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THE SEMANTIC DISTANCE, FUZZY DEPENDENCY AND
FUZZY FORMULAS

NEDŽAD DUKIĆ

Abstract. In this paper we establish a connection between one frag-
ment fuzzy logic and the theory of fuzzy functional dependencies on
the basic of the semantic distance. We give a way to interpret fuzzy
functional dependencies as formulas in fuzzy logic. For a set of fuzzy
dependencies F and single fuzzy functional dependency f, we show that
F implies f as fuzzy functional dependencies if and only if F implies f
under the logic interpretation.

1. Introduction

In real word applications, data are often partially known or ambiguous.
The classical relational model does not deal with this information. Accord-
ing to the classic relation database [2, 7] all the information in it, have to
involve precisely defined values (atomic).

In an extension, a variety of null values have been introduced to model
unknown or not-applicable data values [6].

The other way of considering this imprecise information is the involving
of fuzzy value to the domain of an attribute [1]. Imprecise information has
been studied in Zadeh’s fuzzy set theory and fuzzy logic [8]. Fuzzy set
theory and fuzzy logic provide a mathematical framework to deal with the
imprecise information in fuzzy relational databases.

Approaches to the representation of inexact information in relation data-
base theory include fuzzy membership values, similarity relationships and
possibility distributions.

In a fuzzy set each element of the set has an associated degree of mem-
bership. The degree of membership is a real number between zero and one
and measures the extent to which an element is in a fuzzy set [4, 5].
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As an extension of the degree of membership concept for sets of elements,
we have a similarity relationship. Here the domain elements are considered
as having varying degrees of similarity, replacing the idea of exact equality
and inequality.

To deal with a fuzzy data constraint, Zadeh has introduced the concept of
particularization (restriction) of a fuzzy relation due to a fuzzy proposition.
The formed formulas of the first order calculus can be used to represent
integrity constraints in a classical relational databases, fuzzy integrity con-
straint can be represented by suitable fuzzy propositions. The particulariza-
tion of a fuzzy relational database due to a set of fuzzy integrity constraints
can be computed by combining the fuzzy propositions associated with these
integrity constraints according to the rules of fuzzy calculus.

Our primary aim in this paper is to establish a connection between the
theory of fuzzy functional dependency on the basis of the semantic distance
and one fragment of fuzzy logic. So it will be shown that if relation r satisfies
a fuzzy functional dependence then its truth value of the belonging fuzzy
formula is greater than 0.5 and vice verse.

Therefore, we will establish the equivalence of the calculation of one part
of fuzzy logic and fuzzy functional dependence. After establishing this equiv-
alence, it is possible to apply the rules of deduction in fuzzy logic on the
calculus of fuzzy functional dependency on the basis of the semantic dis-
tance.

2. Fuzzy semantic distance

A fuzzy instance r on the relation scheme R{A1, . . . , An} is subset of the
Cartesian product of dom(A1)x . . . x dom(An).

There are various descriptions of fuzzy values [8]. For example:
1. The Zadeh description. Let dom(Ai) be a universe of discourse. A

fuzzy subset Xi in dom(Ai) is characterized by a member function fi : Xi →
[0, 1] where fi(u) for each u ∈dom(Ai) denotes the grade of membership of
u in the fuzzy subset Xi.

The Zadeh description of the semantic distance SD(f1, f2) between fuzzy
attribute values: Let f1(X) and f2(X) be two fuzzy values. The semantic
distance from f1(X) to f2(X) is defined by some norm ‖f1(X) −f2(X)‖.
For example SD(f1, f2) = maxx∈dom(Ai) |f1(X)− f2(X)| .

2. The center number description. A fuzzy subset Xi in dom(Ai) is
characterized by (c, r)/p. It expresses that this fuzzy subset lies in the
spherical region, where c is the center of the sphere, r is the radius of the
sphere and 0≤ p ≤ 1.
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The center number description of the semantic distance. Let f1 = (c1, r1)/p1

and f2 = (c2, r2)/p2 be two fuzzy values.

SD(f1, f2) = u1 ∗ g(c1, c2q) + u2 ∗ |r1 − r2|+ u3 ∗ |p1 − p2| ,
where u1, u2, u3 are the weight coefficients and u1, u2, u3 ≥ 0, u1+u2+u3 = 1.

