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STABILITY CRITERIA FOR SECOND ORDER LINEAR ORDINARY
DIFFERENTIAL EQUATIONS

GEVORG A. GRIGORIAN

ABSTRACT. We use some properties of solutions of Riccati equatiorestab-
lishing boundedness and stability criteria for solutiohserond order linear or-
dinary differential equations. We show that the conditionscoefficients of the
equations, appearing in the proven criteria, do not follognf the conditions,
which ensure the application of the WKB approximation to sieeond order
linear equations. On these examples we compare the obtegsatts wit the
results obtained by the Liapunov and Bogdanov methods, bgthad involving
estimates of solutions in the Lozinski's logarithmic norraad by the freezing
method. We compare these results with the Wazevski's theasewell.

1. INTRODUCTION

Let p(t) andq(t) be complex valued continuous functions[ty+). Consider

the equation
¢'(t) +pO)@ (1) +qt)et) =0, t=>to. (11)
Study of the boundedness and stability behavior of solstafrEq. (1.1) is an im-
portant problem of the qualitative theory of differentigiuations and many works
are devoted to it (see e.g., the book [1] and cited works thej2- 14]).
Let p(t) be continuously differentiable. In Eq. (1.1) make the sitistsdn

t ot) =E0)Y(t), t=>to, (12)
whereE(t) = exp{ -3/ p(r)dr}. We get

to

v~ e =0 t>t6 13

whereD(t) = 2p/(t) + p?(t) —4q(t), t>to. One of important methods of studying
the boundedness and stability problems of the solutiongjof E1) is the applica-
tion of the Liouville’s transformation (see [2], pp. 131,2352, 153). In the book
[5] on the basis of the Liouville’s transformation a subsitation of asymptotic rep-
resentation of the solutions of Eq. (1.3) and their denvesgiis given (see. [5], pp.
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54 - 61, WKB approximation [Wentzel-Kramers-Brillouin]lt.is assumed therein,
thatD(t) is twice continuously differentiabld)(t) # 0, t > to,Re\/D(t) > 0 for
t>>1and

+
D//(T) i D/(T)Z
to/ ‘36D(T)3/2 TEE dt < 0. (1.4
By virtue of (1.2) the WKB approximation gives possibilitydescribe wide classes
of equations (1.1) with bounded and (or) unbounded solsticiasses of stable and
(or) unstable equations (1.1) in terms of their coefficients
Assumex(t) is a nonnegative continuous function on the half [lge+). Con-

sider the Riccati equation

t)+Y2(t) =x(t), t>to. (15)
Definition 1.1. The solution yt) of Eq. (1.5) satisfying the initial condition
y(to) = +/X(to) is called differential root.

For the study of the boundedness and stability problem otisols of Eq. (1.1)
in this work the Riccati equations method is applied, whiohf{is work) basically
is an application of properties of the differential root%f]@, corresponding to
the solutions of Eq. (1.3). Unlike conditions @(t), providing of use WKB
approximation, here other restrictions are impose®n assuming the condition
A) D(t) >0, t >t, andp(t), D(t) are continuously differentiable functions; and
other conditions, different from (1.4), be satisfied. Nbi&tthe cas®(t) <0, t>
to, is studied in [10]. Boundedness and stability tests forstiiations of Eq. (1.1)
in terms of their coefficients are proved. Examples, to whiehmentioned tests
are applicable and which do not satisfy the condition (la#g,represented.

