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STRONG TRUNCATED MATRIX MOMENT PROBLEM OF
HAMBURGER

K. K. SIMONOV

ABSTRACT. In this paper we consider the strong truncated matrix mo-
ment problem on the real line. We describe all the solutions of the prob-
lem in the form of a Nevanlinna type formula. We use M. G. Krein’s
theory of representations for Hermitian operators and the technique of
boundary triplets and the corresponding Weyl functions.

1. INTRODUCTION

In this paper we consider the following problem: Given a finite sequence of
self-adjoint N x N-matrices {Sk}zngm, find all self-adjoint nonnegative Borel
N x N-matrix measures d% on R obeying the identities

400
/ thds(t) =S, (k=0,%1,...,42m). (1)
—00

This problem is called the strong truncated matriz moment problem of Ham-
burger. The matrices {Sk:}Q_TZm are called moments and the measure d¥ is
called a solution of the moment problem (1).

Let us recall that for the classical truncated moment problem one is given
a sequence {Sy}2™ and seeks a measure d¥ such that (1) holds only for
nonnegative numbers k.

The classical matrix moment problem was investigated by M. G. Krein
(see [17, 18]). In [18], M. G. Krein has described all the solutions of the full
classical matrix moment problem for the completely indeterminate case. A
description of all the solutions for the truncated classical matrix moment
problem was originally obtained in [16] using the method of matrix inequal-
ities developed by V. Potapov. Other approaches to the truncated classical
matrix moment problem were presented in [8, 7, 1]. We follow [7] in our
treatment of the strong moment problem.
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Investigations of the scalar strong moment problem and orthogonal Lau-
rent polynomials originated in the papers of W.B. Jones, W.J. Thron,
H. Waadeland, and O. Njastad (see [14, 11, 13]). It is worth noting that a
necessary and sufficient condition for the solvability of the strong moment
problem was originally obtained by Yu. M. Berezanskii (see [3]). A descrip-
tion for the solutions of the full scalar strong moment problem was obtained
in [22, 23] for the Hamburger problem and in [15] for the Stieltjes problem.
A detailed bibliography can be found in the survey [12].

To solve the moment problem means to answer the following questions:

(1) Under what conditions is the moment problem solvable?

(2) If the moment problem is solvable, how to determine whether it has
a unique solution?

(3) How to describe all the solutions of the moment problem?

In this paper we give a necessary and sufficient condition for (1) to be
solvable and describe all the solutions of (1) in terms of self-adjoint exten-
sions of a certain linear operator. We also describe the solutions of (1) via
a linear transformation of the Nevanlinna type under the assumption that
the given sequence {S;}*% is strictly positive and normalized.

Let us briefly outline the contents of the paper. In Section 2 we recall basic
concepts of M. G. Krein’s theory of representations for Hermitian operators
and some methods of the boundary triplets technique.

In Section 3 we establish a solvability criterion for the moment problem (1)
(see Theorem 3.3). We also consider the space of Laurent polynomials of
the form

Z &2 ({67, c C)
k=—m

with the inner product generated by the Hankel quadratic form

m
Y &Sis ({&)m,cch).
1,j=—m
In this space, we introduce the multiplication operator A and determine a
one-to-one correspondence between the set of minimal self-adjoint extensions
of A and the set of all the solutions of (1) (see Theorem 3.4).

In Section 4 we recall some earlier results from [24] on orthogonal matrix
Laurent polynomials of the first and the second kind.

In Section 5 we construct a boundary triplet (see Theorem 5.4) and the
corresponding resolvent matrix (see Theorem 5.5) of the operator A and
describe the set of all the solutions of (1) in the form of a Nevanlinna type
formula (see Theorem 5.6).

In Section 6 we illustrate our approach with a simple example.
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2. REPRESENTATIONS OF HERMITIAN OPERATORS

Let us recall basic concepts and statements of M. G. Krein’s theory of
representations for Hermitian operators (see [17, 9]) and some methods of
the boundary triplets technique (see [10, 5, 7, 6]).

