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MAXIMAL CLIFFORD SEMIGROUPS OF MATRICES

EDMOND W. H. LEE

Abstract. All maximal Clifford semigroups of matrices are identified
up to isomorphism. If the ground field of the matrices is finite, then
there exists a unique Clifford semigroup of maximum order.

1. Introduction

A Clifford semigroup is a regular semigroup with central idempotents.
Clifford semigroups are precisely the completely regular semigroups that are
also inverse semigroups. The reader is referred to [2] for more information
on Clifford semigroups.

The set Mn(F) of all n× n matrices over a field F is a semigroup under
usual matrix multiplication. In this article, Clifford semigroups in Mn(F)
are investigated. It is shown that up to isomorphism, the number of distinct
maximal Clifford semigroups in Mn(F) is precisely the number of partitions
of the integer n. Furthermore, if F is finite, then the semigroup GLn(F)∪{0}
(the general linear group with the n×n zero matrix 0 adjoined) is the unique
Clifford semigroup in Mn(F) of maximum order.

The reader is referred to [2] for all undefined notation and terminology
of semigroup theory. A property of Mn(F) that is important to the present
investigation of semigroups in Mn(F) is:

Lemma 1. All semilattices in Mn(F) are finite.

Proof. This follows from well-known results. See [3, Lemma 2.1]. ¤

2. Maximal Clifford semigroups in Mn(F)

We first recall the construction and some properties of Σ-semigroups intro-
duced in [3]. Basically, these semigroups are unions of sums of completely
simple (multiplicative) semigroups in rings containing no infinite semilat-
tices. However, for this article, it suffices to consider Σ-semigroups in the
special case of unions of sums of groups in Mn(F).
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Let G = {Gi : i ∈ Λ} be a collection of groups in Mn(F) such that
Gi 6= {0} for all i ∈ Λ. Suppose further that G is orthogonal, that is,
GiGj = {0} whenever i 6= j. Let ei be the identity element of Gi. Since
{0} ∪ {ei : i ∈ Λ} is a semilattice in Mn(F), the set Λ (and hence G) must
be finite by Lemma 1.

For any subset I of Λ, define

GI =

{
{0} if I = ∅∑

i∈I Gi otherwise.

Lemma 2. Let S =
⋃

I⊆ΛGI . Then:

(1) The sets in {GI : I ⊆ Λ} are pairwise disjoint;
(2) If I 6= ∅, then GI is a group isomorphic to the direct product

∏
i∈I Gi;

(3) S is a Clifford semigroup;
(4) S is completely determined by the groups in G.

Proof. Parts (1), (2), and (3) follow from Lemma 3.1, Lemma 3.2, and The-
orem 3.3 in [3], respectively. Part (4) follows easily from parts (1) and (2)
and the definition of S. ¤

The semigroup S in Lemma 2 is called the Σ-semigroup with foundation
G. More generally, by a Σ-semigroup we mean a semigroup S in Mn(F) for
which there exists an orthogonal collection G of groups such that S is the
Σ-semigroup with foundation G.

We now identify all maximal Clifford semigroups in Mn(F) up to isomor-
phism. Suppose S is a maximal Clifford semigroup in Mn(F). Then S is
a Σ-semigroup by [3, Corollary 6.2], whence we may assume S =

⋃
I⊆ΛGI

with foundation G = {Gi : i ∈ Λ}. The idempotents of S commute so
that they are simultaneously diagonalizable (by the matrix a, say). Since
the conjugation map x 7→ axa−1 is an isomorphism, we may assume with-
out loss of generality that the idempotents of S are diagonal matrices with
entries from {0, 1}.