2. MAIN RESULTS
For any positive and continuously differentiable[throo) functionx(t) denote
1 X(to) (t1—to) !
Ru(to:t) +/X(to) (t1—to) p{/\/—ds} sup (VX +sup|( X(E))|
1+ /X(to) (t—to) Eefolt] \/ gl VX(E)

px( ) = inf Rx(tl,t), o <t <t.
tle[to;t]

In our main results the functions

Poi®). 11 = [[V/DT) - Regy)Jdt — 5 InD(L),
o
/\/ —Red1)] r——InD()+2In1+]p —+v/D(t)]], t>to,
o

play a crucial role
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Theorem 2.1. Let the conditions

A) D(t) >0, t >tp, and pt), D(t) are continuously differentiable functions;
and one of the following groups of conditions

B) D(t) is a nondecreasing function; for sorae- Othe function% is bounded,
C)D(t) >&€>0, t >1o, the function% is bounded ang, mpD/A(s)%dK +o0
be satisfied. Then all solutions of Eq. (1.1) are boundedi$haon+) if and only
if the function g (t) is bounded from abovctaL(rDmrl(t) = —00).

In many cases in applications of Eq. (1.1) its stability @y plays an impor-
tant role, and the property of boundedness of its solutis@sriecessary condition
for stability of Eq. (1.1). However this property (even theperty of vanishing of
all solutions to Eq. (1.1) in-) still does not guarantee the stability of Eq. (1.1).
The next theorem indicates some conditions on the coefticiaEq. (1.1) which
guarantee Liapunov stability (asymptotically stabiliof)Eq. (1.1).

Theorem 2.2. Let the condition A) and the group of conditions C) of Theogein
or the group of conditions
D) D(t) is a nondecreasing functior%(%) is bounded, be satisfied. Then Eq. (1.1)

is Liapunov stable (asymptotically) if and only if the fuantr,(t) is bounded from
above t(LIT ra(t) = —oo).

. D't .
Corollary 2d.1. LetD(t) >€>0, t>ty; % < m, t>ty, >0, a>0;
+o0 T oy . . .
b BmLi < 4o and let the condition A) be satisfied. Then the following

assertions are valid:
A1) All solutions of Eg. (1.1) are bounded (vanish emo ) if and only if the
function r (t) is bounded aboveiﬂrp ri(t) = —oo).

B1) Eq. (1.1) is Liapunov stable (asymptotically) if and orflthie function p(t) is
bounded abovetirﬂ ra(t) = —oo).

Example 2.1. Consider the equation
PO+pOEM) +at)et) =0, t>1, (21)

t
where p(t) =, qu(t)=3+2E 1 1 sirPe'dr, t>1, A= conste C. For
1

t
this equation we have @) = D;(t) =t + [sirPe'dt, t > 1, and Dy(t) is an in-
1

creasing function orl;+). Therefore for Eq. (2.1) the conditions A) and B)
hold. For Eg. (2.1) we have
t

rl(t):/[1/H—/lrsinzéds—Re)\T]dr—%In[t+/ltsin2err], t>1

1
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Hencetirpmrl(t) — {:rz: :; 22; z 8 . Therefore by Theorem 2.1 ReA > 0
then all solutions of Eqg. (2.1) vanish e and if ReA < 0 then Eq. (2.1) has
unbounded solution, i.e., Eq. (2.1) is unstable. It is nffialilt to show, that for
D(t) = D1(t) the condition (1.4) does not hold. Therefore the WKB appmaxion
is not applicable to Eq. (2.1). The substitutight) = Y(t), t > 1, in Eq. (2.1)
reduces it to the system

{ @) = W(t);

W(t) = —a(t)et) — po(t)Y(t), t=>1.

It is not difficult to verify that the application of estimatef Liapunov ([4], p. 132)
and Bogdanov ([4], p. 133), the estimate by Lozinski's ldtanic norms ([4], p.
137), as well as the estimation by freezing method ([4], ®) 18 the last system
give no result. The application of Wazevski’'s theorem tddbesystem also gives
no result. Hence these estimates and the Wazvski's thedvermg result for Eq.
(2.12).
Example 2.2. Consider the equation

@)+ pOF () FR(t)et) =0, t>1, (22)
t 2
where p(t) = At?, qz(t)z)\t+%t4—%2—%<fsinefdr> , t>1, A=consteC.
1

t 2
For this equation we have ) = D(t) =t>+ (fsinefdr) ,ra(t) =

t
f[\/TZJr(ffsineSds)z—Re)\rz} dt—ZInDa(t)+2In[1+]|pa(t) —/Da2(t)[], t > 1.
1

It is not difficult to check that the conditions A) and C) for.E(.2) hold and
for D(t) = D»(t) the condition (1.4) does not fulfill. Therefore Theorem 3.2 i
applicable to Eq. (2.2) and the WKB approximation is not agglile to Eq. (2.2).
We have

im0 =

—oo, if ReA>0;
+oo, if ReA<O.