3. Fuzzy functional dependency

3.1. Fuzzy semantic distance.
In a classic relation database functional dependency [2, 7] is a statement

that describes a semantic constraint on data.
Let r be any relation instance on the scheme R{A1, . . . , An}, U be the

universal set of attributes A1, . . . , An and both X and Y be subsets of U .
Relation instance r is said to satisfy the functional dependency X → Y if,
for ever pair of tuples t1 and t2 in r, t1[X] = t2[X] implies t1[Y ] = t2[Y ].

But the definition of functional dependency is not directly applicable to
fuzzy relational databases because it is based on the concept of equality.

There are several way to correct the definition of fuzzy functional depen-
dency [3, 6, 9].

Two tuples are duplicates in a classical relation instance if each attribute
value in the tuples are equivalent.

Definition 3.1.1. The complement of SD(f1, f2) is called the semantic
similarity SS(f1, f2).

That is SS(f1, f2) = 1−SD(f1, f2) is the fuzzy similarity relation over a
universe of discourse U i.e.

SS(u, u) = 1 (reflexivity),
SS(u, v) = SS(v, u) (symmetry).

Definition 3.1.2. Let r be a fuzzy instance ti(A1,. . . , An) and tj(A1,. . . , An)
(ti, tj ∈ r, i 6= j) duplicates. If

i) SD(ti[Ak], tj [Ak]) ≤ θ for k = 1, . . . , n and θ ∈ [0, 1] is a given
priority.

ii) The duplicate of the attribute set X for any two tuples ti and tj
present in the relation instance r is given as

SS(ti[X], tj [X]) = min
Ak∈X

{SS(ti[Ak], tj [Ak])} .

3.2. Properties of the duplicate of attribute.

Proposition 3.2.1. If X ⊇ Y, then SS(ti[Y ], tj [Y ]) ≥ SS(ti[X], tj [X]) for
any ti and tj in r.
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Proof. Let Y = {A1, . . . , An}, n ≥ 0 and X = {A1, . . . , An,An+1, . . . , Am}
m ≥ n. Then for any two tuples in r,

SS(X − ti[Y ], tj [Y ]) = min(SS(ti[An+1], tj [An+1], . . . , SS(ti[Am], tj [Am]))

and

SS(ti[X], tj [X]) = min(SS(ti[A1], tj [A1], . . . , SS(ti[Am], tj [Am])).

SS(ti[X], tj [X]) can be rewriten as

SS(ti[X], tj [X]) = min(SS(ti[Y ], tj [Y ]), SS(X − ti[Y ], tj [Y ]))

which implies
SS(ti[Y ], tj [Y ]) ≥ SS(ti[X], tj [X]).

¤

Proposition 3.2.2. If X = {A1, . . . , An} and SS(ti[Ak], tj [Ak]) ≥ θ, for
all k, 1 ≤ k ≤ n, then SS(ti[X], tj [X]) ≥ θ for any ti and tj in r.

Proof. Let X = {A1, . . . , An} and SS(ti[Ak], tj [Ak]) ≥ θ for all k, 1 ≤ k ≤ n,
for two tuples ti and tj in r. Then

SS(ti[X], tj [X]) ≥ θ

follows from Definition 3.0.2. ii). ¤

3.3. Fuzzy functional dependencies.

Definition 3.3.1. Let r be any fuzzy relation instance on scheme R(A1, . . . ,
An), U be the universal set of attributes A1, . . . , An, and both X and Y be
subsets of U. A fuzzy relation instance r is said to satisfy the fuzzy functional
dependency (FFD)X → Y if, for every pair of tuples t1 and t2 in r,

SS(ti[X], tj [X]) ≤ SS(ti[Y ], tj [Y ]).

3.4. Inference rules for fuzzy functional dependency.
IR1 Reflexive rule for fuzzy functional dependency:

ifX ⊇ Y then X→Y holds.

IR2 Augmentation rule for fuzzy functional dependency:

{X→Y } ⇒ XZ→Y Z.

IR3 Transitivity rule for fuzzy functional dependency:

{X → Y, Y → Z} ⇒ X → Z.



THE SEMANTIC DISTANCE, FUZZY DEPENDENCY AND FORMULAS 141

4. Fuzzy logic and resolution principle

Fuzzy logic is based on the concepts of fuzzy sets and symbolic logic. Logic
operators of conjunction, disjunction and negation are defined as follows,

a) x1 ∧ x2 = min(x1, x2)
b) x1 ∨ x2 = max(x1, x2)
c) ¬x = 1− x

where xi(i = 1, 2, . . . , n) variable in [0, 1], see [4, 5, 8].
In fuzzy logic, the truth value of a formula can assume any value in the

interval [0, 1] and is used to indicate the degree of truth represented by the
formula.