A linear relation in a Hilbert space $) is a linear subspace in $ @ $). Since
any linear operator S in § can be identified with its graph

{f.5fteH®H: fecdomS},

we can regard any linear operator as a linear relation.
For arbitrary linear relations S,7 in ) and A € C, we put

domgz{f: {f,g}eg}, ran§:{gi {f7g}€§}7
kergz{f: {f,O}Eg}, mulgz{gi {079}65},

st={{g.nrenan: {1.91€5},
§'={{r.g} €9e9: (9.1)=(f.9) for all {f.9} €S},
AS={{ gt even: {foteb),
§+T:{Ug+d}eﬁ@ﬁ:UM}Eﬁ{ﬁd}GT}
ST={{f.h}eso09: {fg}eT, {g.h} €5}
We define the resolvent set p(S) of a linear relation S in § by
M@:{AEC:@dg—ﬂzﬂhmmg—Mzﬁ}.

A linear relation is called closed if it is indeed closed as a subspace in $H & §).
A linear relation S in § is called Hermitian (dissipative) if (f',f) € R
(S(f', f) > 0) for any pair {f, f/} € S. A Hermitian (dissipative) relation S
is called self-adjoint (mazimal dissipative) if p(S) # 0.

Any maximal dissipative linear relation S in § can be uniquely repre-
sented in the form

S =S &muls,

where

s={{rryes: fLmas}, mus={{o,f}es}.

S is an operator, which is called the operator part of S. The relation mul S
is called the multivalued part of S.
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In this section, we consider a simple closed Hermitian operator A with
finite deficiency indices (N, N) in a Hilbert space $. We assume that the
domain of A is not dense in $ and dim($) © dom A) = N. Let us put

S)ﬁ)\:ran(A—)\), m)\:ﬁ@mx, ﬁA:{{fA,)\f,\} ENDH: [ e‘ﬁ,\},

N = mul A* = H © dom A, N = mulA* = 00 Neo.

Let £ be a subspace in § of dimension N. If there exist at least two
points Ay € C; and A_ € C_ such that the decomposition

H =L+ M (2)

holds for A = Ay, then £ is called the module of a representation of the
operator A.

A point A € C is called an L£-regular point of A if A is a point of regular
type for A and the decomposition (2) holds. Denote by p(A; £) the set of
all £-regular points of A and put

ps(4;2) ={AeC: N Xep(40)}.
Let us define two holomorphic operator-valued functions
PN, QN : H =L (A€ p(49)

on the set p(A4;£). Let P(\) be the skew projection onto the subspace £
parallel to 9M1y. In other words, P(\) obeys

PNfel, I-PW)feM, (f€n).
Define Q(\) by the equality
Q(A) = Pe(A =N~ = P(N).

Henceforth, by Py we denote the orthogonal projection onto a subspace H.
The function P establishes an isomorphism between the Hilbert space $
and the space of holomorphic functions

De={fcN)=PN)f: f€H Aep(AL)}.
This isomorphism takes the operator A to the multiplication operator
PANAf = Afe(N) (f € dom A).
It is easy to check the following properties of the functions P(\) and Q(\):
POVAS = AP(A)f, QNAS = AQWNf+Pef  (f € dom A),
P60 = {P()"¢,AP(\)"¢} € A",

) * * N * * (¢€£)a
QN6 = {QN)"$.XQN)"6 + ¢} € 4
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PNo = ¢, Qe =0 (9,
PeP(N)* = Ig, PeQ(N)* = 0g,
P(A)*Pe=P(N)", Q(N)*Pg = Q(N)™.
It follows from the above that
Ny = ker(4A* — \) = P(\)*L (A€ ps(4; 8)). (3)
Proposition 2.1 (see [6, 7]). The following decomposition holds:
A =AFPON)EFONE (A€ ps(4:2)).

Definition 2.1. Let A be a self-adjoint extension of the operator A, possibly
in a larger Hilbert space 53 D $. The extension A is called £-minimal if

9 ZSpW{S, (A-N"lg: re p(A)}.

Definition 2.2. Let A be an £-minimal self-adjoint extension of the oper-
ator A. Then the operator-valued function

Pe(A=XN7"e  (Mep(A))

is called the £-resolvent of the operator A corresponding to the extension
A.

Definition 2.3 (see [10]). A triplet IT = {£,T,I'1}, where I' = {T'o,T'1 }
is a linear operator from A* to £ @ £, is called a boundary triplet for the
linear relation A* if the mapping I is surjective and obeys the abstract Green
identity

(f,9)—(f.d) = T1f,Tod)e—Tof.T19)e (F={fF'}.a=19,9'} € A(* )

Proposition 2.2 (see [10]). A boundary triplet II = {£,9,T'1} defines
a one-to-one correspondence between the set of proper extensions A of the

operator A (A C A C A*) and the set of linear relations 6 C £ & £. This
correspondence is given by

A=Ay 0=TdomA = {{Pof,l“lf} L fe doml}.
The extension /Tg is Hermitian (self-adjoint) if and only if the relation 6 has
the same property.