Since GiGj = {0} whenever i 6= j, the diagonal matrices ei and ej do
not share any common nonzero diagonal entry. Suppose the (k, k)-entry of
every ei is 0. Let f denote the matrix in Mn(F) with 1 in its (k, k)-entry
and 0 everywhere else. Then f is an idempotent that does not belong to S.
Moreover, since fGi = Gif = {0} for all i ∈ Λ so that fGI = GIf = {0}
for all I ⊆ Λ, the set S∪{f} is a Clifford semigroup that strictly contains S,
contradicting the maximality of S. Consequently, f does not exist, whence
for each k ∈ {1, . . . , n}, exactly one ei has 1 in its (k, k)-entry. Equivalently,
the sets

Ei = {k : the (k, k)-entry of ei is 1},
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where i ∈ Λ, form a partition of the set {1, . . . , n}. Note that |Ei| = rank(ei).
By conjugating S with an appropriate permutation matrix and relabelling
of the indices i, we may assume that the integers in each Ei are consecutive,
and that the integers |Ei| (i ∈ Λ) are in non-increasing order. For example,
consider the idempotent matrices

e1 =




1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 , e2 =




0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0


 , e3 =




0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 1




in M5(F). Then after conjugation by the permutation matrix



0 0 0 0 1
0 0 1 0 0
0 1 0 0 0
0 0 0 1 0
1 0 0 0 0




and relabelling of indices, we obtain



1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 ,




0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0


 ,




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1


 ,

where E1 = {1, 2}, E2 = {3, 4}, E3 = {5}, and |E1| ≥ |E2| ≥ |E3|.
It remains to determine which groups each Gi in G can possibly be, keep-

ing in mind that G must be orthogonal. Let MEi(F) denote the set of all
matrices in Mn(F) with 0 in their (s, t)-entries for all (s, t) /∈ Ei×Ei. Since
Gi = eiGiei ⊆ MEi(F) and MEj (F)MEk

(F) = {0} whenever j 6= k, the
required property of G being orthogonal will not be violated as long as Gi

is chosen to be any group in MEi(F) (with identity element ei). But by the
maximality of S, the group Gi must contain all matrices in MEi(F) of rank
|Ei| (so that Gi

∼= GL|Ei|(F)).
We have thus shown:

Proposition 3. Up to isomorphism, each maximal Clifford semigroup in
Mn(F) is a Σ-semigroup

⋃
I⊆ΛGI with foundation G = {Gi : i ∈ Λ},

and there exists a partition {Ei : i ∈ Λ} of the set {1, . . . , n} such that
Gi

∼= GL|Ei|(F) for all i ∈ Λ. Consequently, the number of non-isomorphic
maximal Clifford semigroups in Mn(F) is precisely the number of partitions
of n.

Let P = (n1, . . . , nr) be a partition of the integer n, that is, n1, . . . , nr

are positive integers in non-increasing order such that n1 + · · · + nr = n.
In view of Proposition 3, up to isomorphism, P corresponds uniquely to
the maximal Clifford semigroup

⋃{GI : I ⊆ {1, . . . , r}} with foundation
G = {G1, . . . , Gr}, where Gi

∼= GLni(F). This maximal Clifford semigroup
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is said to be associated with the partition P and is denoted by CP . Note
then that GI

∼= ∏
i∈I GLni(F).

3. The Clifford semigroup in Mn(F) of maximum order

In this section, we assume F is a finite field with q elements. Since Mn(F)
is already a Clifford semigroup (of maximum order q) when n = 1, we may
also assume that n ≥ 2, whence the order of GLn(F) is

γ(n) = (qn − 1)(qn − q) · · · (qn − qn−1) =
∏n−1

i=0 (qn − qi)

(see, for example, [1]). For any partition P = (n1, . . . , nr) of n, define

σ0(n, P ) = 1,

σ1(n, P ) = γ(n1) + γ(n2) + · · ·+ γ(nr),

σ2(n, P ) = γ(n1) γ(n2) + γ(n1) γ(n3) + · · ·+ γ(nr−1) γ(nr),
...

σk(n, P ) =
∑{γ(ni1) · · · γ(nik) : 1 ≤ i1 < · · · < ik ≤ r},

...

