcl(V)). Then f(z) ¢
bel(V) and there exists U € BO(Y, f(z)) such that U NV = @& and hence
bcl(U) NV = @. Therefore, we have f~1(bcl(U)) N f~1(V) = @. Since
r € f~YU), by (ii), x € binte(f~1(bcl(U))). There exists W € BO(X,x)
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such that bel(W) C f=1(bcl(U)). Thus, we have bcl( )N f~YV) = @ and
hence = ¢ belg(f~1(V)). This shows that belg(f~1(V)) € f1(bel(V)).

(iii)=-(i): Suppose that x € X and V € BO(Y, f(z)). Then, VN (Y

bel(V)) = @ and f(z) ¢ bel(Y — bel(V)). Therefore, = ¢ f_l(bcl(Y -
ble(V))) and by (iii), = ¢ belg(f~1(Y —bel(V))). There exists U € BO(X, )
such that bel(U) N f~HY —bel(V)) = @. Therefore, we obtain f(bcl(U))
C bel(V). This shows that f is 6-b-irresolute. O

A function f : X — Y is said to be strongly b-irresolte [9] if for each point
x € X and each V € BO(Y, f(x)), there exists a U € BO(X,x) such that
fbel(U)) C V.

Theorem 3.5. Let Y be a b-reqular space. Then for a function f: X — Y
the following properties are equivalent:
(i) f is strongly b-irresolute;
(ii) f is b-irresolute;
(iii) f is @-b-irresolute.

Proof. (i)=-(ii): This is obvious.

(ii)=(iii): Suppose that = € X and V € BO(Y, f(x)). Since f is b
irresolute, f~1(V) is b-open and f~1(bcl(V)) is b-closed in X. Now, put U
= f~YV). Then we have U € BO(X,z) and bcl(U) C f~1(bcl(V)). There-
fore, we obtain f(bcl(U)) C bel(V). This shows that f is 6-b-irresolute.
(iii)=-(i): Suppose that z € X and V' € BO(Y, f(x)). Since Y is b-regular,
there exists W € BO(Y') such that f(x) € W C bel(W) C V. Since f is
0-b-irresolute, there exists U € BO(X, ) such that f(bcl(U)) C bel(W) C
V. This shows that f is strongly b-irresolute. ([

Theorem 3.6. Let X be a b-reqular space. Then f : X — Y is b-0-irresolute
if and only if it is weakly b-irresolute.

Proof. Suppose that f is weakly b-irresolute. Let z € X and Ve BO(Y, f(x)).
Then, there exists U € BO(X,z) such that f(U) C bcl(V). Since X is b-
regular, there exists Uy € BO(X, x) such that x € Uy C bcl(Uy) C U. There-
fore, we obtain f(bcl(Up)) C bel(V). This shows that f is f-b-irresolute. [

Lemma 3.7. [8] For the subsets A and B of X, bcl(A x B) C bcl(A4) x
bel(B).

Theorem 3.8. A function f: X — Y is 0-b-irresolute if the graph function
g: X — X XY of f, defined by g(x) = (z, f(x)) for each x € X, is
0-b-irresolute.

Proof. Suppose that g is 0-b-irresolute. Let z € X and V € BO(Y, f(z)).
Then X xV is a b-open set of X xY containing g(x). Since g is #-b-irresolute,
there exists U € BO(X, z) such that g(bcl(U)) C bel(X x V). By Lemma
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3.7, bcl(X x V) C (X xbcl(V)). Therefore, we obtain f(bcl(U)) C bel(V).
This shows that f is 6-b-irresolute. O

Lemma 3.9. [1, 5] Let A and X be subsets of a space X .
(i) If A€ BO(X) and Xy € aO(X), then AN Xy € BO(Xy);
(il) If A € BO(Xy) and Xo € aO(X), then A € BO(X).

Lemma 3.10. [8] Let A and Xy be subsets of a space X such that A C X
C X. Let bclx,(A) denote the b-closure of A with respect to the subspace
Xo.