In particular, the operators I'g and I'y define two self-adjoint extensions
Ap and A; of the operator A:

A() = ker FQ, A’Zl = ker Fl.
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The equality

AN = AW = (Tolg, ) (3 € plAg))

defines two operator-valued functions §(A) : £ — My and v(A) : £ — M,y
holomorphic on p(Ayp).

Definition 2.4 (see [6]). The operator-valued function M(\) : £ — £
defined by the equality

M\Tofx=Tifx  (fr €M, A€ p(Ag))
is called the Weyl function of the operator A corresponding to the boundary
triplet IT = {£, T, I'1 }.
Proposition 2.3 (see [6]). The functions M(\) and ~y(X) obey the identities

YA =) = (A= @) (Ao = ) (1) (A€ p(Ao)), (5)

M) = M(p) = (A= pwy(@™QA) (A pe p(do)). (6)

Definition 2.5 (see [7]). It is said that a holomorphic function 7: C; —

£ ® £ belongs to the class Ng if 7(\) is a maximal dissipative relation in £
for any A € C,.

It is said that 7 belongs to the class Ng if 7(\) is a maximal dissipative
operator for each A € C,.

One can extend a function 7 € N ¢ to the domain C_ by the formula
7(A) = 1(\)* (AeCL).

By identities (5) and (6), it follows that M () belongs to the class Neg.
Moreover, identity (6) means that M()) is a Q-function of the operator A
corresponding to the extension Ay in the sense of [19, 20].

Definition 2.6 (see [21]). A 2N x 2N-matrix W(A) = (wij()\))? holomor-
phic on p(A4; £) is called an £-resolvent matriz of the operator A if it obeys
the identity

WOIW ()" = T +i(A - DGNG()* (A p e p(4; L)),

where
_.(0 -1 (=2
J—z(l 0), G(A)—<P()\)>.
An £-resolvent matrix is not unique. If W7 () and Wy(\) are two different
L-resolvent matrices of A, then there exists a J-unitary matrix U such that

W) = Wa(NU (A€ p(4; £)).
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There exists a natural one-to-one correspondence between the set of £-
resolvent matrices and the set of boundary triplets. The following theorem
shows how to construct the £-resolvent matrix corresponding to a boundary
triplet.

Theorem 2.4 (see [7]). Let Il = {£,T,I'1} be a boundary triplet of the
operator A. Then the matriz function

Ao\t (~ToQ(N)* nﬁ(x)*)*
Wn(A) = (T'G(A = = ~ , 7

n() = (r607) = (TRg PE. )

where R R R
GO = (=) POVY),
is an L£-resolvent matrix of A. Wrr(\) is called the T1€-resolvent matrix of
A corresponding to the boundary triplet I1.
Theorem 2.5 (see [17, 9, 7]). Suppose that I = {£,T,T'1} is a boundary
triplet of the operator A such that kerI'y = A © Noo. Let M(N) be the
corresponding Weyl function and let Wii(A\) = (w;;(\))3 be the corresponding
[1L-resolvent matriz. Then the formula
Po(A =) e = (win(N)7(A) + wiz(N)) (war (AN 7(A) + waa(N)) "

for X € p(A; £) establishes a one-to-one correspondence between the set of

all £-minimal self-adjoint extensions A of the operator A and the set of all
functions T € Nga. Moreover, the following conditions hold:

(i) mul A =0 if and only if
lim (i)
y—oo Yy

(ii) ker A = 0 if and only if
lim y (M (iy) + r(iy)) "t = 0.
y—>

=0.

3. AN OPERATOR MODEL

Proposition 3.1. If the moment problem (1) is solvable, then the conditions

> &S =0 (8)

1,]J=—m
and
m—1 m—1
> &Si&i=0 ifandonlyif Y &Sipj&=0 (9
L,j=—m ij=—m

are valid for any sequence {&}™ ~C CN.
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Proof. Suppose d¥ is a solution of the moment problem (1). Then
}: @Zﬂ@_i/ <§:§ﬂ0(ﬁ: (§:§ﬂ>>0
) ]_7m J=—m 1=—m

for any {£}" < CV. Thus (8) is valid.
Since

+o0o
/ thant) =85 <o (k=1,2,...,2m)

—00

the point ¢t = 0 does not belong to the discrete spectrum of d¥. Therefore

the condition
[ (5 o Eer) o

Jj=—m i=—m

holds if and only if

[2(Z ey mo( £ e) =

j=—m i=—m
holds, which proves (9). O

In the remainder of this section we assume that the conditions (8) and (9)
hold.

