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ON A NEW INEQUALITY SIMILAR TO THE HARDY -
HILBERT INTEGRAL INEQUALITY

W. T. SULAIMAN

ABSTRACT. A new inequality similar to the Hardy-Hilbert integral in-
equality is proved. Some special cases are also deduced.

1. INTRODUCTION

Let f,g > 0 satisfy

0</f2(t)dt<oo and0</92(t)dt<oo,
0 0

ZZdedy < W(O/Oon(t)dt 07092(t)dt>1/2, (1)

where the constant factor 7 is the best possible (cf. Hardy et al. [2]).
Inequality (1) is well known as Hilbert’s integral inequality. This inequality
has been extended by Hardy [1] as follows

Ifp>1, 41 =1, f,g >0 satisfy

then

O</fp(t)dt < oo and /gq(t)dt <00,
0 0

then
ZZW dxdy < sn1<7:r/p> (pr(t) dt) v <Zogq(t) dt) Uq, (2)
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where the constant factor ) is the best possible. Inequality (2) is

s
sin(7/p
called Hardy-Hilbert integral inequality and is important in analysis and
applications (cf. Mitrinovic et al. [3]).

B. Yang gave the following extensions of (2) as follows :

Theorem 1. [4] If A > 2 —min{p,q}, f,g >0 satisfy

o0 o0

O</t1)‘fp(t)dt<oo and /tl Agi(t) dt < oo,

0 0

0/ 0/ ’mdwdwm(p)(jtl (i) )UP(ZH a )Uq 3)

where the constant factor ky(p) = B <p+p#, %1_2) is the best possible, B

is the beta function.

Theorem 2. [5] If ne N — {1}, p; > 1, > p%- =1, A >n—minj<i<y,
{pi}, fi =0, satisfy

o

0</t”_1_’\ff”'(t)dt<oo (i=1,2,...,n),
0
then
// Hle'z dl‘l
0 0 (Zj:ﬂ"i) =

in pit+tA—n Oon_l_)\ pi d>1/pi
(2 ><O/t roa)”

where the constant factor % -, r (%ﬂ) is the best possible.

Inequality (4) is a multiple extension of inequalities (1), (2) and (3).

Theorem 3. [6] If ne N—{1}, p; > 1, >" =~ =1, A >0, fi >0 satisfy

1
Di
[o.¢]
i—l—)\ 0 y —
0</tp i)ydt <oo (i=1,2,...,n),
0
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/.../M}jﬁ(zi)dml...dmn
sl G ([rmon) " o

where the constant factor = ™ I, (—Z) is the best possible.

2. MAIN RESULT

We state and prove the following
Theorem. Let n € N — {1}, p > 1, %4—% =1, a; >0, 1 <1
n, A>3 a1 < <n, Mgy = (ar1—1) (1—q), Kepr
(HJ il I‘a]) I'(A—=>0, 1ai) /TA. Then, we have

A

o0 oo fi(z1)...fn(zn) 1
fO A fO (JU1+"'+IEn)/\ dfljl c. dl‘n

K,y fooo e fooo P(x) ... fP(zy)day ... day

[ (1) =41 %A g e Sy @)oo Sien) g
< 0 “ o 0 (1‘1+ -‘,—m") 1--- n (6)
o KT+1 fooo.”fooo f{)(l‘l)ff(l‘r) dl‘l...dl‘r
Proof.

1 fn -Tn) _ 7 7
/ / l‘l—l— +;1;n))‘ dl’ldl'n—o/o fl(xl)---fr($r)

[e’s) o
4 5 J)l + + :BTL)

n 1/p
/f{7 x1) ... fP(zy)dxy .. dwT>
0

q 1/q
f,,._*_l .'1:7’—‘,—1 fn(l’n) dxr—l-l L. dxn> dl’l e dxr>
A
xl + + xn)

IN

Z
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<

VY
\8

iy 1/p
.../f{'(xl)...ff(xr)dxl...d:m)
0

0
o0 oo oo
95?—?11 g+1($7“+1) " fit(2n)
X by d$r+1...d$n
($1 + -+ an)

0 0 0 0

7 ® ar+1 1 . an—l q—1

X (/ / rtl ATy .dmn) dzy...dx,|.
; ; JZ1 + e+ mn)

Now, we consider

s Ooxar+1—1 xan—l
I= il T g d
= NN X Lyr41-..ATp
S )
o0 0 war+1—1 wan,1—1
= / . / r+l n_l/\_an dxry1...dry_q
0 0 (1‘1+"'+-’En—1)
00 Ty an—1 dzy
1+ +Tn—1 1+ +Tp—1
X )
Tn
0 (1 + $1+"'+Z'n71)
o0 ©0 ar+1 1 an 1—1
7"+1 . n 1
= an, — an / / a, der “en da:n_l.
; ; 1’1 + -t 1)

Proceeding in this manner, we obtain

H B<a3,/\ Zaz> x1+...+$r)zzl:r+lai—>\

Jj=r+1

A — az " n )
_ ( ( Zz =r+1 H FCLJ> x1 +...+$r)zi:r+la_)\z.

j=r+1

Therefore, we have

/ / it - Il an) dzy...dz,
9 l’l + - +.%'n)

1/p
(1) ... fP(zy) day ... dmr)

IN
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n
00 %) S oai—A

/ / TiA )i g
0 0 (@1 4 _H:”)

1/q
X [ (@) .. $7>{"f3($n) dzy... dacn> )

This implies

f ff (@1).fn x”) dxy ...dx,
0 0

271+ +$n)

r+1 f f fl 331 fr (QZT) d(]?l . dl‘r

Yitrg1 %A 1 An pq
(1t tap)=i=rtl ™ Ty T x
ff ! ) Tri1 Frigs (@ran) @n® i @n) dzy...dz,
0 0

(I1+...a:n)>‘

Ko [ oo [ f2(21) .. f2n) oy ... da
0 0

3. APPLICATIONS

1. Putting n = 2,7 =1 in (6), we obtain

00 00 q OO0 a A (a 1)(1—q)
f f Ji@y) J2 $2)d(£1 d.CCQ f;qul dxg
00 (eitm2) 0 (z1+a2)
B(ag,)\—ag) fff(xl)dxl B a2, — a9 ff {L‘1 diL‘l
0 0

2. Putting n = 3,7 = 1 in (6), we obtain

q

TTTJH (w1) fa(z2 fd(ﬂ?s) dxy dry das
000 (z14z2+23)*

B(CL27 ffl 371 d.fEl
as+ta A (a aq— _
S s SAF : (O (LYY R
000 (z1+mo+w3)" (8)
B(CLQ, — a9 ff ml dml

IN

3. Putting n = 3,7 = 2 in (6), we have
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Tofojofl z1) fa xz)fs(l‘a) dxy dxo dz
000 (z14@2+a3) 3

B (a3, A — a3) f fff(fvl)ff(ﬂ?z)dﬂﬁl dxy

o

[ (z1 +a9)™™ A (% D=9) [3(x3) dxidzodas
<2 =5 . 9)
B a3, — as fff X1 f2 l’Q)dIL‘leL‘Q

00
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