(1) If Xo is a-open in X, then bclx,(A) C bel(A);

(ii) If A € BO(Xp) and Xo € aO(X), then bcl(A) C belx,(A).

Theorem 3.11. If f : X — Y is 0-b-irresolute and Xy is an a-open subset
of X, then the restriction f|X0 : Xo — Y is 0-b-irresolute.

Proof. For any x € Xp and any V € BO(Y, f(z)), there exists U € BO(X, x)
such that f(bcl(U)) C bcl(V) since f is #-b-irresolute. Let Uy = U N X,
then by Lemmas 3.9 and 3.10, Uy € BO(Xy,x) and bclx,(Uy) C bel(Up).
Therefore, we obtain (f|, ) (bclx,(Uo)) = f(belx, (Vo)) C f(bel(Up)) C
f(bcl(U)) C bel(V). This shows that fj, ~is 6-b-irresolute. O

Theorem 3.12. A function f : X — Y is 0-b-irresolute if for each v € X
there exists Xo € aO(X, x) such that the restriction fi, : Xo — Y is 6-b-
irresolute.

Proof. Let x € X and V € BO(Y, f(z)). There exists Xo € aO(X, x) such
that f, : Xo — Y is f-b-irresolute. Thus, there exists U € BO(Xy, x) such
(

that (fj, ) (belx,(U)) C bel(V). By Lemmas 3.9 and 3.10, U € BO(X, z)
and bcl(U) C belx, (U). Hence, we have f(bel(U)) = (f|y,) (bcl(U)) C
(fix,) (belx, (U)) C bel(V). This shows that f is 6-b-irresolute. O

Corollary 3.13. Let {U, : « € A} be an a-open cover of a topological space
X. A function f: X —'Y is 0-b-irresolute if and only if the restriction f, :
Uy — Y is 0-b-irresolute for each o € A.

Proof. The proof follows from Theorems 3.11 and 3.12. (]

Theorem 3.14. Let f: X — Y, g:Y — Z be functions and go f: X — Z
be the composition. Then the following properties hold:
(i) If f and g are b-O-irresolute, then g o f is 0-b-irresolute;
(ii) If f is strongly b-irresolute and g is weakly b-irresolute, then go f is
0-b-irresolute;
(iii) If f is weakly b-irresolute and g is 6-b-irresolute, then go f is weakly
b-irresolute;
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(iv) If f is @-b-irresolute and g is strongly b-irresolute, then g o f is
strongly b-irresolute.

Proof. The proof follows from the definitions. O

4. GRAPHS OF 0-b-IRRESOLUTE FUNCTIONS

Definition 4.1. A topological space X is said to be b-Ty [8] if for each pair of
distinct points x and y in X, there exists U € BO(X,z) and V € BO(X,y)
such that bel(U) Nbcl(V) = @.

Recall that for a function f : X — Y, the subset {(z, f(z)): = € X} of
X x Y is called the graph of f and is denoted by G(f).

Definition 4.2. The graph G(f) of a function f : X — Y s said to be
strongly b-closed [8] (resp. b-0-closed [8]) if for each (z,y) € (X xY)—G(f),
there exists U € BO(X,z) and V € BO(Y,y) such that (bcl(U) x V)NG(F)
=@ (resp. (bcl(U) xbcl(V)) N G(f) = 9).

Lemma 4.3. The graph G(f) of a function f : X — Y is b-0-closed in
X XY if and only if for each point (z,y) € (X xY) — G(f), there exist U
€ BO(X,z) and V € BO(Y,y) such that f(bcl(U)) Nbcl(V) = 2.

Proof. The proof follows from the definitions. O

Theorem 4.4. If f : X — Y is 0-b-irresolute and Y is b-Ts, then G(f) is
b-0-closed in X x Y.