Consider the linear space of N-vector Laurent polynomials of formal de-
gree m

)1 :span{¢zk: peCN, k= —m,—m—i—l,...,m}.
In this space, we introduce the inner product defined by
(¢2', ¥2?) = 0" Sip;0 (B €CN,ij=-m,—m+1,...,m). (10)
Put o ={f € H:1: (f,f) =0}.

It follows from (8) that the inner product (10) is non-negative. Therefore
the factor space = $1/90 is a Hilbert space. We denote by (bzk the
equivalence class (¢zF 4 99) € $. It follows from (9) that

2(¢2F) = ¢2F 1, 27N (gzF) = g2k T (k=-m,—m+1,...,m—1).
Therefore the multiplication operator
A(92F) = ¢,
domA:span{gigzk cpeCN, k= —m,—m+1,...,m—1}
is well defined and ker A = 0.
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A is a Hermitian operator and its domain, in general, is not dense in $).
Therefore A* is a linear relation. Note that

mulA* = $HSdomA, kerA* =9 OCranA.

Put
2:{qu ¢e<cN}.

Proposition 3.2. Let a linear relation A be an £-minimal self-adjoz’nlf ex-
tension of the operator A in a Hilbert space $ D $) and let E, = E(A) be

the spectral measure of A. Then there exist some self-adjoint matrices X
and Y obeying
0§X§52m7 0§Y§S72m

such that the equalities

/+°° (B D) = 6" Sk (k=0,£1,.. =@m—1), (11

+oo A
/_ 27 A By D) = 0 (Som — X)b (12)
“+o00 R
[ i) = (s - )0 (13)

hold for any ¢, € CN. Moreover,
X =0 if and only if mul A = 0,
Y =0 if and only if ker A = 0.

Proof. First, let us prove equality (11) for £k =0,1,...,2m — 1 and equality
(12). Note that

mul A C mul A* & (5 69 =®HodomA) (5 ©9).
Since the extension A is £-minimal, mul A = 0 if and only if mul A L
($H© dom A). _
The relation A can be uniquely represented in the form
A=A @mul A4,
where A’ is the operator part of A In particular, A’f L mul A for any
f €domA'.
Put Py = Pmul
(A =AFp=2F¢p  (peCV, k=0,1,...,m—1). (14)
Indeed, assume that this assertion is proven for k < n < m — 1. Then

(A/)n+l¢z _ A/Ané _ An+1$ o PMAn+1(£ _ A”Hg%

i Let us show that
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since A"*14 = 2" € domA L mulA for 0 < n+ 1 < m. Finally, the
vector (A’)™¢ has the form
(A)") = AA™Ig = A™G — PpA™S.
Now it is clear that conditions (11) hold for £ = 0,1,...,2m — 1. Let us
show that (12) is valid. Indeed,

+o0 R . .
[ aEdd) = (. (am)
= (A" — PpA™ ), A — Py A™) = (A" ¢, A1) — (PMmA™ §, PrmA™))
=" Somd — P X ¢,
where X is a self-adjoint matrix defined by
VX ¢ = (PmA™ G, PMA™))  (¢,1p € CV).
It is clear that 0 < X < S5, and X = 0 if and only if
AL = {d;zm RS (CN} 1 mul A.

Since $ = dom A + A™L and dom A L mul /T, this implies that X = 0 if
and only if mul A = 0.

Now we will prove equality (11) for k = —1,—2,..., —2m+1 and equality
(13). Since the extension A is £minimal and

ker ACkerA* @ (H69H) = (HOrand) @ (H S 9H),

ker A = 0 if and only if ker A L (§ & ran A).
The relation A can be uniquely represented in the form

A= A" @ ker A,
where

ker A” =0, @K:{{f,O}Ei)@ﬁ: fEkerK}.