By Theorem 2.2 from here it follows that fBeA > 0 Eq. (2.2) is asymptotically
stable and folReA < 0 Eg. (2.2) is unstable. Moreover we also can use Theorem
2.1 to Eqg. (2.2) and show that féReA < 0 it has an unbounded solution. It is
not difficult to verify that the application of the mentiorsabve estimates and the
Wazevski's theorem to Eq. (2.2) gives no result.

Example 2.3. Consider the equation
@'(t)+ pa()d () +aa(t)e(t) =0, t>1, (2.3)
_ pcost (AMusint)2 1 L Sirft
where p(t) =A+usint, gs3(r) = +f—z(a+ﬁcoslm+y{7dr),

A =conste C, p=conste C, a =const> 3= const>0, y= const> 0.
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For this equation we have [©) = D3(t) = a + Bcos Int +y f; Sirﬁdr, ri(t) =
t : t
{[\/O(Jrﬁcos Int-+y 1 S'T”ZSdS—ReA—RepsinT] dt—3In (a+Bcos Irt+y{ St gy),

t .
ra(t) =ry(t)+2In [l+‘)\+usint—a—[3cos Int—y [ S'Tﬁdr
1

—oo, if ReA>/Q; 54

+oo, if ReA <\/0a. (24)
We can easily check that for(D = D3(t) condition (1.4) does not hold. Therefore
the WKB approximation is not applicable to Eq. (2.3). It id ddficult to verify
that for Eq. (2.3) all conditions of Corollary 2,1 are fuléill. Therefore taking into
account (2.4) we get:
for ReA > /o Eq. (2.3) is asymptotically stable;
for ReA < /o Eq. (2.3) has unbounded solution.

It is not difficult to verify that the application of the mearied above estimates
and the Wazevski's theorem to Eq. (2.3) gives no result. Nhatethe results
of work [11] concern to the case ([ < 0, t > tp, and the results of work [12]
concern to the case of periodic functioné)pand (t). Therefore the results of
these works cannot be applicable to the equations (2.18).(2.

], t > 1. Hence

150 = i (0 =

3. PROOF OF THE MAIN RESULTS

To prove the main results at fist we shall formulate and proweespreliminary
propositions. Let;(t) be a real valued continuous function g +). Along
with Eqg. (1.5) consider the Riccaty equation

YO+ =x(t), t>t. (3.1)
The following assertion is valid (see [15]).
Theorem 3.1. Let Eqg. (1.5) have a real valued solutiog(t) on [to; +), and let

X1 (t) > x(t), t >1to. Then for each y) > yo(to) Eq. (3.1) has a solution;yt) on
[to; +00), satisfying the initial condition)to) = y(q), moreover y(t)>yo(t), t >to.

The proof of a more general theorem is presented in [16].
Sinceyp(t) = 0 is a solution of the equation
Y +y*(1)=0, t>to,
from Theorem 3.1 we immediately get:
Corollary 3.1. Let Xt) >0, t > to. Then for any ), > 0 Eq. (1.5) has a
solution ¥ (t) on [to; +), satisfying the initial condition yto) = y(q), moreover
yi(t) >0, t>to.

From Corollary 3.1 it follows, that the differential root defined on[ty; +)
and is nonnegative.
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Remark3.1 A more detailed study of the properties of the differentiabtris
presented in [15].