Proof. Let (x,y) € (X xY)—G(f). It follows that f(x) # y. Since Y is b-T5,
there exist b-open set V and W in Y containing f(z) and y, respectively,
such that bcl(V) N bel(W) = @. Since f is §-b-irresolute, there exists U €
BO(X, z) such that f(bcl(U)) C bel(V). Therefore, f(bcl(U)) Nbcl(W) =
@ and by Lemma 4.3, G(f) is b-6-closed in X x Y. O

Recall that a space X is said to be b-Ty [8] if for any pair of distinct
points z,y of X, there exist disjoint b-open sets U and V such that x € U
and y € V.

Theorem 4.5. If f : X — Y is strongly b-irresolute and Y is b-Ts, then
G(f) is b-O-closed in X x Y.

Proof. Let (x,y) € (X xY)—G(f). It follows that f(z) # y. Since Y is b-T5,
there exist b-open sets V and W in Y containing f(z) and y, respectively,
such that VN W = & and hence V N bcl(W) = &. Since f is strongly b-
irresolute, there exists U € BO(X, z) such that f(bcl(U)) C V. Therefore,
fbel(U)) Nnbcl(W) = @ and by Lemma 4.3, G(f) is b-0-closed in X xY. O
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Theorem 4.6. Let f,g: X — Y be functions. If G(f) is b-0-closed and g
is O-b-irresolute, then the set {(x1,x2):f(x1) = g(x2)} is b-0-closed in the
product space X x X.

Proof. Let A = {(x1,22) : f(x1) = g(x2)}. Suppose (z1,22) ¢ A. Then
f(z1) # g(x2) and hence (z1,g(z2)) ¢ G(f). Since G(f) is b-0-closed,
there exist U € BO(X,z1) and W € BO(Y, g(z2)) such that f(bcl(U))
N bcl(W) = @. Since g is 6-b-irresolute, there exists Uy € BO(X, z2) such
that g(bcl(Up)) C bel(W) and hence f(bcl(U)) N g(bel(Up)) = @. Therefore,
we obtain (bcl(U) x bcl(Up)) N A = @ and hence A is b-6-closed. O

Theorem 4.7. If f : X — Y is a 0-b-irresolute function and Y is b-Tb,
then the subset A = {(x,y): f(x) = f(y)} is b-O-closed in X x X.

Proof. Since f is 6-b-irresolute and Y is b-T5, by Theorem 4.4, G(f) is b-6-
closed. Therefore, by Theorem 4.6, A is b-0-closed. ([l

Definition 4.8. A topological space X is said to be

(i) b-closed [8] if every cover of X by b-open sets has a finite subcover
whose b-closures cover X ;

(ii) countably b-closed [8] if every countable cover of X by b-open sets
has a finite subcover whose b-closures cover X.

A subset K of a space X is said to be b-closed relative to X [8] if for every
cover {V,: a € A} of K by b-open sets of X, there exists a finite subset Ag
of A such that K C [J {bcl(V,): a € Ao}

Theorem 4.9. If f : X — Y is 0-b-irresolute function and K is b-closed
relative to X, then f(K) is b-closed relative to Y.

Proof. Suppose that f : X — Y is 6-b-irresolute and K is b-closed relative
to X. Let {V,: a € A} be a cover of f(K) by b-open sets of X. For each
point € K, there exists a(x) € A such that f(z) € V(). Since f is 0-
b-irresolute, there exists U, € BO(X,z) such that f(bcl(Uz)) C bel(Vy))-
The family {U,: « € K} is a cover of K by b-open sets of X and hence there
exists a finite subset K of K such that K C |J,cx, bcl(Uz). Therefore, we
obtain f(K) C U,ex, bcl(Va(r)). This shows that f(K) is b-closed relative
to Y. ]

Corollary 4.10. If f : X — Y be a 0-b-irresolute surjection. Then the
following properties hold:

(i) If X is b-closed, then'Y is b-closed;

(ii) If X is countably b-closed, then Y is countably b-closed.
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