4.1. Satisfiability in fuzzy logic.

Definition 4.1.1. A formula f ∈ S, where is S set of a fuzzy formulas is
said to satisfy in interpretation I, if truth value of a formula T (f) ≥ 0.5
under I. An interpretation I is said to be false S if T (f) ≤ 0.5.

A formula is said to be unsatisfiable if it is false for every interpretation
of it.

5. Fuzzy functional dependency on the basis of the semantic
distance and fuzzy formulas

In this section we establish a connection between fuzzy logic and the
theory of fuzzy functional dependencies on the basis of semantic distance.
We give a way to interpret fuzzy functional dependencies as formulas in
fuzzy logic. For a set of fuzzy dependencies F and single fuzzy functional
dependency f, we show that F implies f as fuzzy functional dependencies
if and only if F implies f under the logic interpretation.

The correspondence between fuzzy functional dependencies and fuzzy
formulas is direct. Let X → Y be a fuzzy functional dependency where
X = A1A2 . . . Am and Y = B1B2 . . . Bn. The corresponding logical formula
is

(A1 ∧A2 ∧ · · · ∧Am) → (B1 ∧B2 ∧ · · · ∧Bn).
Let r be a fuzzy relation over schema R with exactly two tuples. A fuzzy
relation r can be used to define a truth assignment, for attributes in R when
they are considered as fuzzy variables.

Definition 5.0.2. Let R = {A1, A2, . . . , Am} be a relation schema and let
r = {t1, t2} be a two tuple relation on R. The truth assignment for r, denoted
ir, is the function from R to [0, 1] defined by

ir(Ak)

{
> [0.5, 1] if SS(ti[Ak], tj [Ak]) ≥ θ ∈ [0, 1],
≤ [0, 0.5] if SS(ti[Ak], tj [Ak]) < θ.
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The following theorem enables equivalence between fuzzy functional de-
pendence and fuzzy formulas. Therefore by this theorem the mentioned
equivalence will be proved taking for the fuzzy formulas the following:

X ⇒ Y = max(1−X, Y ) (Kleen-Dienes).

Theorem 5.1. Let X → Y be a FFD over relation scheme R and let r be
a relation on R with two tuples. An FFD X → Y is satisfied by relation r
if and only if X ⇒ Y is satisfied under the truth assignments ir.

Proof. Let us assume, as first, that relation r satisfies FFD X → Y i.e.
suppose

SS(ti[X], tj [X]) ≤ SS(ti[Y ], tj [Y ])

where is X = {A1, A2, . . . , Am} and Y = {B1, B2, . . . , Bn}.
Let us assume to the contrary that the assertion that assignments

F : (A1 ∧A2∧, . . . ,∧Am) → (B1 ∧B2∧, . . . ,∧Bn)

is false under interpretation ir′ .
Then it follows that in interpretation ir′ that ir′(F ) ≤ 0.5, and re-

spectively ir′(F ) = ir′((A1 ∧ A2∧, . . . ,∧Am) → (B1 ∧ B2∧, . . . ,∧Bn)) =
max(min(1 − ir′(A1), 1 − ir′(A2), . . . , 1 − ir′(Am)), min(ir′(B1), ir′(B2), . . . ,
ir′(Bn)) ≤ 0.5. Then we have

ir′(F ) =

{
i′r(Ai) > 0.5, ∀i = 1, 2, . . . , m,

i′r(Bj) ≤ 0.5 ∃j = 1, 2, . . . , n.

If i′r(Ai) > 0.5, ∀i = 1, 2, . . . , m is valid then according to Definition 5.0.2
SS(t1[Ai], t2[Ai]) ≥ θ.
Based on the Definition 3.1.2. ii) we have

SS(ti[X], tj [X]) = min
Ak∈X

{SS(ti[Ak], tj [Ak])} .

Now, on the basis of Proposition 3.2.2 we also have SS(t1[X], t2[X]) ≥ θ.
Because of the assumption that FFD is satisfied, we have

SS(t1[Y ], t2[Y ]) = min(SS(t1[B1], t2[B1], . . . , SS(t1[Bn], t2[Bn])

≥ (SS(t1[X], t2[X]))

= min(SS(t1[A1], t2[A1], . . . , SS(t1[Am], t2[Am]))
≥ θ.

This implies that SS(t1[Bj ], t2[Bj ]) ≥ θ for each j = 1, 2, . . . , n. So it follows
that i′r(Bj) > 0.5, which is contrary to i′r(Bj) ≤ 0.5.