In particular, dom A” 1 ker A.
Put Pc = P, ;- Now let us show that

(ANFkp=AFp=27"% (peCV, k=0,1,...,m—1). (15)
Indeed, assume that this assertion is proven for £k < n < m — 1. Then
(A//)fnfl(;g _ (A//)flAfnq; _ Afnflqg _ P]CAfnflqg _ Ainilgf;

since A_”_IQAS = z‘”_lg?) crand L kerAfor 0 <n+1< m. Finally, the
vector (A”)™™¢ has the form

(A//)fm(i _ (A//>71A7m+1(£ _ Afmé o PMAfmé
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It is clear that conditions (11) hold for k = —1,—-2,...,—2m + 1. Let us
show that (13) is valid. Indeed,

+oo . R R
[ ermaEe b = (e )
= (A7) — PcA "), A"™M) — P A7)
= (A7), A7) — (PcA™™, PeA™™)) = 4" S_gmé — *Y 6,
where Y is a self-adjoint matrix defined by
UY = (PcA g, PcA™™)) (6,0 € CN).
It is clear that 0 <Y < S_g,, and ¥ = 0 if and only if A= 1 ker A. This
implies that Y = 0 if and only if ker A = 0. (]

Now combining Proposition 3.1 and Proposition 3.2, we obtain a solvabil-
ity criterion for the moment problem (1).

Theorem 3.3. The moment problem (1) is solvable if and only if the con-
ditions (8) and (9) hold.

Elaborating Proposition 3.2, we can describe all the solutions of (1).

Theorem 3.4. There exists a one-to-one correspondence between the set of
all solutions d¥ of the moment problem (1) and the set of all £-minimal
self-adjoint extensions A of the operator A obeying the conditions

mulA =0, kerA=0. (16)

This correspondence is given by

VBN = (Bi(A)dd) (o0 €CY), (17)
where Ey(A) is the spectral measure of A.
Proof. Tt follows from Proposition 3.2 that (17) is a solution of the moment
problem (1) if A is an £-minimal self-adjoint extension satisfying (16) and
E; is the spectral measure of A. Thus we only need to prove the converse
assertion of the theorem.

Suppose that dX(t) is a solution of the moment problem (1). Let us define
a linear bounded self-adjoint operator e(t) in £ by

(e()$, ) = ¥ E(1).
Then e(t) obeys the conditions
e(—o0) =0g, e(4o00)=1Ig, e(t—0)=ce(t) (t € R).
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By the Naimark dilation theorem (see [2, 4]), there exists a Hilbert space
$H D £ and a resolution of identity E} : § — $ such that

e(t) :PﬁEt|£7 SPW{E}QASQASGS} :5
The resolution of identity E; defines the self-adjoint operator
- +oo

in the space 9. By construction, A is L-mininal. Let us show that there
exists an isometric embedding V' : $ — $ such that VAV c A. Indeed,

+oo . +o0 A

/ 2% d(E,$, 0) = / 52 d(e(t)9, §) = ¢ Sand < o0,

and therefore £ C dom A for each k = 0,+1,...,£m. Put
V(") = V(4AFd) = AFp (e L, k=0,41,...,+m).

Note that V maps the space £ onto itself. The mapping V is isometric since

. A . A ~. A ~ . A +m . . A ~
VS, V) = (36, W) = [ 69 amdd)
+m . . . A . A
- / 9 G5 S (1)) = * Sy = (216, 24)

for ¢, € CN, 4,5 = 0,%1,...,42m, and the inclusion VAV ! C A holds
by construction.

Obviously, mul A = 0 since A4 is an operator. It follows from Proposi-
tion 3.2 that ker A = 0. [l

Corollary 3.4.1. The moment problem (1) has a unique solution if and
only if the operator A is self-adjoint.

4. ORTHOGONAL LAURENT POLYNOMIALS

Definition 4.1. A sequence of self-adjoint Nx/N-matrices {Sk}%rgm is called
strictly positive if the quadratic form

Y &St (e, cch)

i,j=—m
is strictly positive definite.
A strictly positive sequence {Sk}z_"gm is called normalized if Sy = 1.
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Any strictly positive sequence {§k}2j§m can be normalized by the rule

~_1 1
Se=25,28:8,2  (k=0,%1,...,+2m).

Definition 4.2. The moment problem (1) is called nondegenerate if the
given sequence of moments {Sk}Qfgm is strictly positive.

The following assertion is well known.

Proposition 4.1. If a sequence {Sk}Qfgm 18 strictly positive, then there exist
self-adjoint matrices

S_om—2, S—om—1, Som+1, S2m+2

such that the sequence {Sk}%";;g is also strictly positive.