In the sequel the differential root aft) we shall denote byy(t).
Let x(t) be continuously differentiable andt) > 0, t >to. Then

V(1) — /XD + (yx(t) + VX)) (1) — VXO] = —(VX(1)), t>1o.

It follows from here, thaug(t) = yx(t) — \/X(t) (t > tp) is a solution of the first
order linear equation:

u(t )+F( ut) = —(vxt)), t=to,
whereF( ) = y(t) + /X(t), t >to. Therefore by Cauchy formula

. / }[yxtl o] st e 0

in partlcular

yx(t z—fexp{ JF( } VX)) 'dt, t>to.

Hence

|yx(t2) \/TI—/F exp{ /F ds} \/—
Szes[tl;?l] I F)z(;)))/‘ /d{exp{—/F(s)dsH

_ X®)' { p{ Fs d}< X®)'
O o frioa < o 0.
Then from (3 2) we get:

yx(t) — V/X(t)[| <
<exp{ /F dr} sup +/exp{ /F ds} ))'|dt
&etosta]

X(E)) | (VX&)
F(t)d 3.3
- exp{ / T} EeS[tL:E)l X(&) +£§[?ﬁ] X(€) foshsh 69

as far as
t

/exp{—/tF(s)ds}‘(\/ﬁ)’

1

—tl/tF(T)exp{—/tF(s)ds}‘( F)z(:)))/‘drg

T
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< sup ‘/F exp{ /F ds}dr

Eeltosty]
= sup |/ {exp{ /F dsH

Eeltorta]

13::&“ oo [rtons]| < s 1

Lemma 3.1. For every s> tg the inequality

Yx(to)
1+ yx(to)(s—to)

yx(S) >
is valid.

See the proof in [15].
By virtue of this lemma we have:

/ /t V/X(to)ds - 1—1—\/ (to)(t —to)
(s 1+ /X(to)(s—to) 1+\/ X(to) (t —to)’

From here and from (3.3) it follows:

) \/—\_[lJr\/Totl P{—/t\/@ds} sup (WX,
i

tth >1t, t1 <t.

1+ /X(to) (t —to) tetor] /X&)

!
+ sup 7“ X)) |] =R«(t1;t), to<ty <t.
geftut] VX&)
It means that,
If %";’8' <c, t >t thenitis evident, that
Px(t) < R(ty;t) <c, t>to. (3.5)
Let

X _
(t) €>O t) 1+ —to t—to a’

Let us defing; =t;(t) by relation
a -
t—t1=— In[l+ \/ X(to)(t —to)], t>1,
Ve
wheret (< +) satisfies the condition:

In[1+ /X(to) (t —to)] —to), t>f(sinceW—>0fort—>+oo,

the numbeft always eX|sts) Since(t) > &> 0, t >tp, we have

t>ty, c>0, a>0 (36
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t
/\/@dsz VE(t—t1) = In[1+/X(to)(t —1)]%, to<t; <t.
1

Therefore, taking into account (3.6) we get:

1 1+ /X(to)(tL—to) (VX&) [(V/X(&))|
R(ty(t):t nv o]
L)t < 2l VX~ e VAE)  eon VK@)
c[1+ v/X(to)(ts —to)] c t>t (3.7)

< + )
2[1—1—\/ to t—to 1+20‘ 1—|—\/ to 1—t0 G

From definition oft; (t) it follows, thatt —t; < (t —tp) fort >t. Thent; —tg >
3(t—to) for t >, and therefore from (3.7) we obtaln

Rx(tl(t);t)<9{ 1 N 1 } 201
2 [[14++/X(to) (t—to) ] [Hm(t to)]° [1+/X(to) (t—to)]®

t > 1. From here we immediately get:

Lemma 3.2. Let X(t) satisfy the conditions (3.6). Then
20-1¢ _
Px(t)
1-|- VX(to) (t —to)]®
Consider the sets
A=A (X) ={s€ [to;t] 1 Yi(s) >0}, B =Bi(X) ={se [to;t] : Y,(s) <O}
It is evident, that, andB; are measurable and

AUB = [to;t], ANB =0. (3.8)
Supposes € A;. Then)/x( S) >0, yy( ) < /X ( s), and therefore
¥%(9)
/ e el (3.9)

Forse By we have')/x( )< 0, yx(s) > /X ( S). Then
¥%(9)
/yx 209

Summarizing each part of these inequalities with the cpaording parts of (3.9)
and taking into account (3.8) we get:

t
/ ¥(S) ds</y ds< YX( ) ds t>to.