Therefore the assertion is valid if the relation r satisfies FFD X → Y ,
then its assignment fuzzy formula is satisfied in the interpretation ir′ .
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Now we prove the converse of theorem. Assume that F satisfies in in-
terpretation ir′ . Then i′r(F ) = max(min(1 − i′r(A1), 1 − i′r(A2), . . . , 1 −
i′r(Am)),min(i′r(B1), i′r(B2), . . . , i′r(Bn)) > 0.5. which results in

i) ir′(A1 ∧A2∧, . . . ,∧Am) ≤ 0.5 or
ii) ir′(B1 ∧B2∧, . . . ,∧Bn) > 0.5.

Suppose i) is valid, then ir′(A1 ∧ A2∧, . . . ,∧Am) = min(ir′(A1), ir′(A2),
. . . , ir′(Am)); hence ir′(Aj) ≤ 0.5 for some j in {1, 2, . . . , m}, from which
it follows that SS(t1[Aj ], t2[Aj ]) < θ for some j in {1, 2, . . . , m}. Then
SS(t1[X], t2[X]) < θ.

From this it follows that the relation satisfies FFD X → Y .
Suppose ii) is valid i.e. ir′(B1 ∧ B2∧, . . . ,∧Bn) > 0.5 for each i =

1, 2, . . . , n. Then min(ir′(B1), ir′(B2), . . . , ir′(Bn)) > 0.5 and ir′(Bi) > 0.5
for each i = 1, 2, . . . , n from which it follows that SS(t1[Bi], t2[Bi]) ≥ θ.

Hence it follows that r satisfies FFD X → Y. ¤
In the following theorem we are going to show that if the relation r satisfies

a set of fuzzy functional dependencies F and does not satisfy the dependency
X → Y then there exists two tuples sub-relations of the relation r, which
satisfies all the fuzzy functional dependencies from set F and does not satisfy
the dependency X → Y .

Theorem 5.2. Let X → Y be an FFD over the scheme R, and {A1, A2, . . . ,
Am} = X ⊆ R, and {B1, B2, . . . , Bn} ⊆ R, and let F be a set of FFDs over
R. Then the following is true:

1) F ⇒ X → Y if and only if
2) F ⇒ X → Y in the world of two tuple relations.

Proof. Obviously 1) implies 2). Now we show that 2) implies 1).
Let us assume that 2) does not imply 1). In that case there is some relation

r satisfied by all the fuzzy functional dependencies from F, that does not
satisfy the dependency X → Y. This means that there exists elements t1
and t2 in r, for which

SS(ti[X], tj [X]) > SS(ti[Y ], tj [Y ]).

¤
Let be r∗ = {t1, t2}. It is obvious that r∗ satisfies all the FFDs from F,

but does not satisfy the dependency X → Y . This is shown by following.

Lemma 5.1. Let r be a relation, let F be a set of FFDs on R, and let X → Y
be a single FFD on R. If relation r satisfies all the FFDs from the set F
and violates fuzzy dependency X → Y , then some two tuple sub-relation r∗
of r satisfies F and violates X → Y.

This is a contradiction of our assumption.
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Theorem 5.3. Let X → Y be an FFD over relation scheme R and let F
be a set of FFDs over R. Then F implies X → Y in the world of two tuple
relations, if and only if F implies X ⇒ Y when FFDs are interpreted as
fuzzy formulas.

Proof. Assume that ir : R → [0, 1] is an interpretation where every formula
is satisfied, which is generated by FFDs from set F, and let a formula which
is generated by the dependency X → Y be false. Let us consider Z = {A ∈
R : ir(A) > 0.5}.

Let rz be a fuzzy relation instance with two tuples t1 and t2 as shown in
Fig. 1. We choose the set {a, b} as the domain of each attributes in R, where
a = a1, . . . , ap, and b = b1, . . . , bq, (p ≥ 1, q ≥ 1). Let SS(t1[A], t2[A]) ≥ θ
for any attribute set A in rz,

Attributes of Z other attributes
t1 a, . . . , a a, . . . , a
t2 a, . . . , a b, . . . , b

Fig. 1. The fuzzy relation instance rz.
Namely rz = {t1, t2} where t1 = a, . . . , a for each attribute A from R,

and let t2 be defined as

t2 =

{
a, . . . , a, R ∈ Z

b, . . . , b, R /∈ Z
.

