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(LP,L7) PROPERTIES OF THE POTENTIAL-TYPE
INTEGRALS ASSOCIATED TO NON-DOUBLING
MEASURES

MUBARIZ G. HAJIBAYOV

ABSTRACT. The (LP,L?) boundedness of the potential-type integrals
associated to non-doubling measures are investigated.

1. INTRODUCTION

Let (X, p) is a space with positive measure p. By LP (X, du) denote a
class of all p-measurable functions f : X — (—oo, +o0) with [|fl, , =

1
(i If @ dia ()3 < oo.

Let p and v are two positive measures on X and 7' is a linear operator from
LP(X,du) to L1(X,dv), where p,q € (0,00). T is said to be an operator
of strong type (LP (X, du), LY (X, dv)), if there exists a positive constant C
such that

1T fllg < CUflly,,, for feLP(X,du).

If for arbitrary 8 > 0 and f € L? (X, du)

C q
v{z: [Tf (2) > B} < (”g””’“) ,

then T is called an operator of weak type (LP (X, du), LY (X,dv)).
If X = R"™, u and v are Lebesgue measures on R", then in the above
conditions we simply say that 7" is an operator of strong (weak) type (p, q).
For 0 < a < n, the operator

L@ = [ le=y" f)dy

is called a classical Riesz potential, where |-| denotes the Euclidean norm
and dy is an element of the Lebesgue measure.
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By the classical Hardy-Littlewood-Sobolev theorem, if 1 < p < oo and
ap < n, then I, f is an operator of strong type (p,q), where 7= % o
If p =1, then I, f is an operator of weak type (1,q), where s=1- & (see
7).

The Hardy-Littlewood-Sobolev theorem is an important result in frac-
tional integral theory and potential theory. There are a lot of generaliza-
tions of this theorem. In [5] and [6], the Hardy-Littlewood-Sobolev theorem
is extended to Orlicz spaces for generalized Riesz potentials. In [2] and [4],
generalized potential-type integral operators are considered and (LP, L%)
properties of these operators are proved. The Hardy-Littlewood-Sobolev
theorem is proved for Riesz potentials associated to non-doubling measures
in [3].

In [2], the following integral operator is considered

M@= [ K=y f ) dy 1)

where I (+) is a kernel satisfying the following three conditions.
(K1) K (+) is a nonnegative decreasing function on (0, 00) and limy_,q K (¢)
(K2) there exist positive constants A; and o such that for any 0 < h < 0o

h
/ K@)t tdt < A1h7;
0

(K3) there exist a positive constant Ay and positive v (p) = v (p, n) such
that for any 0 < h < oo

1
</ ICp’ (t) tn_ldt> 4 é A2h—’Y(P)7 Zfl < P < 0,
h

where L + , =1.

pr =1, then K (h) < Agh=(®),

The following theorem is proved in [2].
Theorem A. Let 1 <p < oo. Then

1) if f € LP (R™,dx), then integral (1) converges for almost every x;
2) ifl = (1 + ﬁ)p, then A is the operator of weak type (p,l);
3) ifl<p<rand

1 1fr=p (1) ,p—-1 ~(r)

q plr—lo+~y(1) r—1lo+v(r)

9

then A is the operator of strong type (p,q) .
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Let p and v be two positive measures on X and A be a nonnegative,
symmetric function on X x X. Suppose that there exist positive constants
My, M5, d and m such that

(B (2,7)) < My (2)
and
v(B(x,r)) < Myr™, (3)
where B (z,r) is an open ball with center x and A-radius r, i.e.,
B(x,r)={y e X, A(z,y) <r}.

Consider the generalized potential-type integral

wm:AK@@mw@ww, (1)

where K (+) is a kernel.
In this work we have found the sufficient conditions on the kernel K (-)
for the boundedness of operator (4) from LP (X, du) to L (X, dv).

2. MAIN RESULT

Theorem 1. Let 1 < p < 0o, u and v be two positive measures on X, the
conditions (2), (3) be satisfied and the function K (-) satisfy the following
conditions:

(K1) K :(0,00) — (0,00) is a decreasing, bijective function and for any
0<h<oo

h
/ K (t)t7tdt < oo;
0

(K32) there exist positive constants Ay and o such that for any 0 < h < co
h
dK (t m—d
—/ ) ezt < AR7;
o dt

(K3) there exist a positive constant Ay and positive v (p) = v (p,d) such
that for any 0 < h < 0o

P dK (t) 4
—/ <)tp’dt§A2h_7(p), ifp>1
L di

and
K (h) < Agh™ D ifp=1.
Then
i) if f € LP (X, du), then integral (4) converges for v -almost every x.
i) ifl = (1 + ﬁ)p, then L is the operator of weak type (LP(X, dp), L
(X, dy))
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iii) if l <p<r and

1_1[7"—19 y(1) p—1 A(r) ]
r—lo+~v(1) r—1o+4+~(r)

qa P
then L is an operator of strong type (LP (X, du), LY (X, dv)).