VX(s) 2yx(8)
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Due to the equality,(s) = (1/X(S) — Yx(S)) (\/X(S) —Yx(S)), S>> to, from here we
obtain the inequality

t t
520 (s
There)f((()tr)e, t t \/— y
ZI [yX()}ét/[yX(S)_ X(S)]dSJr { ] to/ ds t > to.

0
Then integrating the last integral by parts we obtaln

4'” [ X(t)] S/t[YX(S)_m]dS—l— In [Xt)}

Y& ( ) X(to)

1 VX YX
<5- 2 / 3/2 Vs t>ty,  (3.10)

%In[X(t)}g/t[yx(s)—\/@]ds+%|n{$}

to

. 9
22\/—/\/—+yx 1X(5)3/2

Consider the function

ds t>t. (3.11)

t

Qx(t) E/[yx(s)— \/@]dSJr%Inx(t), t > to.

to
Lemma 3.3. Let xt) be a monotone nondecreasing function, and let for some

€ > O the function—35— ()g/g - be bounded. Then,@) is bounded.

Proof. Slncex(t) is a monotone nondecreasing function, then (see [15])
\/ X(t) from here and from the first inequality of (3.11) it followdat
( ) Inx(to) > —oo, t >ty. Therefore,Qx(t) is bounded from below. Suppose
3/2

|§((t)>‘ <c, t> to for somee > 0, ¢ > 0. Then taking into account the inequal-

ity yx(t) < v/X(1), t>to, we will have:

t +
/ Yu(S)X ( / () ds< E/ W (8) %
4/X() +Yx(s 3/2 8yx(s l+2£>< 5) 3/2*8 “8) %

df
=y < +w, t>to
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From here and from the second inequality of (3.11) it follpthsit Qy(t) §d0+%+
%1 InX(tp) <+o0,t>to. ThereforeQx(t) is bounded above. The lemma is proved

Lemma3.4. Letxt) > >0, t >tp, ((; be bounded, and Ief Px( ) 3}|2ds<
+o0. Then Q(t) is bounded.

Proof. By virtue of mean value theorem
X(t) N \/— yx(t
In {yx(t)} = 2[In/X(t) = Inyy(t)] = R (3.12)

whereg(t) € [min{\/x(t yx t)}; max{\/ ),¥x(t)}], t>to. Sincex(t) >¢, t>
to, we haveE( ) > mln{«/ , YD)} > \f t> to From here, from the bound-

edness of% and from (3.4), (3.5), (3.12) it follows:

‘In [)i()%((tt))} ‘ < %Px(t) < % < 4o, where ’)i((tt))‘ <2, t>to.

From here and from the firstinequality of (3.10) it followlsatQy(t) > %In X(to) —
‘—g > —oo, t >tg. ThereforeQx(t) is bounded below. From (3.4) it follows:

VX f
/ _c / (S 3/2 ey < +oo
fo

4x( )3/ 2

Then taking into account the second inequality of (3.11) wkhave: Qy(t) < %4—
dﬁ-% InX(tg) <+o0. ThereforeQx(t) is bounded above. The lemma is proved]

Consider the Riccati equation
t)+y2(t) = @, t>to. (3.13)