We will prove that relation rz defined in such way satisfies each fuzzy func-
tional dependency from F. To be able to prove this, let U → V be any fuzzy
functional dependency from F for which

SS(t1[U ], t2[U ]) ≥ θ.

Due to the definition t1 and t2 = a, . . . , a for each attribute A from U, we
have SS(t1[A], t2[A]) ≥ θ. This means that ir(A) > 0.5 for each A from U.
There fore U ⊆ Z, i.e.

ir(U) > 0.5. (∗)
If SS(t1[V ], t2[V ]) ≥ θ does not hold, t1 = a, . . . , a and t2 = b, . . . , b for some
attribute A from V, namely SS(t1[A], t2[A]) < θ. From this we have that A
does not belong set Z, and therefore ir(A) < 0.5, and also ir(V ) < 0.5.

Based on this and (∗) we have by the Kleens-Diens implication

ir(U → V ) = max(ir(1− U), ir(V )) ≤ 0.5

which is a contradiction of our first assumption.
Now we prove that rz does not satisfy the fuzzy functional dependency

X → Y i.e.
SS(ti[X], tj [X]) > SS(ti[Y ], tj [Y ]).
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By assumption the fuzzy formula is false in the interpretation ir and hence
ir(X) > 0.5 and

ir(Y ) ≤ 0.5. (∗∗)
Let assume that

SS(t1[X], t2[X]) ≥ θ.

If SS(t1[Y ], t2[Y ]) ≥ θ holds, then Y ⊆ Z, namely ir(Bj) > 0.5 for each j =
1, 2, . . . , n, Bj ∈ Y. This implies that ir(Y ) > 0.5, which is a contradiction
of (∗∗).

Now we prove the converse. Assume the converse is false, i.e. that it does
not hold that from the set of FFDs F follows FFD X → Y . Then here exist
two tuples relation r = {t, t′} which satisfy each FFDs from F, but does not
satisfy FFD X → Y.

By the above mentioned description the interpretation ir is defined by
the relation r, formulas U1 ∧ U2 ∧ · · · ∧ Up → V1 ∧ V2 ∧ · · · ∧ Vq, for U → V
from F and formula

X1 ∧ · · · ∧Xm → Y1 ∧ · · · ∧ Yn.

Let us now prove that the following holds
i) ir(U1 ∧ · · · ∧ Up → V1 ∧ · · · ∧ Vq)) > 0.5 and
ii) ir((X1 ∧ · · · ∧Xm) → (Y1 ∧ · · · ∧ Yn)) ≤ 0.5.

If i) is false then ir(Ui) > 0.5 and ir(Vj) ≤ 0.5, namely

SS(t[P ], t′[P ]) ≥ θ

for each P from U and
SS(t[Q], t′[Q]) < θ

for some Q from V.
This first inequality implies that SS(t[U ], t′[U ]) ≥ θ, and the second im-

plies that SS(t[V ], t′[V ]) ≥ θ.
Therefore these taken together is a contradiction with starting assumption

that r satisfies each fuzzy functional dependencies from F. Therefore i) is
true.

Suppose ii) is false, then
iii) ir(Xi) ≤ 0.5 or
iv) ir(Yj) > 0.5.

If iii) holds, then SS(t[Ai], t′[Ai]) < θ, for some j = 1, 2, . . . ,m, Ai ∈ X
and from these SS(t[X], t′[X]) < θ. It is obvious that r satisfies the fuzzy
functional dependency X → Y, which is a contradiction of the opening
assumption.

If iv) holds then SS(t[B], t′[B]) ≥ θ for each j = 1, 2, . . . , n, Bj ∈ Y and
from this SS(t[Y ], t′[Y ]) ≥ θ. Therefore we conclude that r satisfies the
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fuzzy functional dependency X → Y , which is also a contradiction of our
opening assumption. ¤

6. Conclusion

In this paper we proved the equivalence between the theory of the fuzzy
functional dependencies on the basis of the semantic distance for fuzzy data-
base and the fragment theory of fuzzy logic.

To achieve this aim, we introduced the definition of truth assignment
of attributes in the relation r over the relation scheme R. Based on this,
definition of fuzzy functional dependencies on the basis of semantic distance
was attached to the fuzzy formula and we proved that if the relation r
satisfies the fuzzy functional dependencies on the basis of semantic distance
then the fuzzy formula is satisfied in the given interpretation and vice verse.
The equivalence between the set of the fuzzy functional dependencies on the
basis of semantic distance and the fuzzy formulas was proved as well.
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