σr(n, P ) = γ(n1) · · · γ(nr).

By Lemma 2(2), the order of GLni1
(F)×· · ·×GLnik

(F) is γ(ni1) · · · γ(nik).
Therefore σk(n, P ) is the sum of all |GI | where |I| = k. Hence:

Theorem 4. The order of the maximal Clifford semigroup CP in Mn(F) is

σ(n, P ) = σ0(n, P ) + · · ·+ σr(n, P ) =
∑r

k=0 σk(n, P ).

Note that if T is the trivial partition (n) of n, then CT = GLn(F) ∪ {0}
and σ(n, T ) = 1 + γ(n). For the rest of this article, we show that CT is the
unique Clifford semigroup in Mn(F) of maximum order.

Lemma 5. Suppose n = s + t where s, t ≥ 1. Then 4 γ(s) γ(t) ≤ γ(n).

Proof. Since

2 γ(s) = 2(qs − 1)(qs − q) · · · (qs − qs−1)

≤ (qn − 1)(qn − q) · · · (qn − qs−1)

and

2 γ(t) = 2(qt − 1)(qt − q) · · · (qt − qt−1)

= 2 · qs+t − qs

qs
· qs+t − qs+1

qs
· · · q

s+t − qs+t−1

qs

≤ (qn − qs)(qn − qs+1) · · · (qn − qn−1),
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we have 4 γ(s) γ(t) ≤ ∏s−1
i=0 (qn − qi)

∏n−1
j=s (qn − qj) = γ(n). ¤

Lemma 6. If P is any partition of n, then σ(n, P ) ≤ 1 + γ(n).

Proof. It suffices to assume that P is nontrivial. We proceed by induction
on n. For n = 2, the only nontrivial partition is P = (1, 1), whence

σ(2, P ) = 1 + 2(q − 1) + (q − 1)2

≤ 1 + (q2 − 1)(q2 − q)

= 1 + γ(2)

for all q ≥ 2. Suppose the inequality holds for all integers strictly less than n.
Let P = (n1, . . . , nr) be a nontrivial partition of n. Note that for 1 ≤ k ≤ r,

σk(n, P ) =
∑{γ(ni1) · · · γ(nik) : 1 ≤ i1 < · · · < ik ≤ r}

=
∑{γ(ni1) · · · γ(nik) : 1 ≤ i1 < · · · < ik ≤ r − 1}
+

∑{γ(ni1) · · · γ(nik−1
) γ(nr) : 1 ≤ i1 < · · · < ik−1 ≤ r − 1}

= σk(n− nr, P
′) + σk−1(n− nr, P

′) · γ(nr),

where P ′ is the partition (n1, . . . , nr−1) of n− nr. Hence

σ(n, P ) = 1 +
∑r

k=1σk(n, P )

= (1 +
∑r−1

k=1σk(n− nr, P
′)) + σr(n− nr, P

′)

+ γ(nr)
∑r−1

k=1σk−1(n− nr, P
′)

= σ(n− nr, P
′) + 0 + γ(nr) · σ(n− nr, P

′)

= (1 + γ(nr)) · σ(n− nr, P
′).

Since σ(n− nr, P
′) ≤ 1 + γ(n− nr) by induction hypothesis, we have

σ(n, P ) ≤ (1 + γ(nr)) · (1 + γ(n− nr))

≤ (2 γ(nr)) · (2 γ(n− nr))

≤ 1 + γ(n),

where the last inequality holds by Lemma 5. ¤

Theorem 7. Let F be a finite field. Then GLn(F) ∪ {0} is the unique
Clifford semigroup in Mn(F) of maximum order.

Proof. By Proposition 3 and Lemma 6, a Clifford semigroup S in Mn(F) of
maximum order is isomorphic to CT = GLn(F)∪ {0}. Since GLn(F) is the
unique maximal group in Mn(F) of rank n, we have S = GLn(F)∪{0}. ¤
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