In the sequel we shall assume, that the conditions A) arsfieati Each solution
of Eq. (2.14), existing orty; +), is connected with some solutiap(t) of Eq.
(1.3) by the equality (see [3], pp. 391, 392)

t

= Y(to) exp{/y(r)dT}, t>to, W(to) #0.
fo

By (1.2) from here it follows, that

_exp{/yo/4 ]dT} t > to,

is a solution of Eq. (1. l) Sinag(t) yD/A( ) —2p(t)]go(t), t>to, we have

|G (1)] < Yo, (1) \/ Ot |+—|\/ —pP®)ll@()]. t>to.
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By (3.4) from here it follows:
(0] <Py OO+ 5 |1+ PO~ VOO [0, 210 (314
Since
31V~ pOIel) = 6h1) + | 3O —yW(t)} ), 121
We have

21+!p —vDOllew®)] < [g6(t)[+ [1+[vD(t) = Yo, (D[ @(t)], t>to.

By virtue of (3.4) it follows from here, that

[1+[p(t) = vDO)l|go(t)| < 2¢h(t)|+[1+p,,(Oll@(t)], t>t. (315
It is not difficult to see, that

(O] = 26x0(Q,.,0) + 511}, 210 (316
From here and from (3.14) it follows:
(O] < Py, DI+ exp(Q, 0+ 520}, 2t (317)

It follows from (3.15), thatexpQ, , () + $ra(t)} = exp{jt"[yD/A(r) —iRep(1)]dT+
t

+In[1+ |p(t) — /D[] — In4} <[1+|p(t) — /DO)|]|@o(t)] < 2|gh(t)]+[1+

Pos (D] @ ()], t > to. Therefore,

exp{rz(t)} < exp{—2Q;, (1)} [2l¢h (1) + [1+ Py, (V]| (M®)]], t>to. (3.18)

Lemma 3.5. All solutions of Eq. (1.1) are bounded (vanish er) if and only if
the functiongy(t) is bounded (vanishes onw).

See the proof in [15].

Lemma 3.6. Eq. (1.1) is Liapunov stable (asymptotically) if and onlyjft) and
@ (t) are bounded (vanish o).

See the proof in [15].
Proof of Theorem 2.1. Since the conditions A) hold by virtue of Lean®a3 if the
conditions B) are satisfied, then the functiQp ,(t) is bounded. If the conditions
C) are satisfied, then the boundednesQgf (t) follows from Lemma 3.4. Thus
the satisfiability of either B) or C) ensures the boundedoésy, , (t). Then from
(3.15) it follows, that the functiomy(t) is bounded&lir{gcm(t) =0), ifand only if

the functionr(t) is bounded aboveH(+Iim1(t) = —o0). By virtue of Lemma 3.5
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from here it follows, that all solutions of Eq. (1.1) are bded (vanish on) if
and only if the functiorry(t) is bounded aboveE (Jlriml(t) = —00).
—to0

The theorem is proved. O

Proof of Theorem 2.2. From D) follows B). Therefore, by alreadyveno the con-
ditions A), C) and D) provide the boundedness of the func@gﬂ(t). Then from

(3.16) - (3.18) it follows, thatp(t) andqh(t) are bounded (vanish oh) if and

only if r1(t) andry(t) are bounded abov%a_gimj (t)=—c0, j=1,2). Sincery(t) <

ra(t),t > to, from the boundedness abovergft) (from the equalityt Ii+m ra(t) =
—+00

—oo) it follows the boundedness abovergft) (the equalityHILm ri(t) = —). By

virtue of Lemma 3.6 from here it follows that Eq. (1.1) is Liaqov stable (asymp-
totically) if and only if the functiorr;(t) is bounded aboveH(+Iim2(t) = —o0).

The theorem is proved.

Proof of Corollary 2.1. By virtue of Lemma 3.2 from the first two cdtmohs of
corollary it follows
C1

m, t 2 to, C]_ = const

Pp(t) <

Then

D) T dr
S T

to

Thus the group of conditions C) of Theorem 2.1 is satisfiedtrildy ) follows from
Theorem 3.1, and B follows from Theorem 2.2.

The corollary is proved. O
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