Proof. Take arbitrary xo € X. Let s > 0,i € N, Hy; = {y : y € B(xo,1),
L|f|(y) > s} and v, ; = V|HS .- Then by Fubini’s theorem

su(Hs,os/ LIf| () dv (y) = /ermdus,i(y)

/[/K (z.y) dym()]lf(:c)mu(x)
:/XLVs,i(-T)|f($)|dM (z). )

Consider Lvg_ ; = [ K )) dvs i (y). Applying Fubini’s theorem

K(\(z

Lvs,i(w)=!< 0/7y)c;t>dvs,i(y)/x (/OOO X{t<K(Mzy)} (1) dt>d7/s,i(y)
- [ ( / e dys,,-<y))dt— | v (8 e ) a

e dK (1)
_/O o (B (1)

For any h > 0 we have by (5)

ity <= [ ([Tri@en D)@l

- /h ( /X |f<x>rus,i<3<x,t>>du<x>>df;’ft)dt

/(/\f T PR

If p > 1, then by (3) one can write

[un

vei (B (2,8) = vs.s (B (2,0)7 v (B (z,1))7

=

m
P

1
< Mgp Vg, i (B ($ t)) t
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Using Holder’s inequality we have

1
7

1 h P m
B< =M |y, [ ( /. us,i<B<w,t>>du<x>) Dy @)

Estimate [ v i (B (z,t)) dp(z). For t > 0 define
Dy ={(z,y) € X x X : A(z,y) <t}.
Let G (x,y) be the characteristic function of D;. Then by Fubini’s theorem

/X vers (B (2,)) dia () = /X /B i @

:/X/XG(JU,ZJ)st,i(y)dM(J?):/X/)(G(x?y)d“(x)d’/&i(y)

— / 1 (By, ) dvs.i (y) < Myt / dvy.; (y) = Mythy (H,..)
X X

From (7) and (K2) we have

" arm=t dK (1)

1 1
D<Ml (07 [

1
7

14
<My MY Ad|fl,, v (Hs)? h?. (8)

It is clear that
1

vs,i (B (z,t)) <wvs i (B(x,t)? v(Hs ;)
Then by Holder’s inequality and by (K3)

a0 [ [ us,mB(x,t»du(a:))”l'dflf“dt

X * 4 dK (t
<M Sl ) [ o7 S

S

RS

1
< M Ag||fll,, v (H,i) W) (9)
At last from (6), (8) and (9)
1

; H 1
sv (Hy,i) < My || f],,, <M2pA1V(Hs,i)P' h? + Agv (Hs, i) hﬂ(p))- (10)

1
If s > M} Ag | fl,,,, h~"®), then

-p
v (Hs,;) < MyAY (18 _ Azh—’Y(P)> Bop.

MY (I£1L,,.
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Let Hs ={y: L|f|(y) > s}. Since

UHs,i = Hs

i
and

Hs,l C H372 C H573 C ...
we have
vy LIf| (y) = oo} < v (Hy) = lim v (M, )
—p
S _
< My AP (1 — Ash V<p>> heP.
M,

and by arbitrariness s one get the proof of i) in the case p > 1.
If p=1, then

h
K (t .,
<=0l [ e < vty 1)

> 4K (¢ _
Jp < — Hf\ll,uu(Hs,i)/h dt( ) at < Ao ||flly, v (Hy i) 7D

and just as above one can get the proof of i) in the case p = 1.
Let us prove ii). If p > 1, then by (10) we have

L 1
sv(Hs) < MY T (szAly(HS)ﬁ he + Asv (Hy) h*W(P)).

1

Now let h = v (Hg) @+ @)r. Then

po+py(p)—(p)

sv(Hg) < Ms Hf”p,u v(Hg)
1

1
where M3z = M/ (M{’Al + Ag).

Hence
1 1_q p0+p~/(p)fv(p)+1_1
sv(Hs)T = sv(Hs)v (Hg)t ™ < Ms||fll,, v (Hs) EHew T
= M3 | fll,,, -
¥ T
M| f
s LI ) > o < ()

and from this it follows that L is the operator of weak type (Lp(X ,dp),
1
L'(X,dv)) in the case p > 1. Taking h = v (H,) »@ in a similar way we
can prove i) in case p =1 .
Now prove iii). If take p = 1, then from i) it is seen that L is an operator
of weak type (L1 (X,dp) ,LHﬁ (X, dl/)). If we take p = 7, then L is
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an operator of weak type <L7" (X, dup) ,L(H#”))T (X, dy)). Applying the
Marcinkiewic interpolation theorem (see [1]) with pg =1, go = 1+ ﬁ and

PL=T,q1 = (1 + ﬁ)r we obtain iii).

The theorem is proved. O
Examples.
1Let1<p<oo a>0andd—m < ap < d. Let also K (t) = t*~4. If

we take 0 = o+ ™2 - 4 and v (p) = % — «, then one can see that the function

K (-) satisfies the conditions (K1), (K2), (K3). If also A is quasi-metric and
dp

the measures p and v are equal, then by simple calculations [ = ;= op and
l = 1 _ 2 and we have the Hardy-Littlewood-Sobolev theorem for Riesz

P n
potentlals associated to non-doubling measures (see [3, Theorem 3.2 and

Theorem 3.4] and [4, Theorem 2.1]).
2. Let 1 < p < 0o, @ > 0 and assume there exists 8 > 0 such that
d—m < ap < d—0p. Let also K (t) = t*"%log (1 + t). If take o = a+mT7d

and v (p) = % — a — 6, then the function K (-) satisfies the conditions (K1),
(K2)7 <K3)
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