In the rest of the paper, we assume that the given sequence {Sk}zrgm 18
strictly positive and normalized. Proposition 4.1 allows us to regard {Sk}Z_"gm

as a part of some infinite positive bisequence {Sk}fz Further we will use
the extended coefficients St (2,,41), S+(2m42), - - - in our calculations. While

the bisequence {Sk}fg is not uniquely determined by the original matrices

{Sk}Q_?m, its variation does not significantly change the final result.
Consider the Hilbert space of N-vector Laurent polynomials

~

5] :span{dwk NGRS cN, k:O,il,iQ,...}
with the inner product

(92", 02) = ¢*Sipjd (¢, € CN, i, j =0,£1,£2,...).

The finite-dimentional Hilbert spaces $ and £ introduced in Section 3 are
subspaces of ?) Since the bisequence {Sk}fz is normalized, the subspace
£ is naturally isomorphic to the space CV. Further we will use £ and CV
interchangeably.

Definition 4.3 (see [24]). A sequence of NxN-matrix Laurent polynomials
{Pr(2)};° of the form

k k
Py (2) = Z Pg(i)zj, Popy1(z) = Z Pz(illzj (P;EJ) e CM)
=k j=—k—1

is called the sequence of orthogonal Laurent polynomials of the first kind if
the following conditions hold:

(A) The coefficients PQ(,? and Pél;—f; U are strictly positive matrices.
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(B) The Laurent polynomials {P;(z)};” are orthonormal, i.e.,
(Fi(2)€, Pj(2)n) = 0, (Pe(2)§, Pr(2)n) = n"¢
(EneCh, ijk=01,....i#}).
Conditions (A) and (B) uniquely determine the sequence { Py ()},

Definition 4.4 (see [24]). The sequence of N x N-matrix Laurent polyno-
mials {Qx(2)}o° defined by

W*Qk(z)fz (Rk(vz)fﬂ?) (§7WGCN7 k:071727"')7
where

Ri(¢,) = LT

is called the sequence of Laurent polynomials of the second kind.

(k=0,1,2,...),

Extending Definitions 4.3 and 4.4, put
P_Q(Z> = O, P_1<Z) = 0, Q_Q(Z) = —I, Q_l(z) =0.
If we denote by {ej}jlv the standard basis in CV, then the sequence
{PZ(Z>6]}ZO = {P()(Z)Gl, ceey P()(Z)EN, Pl(Z)El, ey Pl(z)eN, .. }

forms an orthonormal basis in the space ?) Therefore, any element f € 5
can be uniquely represented as a Fourier series

) =3 Pul=)n (18)
k=0

where the Fourier coefficients ¢, € CV are determined by the equalities
E;QSk: (f(Z),Pk(Z)Ej) (]: 17-'-aN)'
The coefficients {¢}~ obey the condition

(o9}
2 2
AP = llgrllzn < oo. (19)
k=0
Conversely, any vector f of the form (18) satistying (19) belongs to the space
9.

Theorem 4.2 (see [24]). The Laurent polynomials { Py(2)}o" and {Qr(z)}g°
obey the following recurrence relations:
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2Pok(2) = Pak—2(2)Cop_o + Pog—1(2) Bay_4
+ Pop(2) Aok + Pogy1(2) Bog + Par12(2)Cay;,
2Qar(2) = Qak—2(2)Cop_g + Qar-1(2) Bag_4
+ Qar(2) Aok, + Qor+1(2) Bog + Qary2(2)Cor,
2Pok11(2) = Pog(2) By, + Part1(2) Agk1 + Port2(2) Bagt1,
2Qo+1(2) = Qar(2) By, + Qar11(2) Aok 41 + Q2r42(2) Bak11
(k=0,1,2,...) (20)
with the initial conditions
Poo(z) =0, PR(z)=1 Q-22)=-1, Qo(z)=0, (21)
where the coefficients {Ax}y” . {Br}>, {Cr}™, are some N x N-matrices.
Proposition 4.3 (see [24]). The coefficients {Ar},", {Be}>, {Cr}>y of
the recurrence relations (20) obey the following conditions.

(1) C_QZI, B_1:0, Cgkflzo (k:O,l,Q,),
(ii) The following matrices are well defined:

Cyl, Bo=(By — AcCy By,

-1
~ . C A -1 B* (k=0,1,2...);
Copr1 = — (ng sz+1) ( O2k 2k+2> < 2k+2)]

Cokt2 Bag13

(iii) The following inequalities hold:
C51,.Copo---Coy > 0, 52k+15’2k_1 e éléo >0 (k=0,1,2,...);
(iv) The matrices Ay are self-adjoint and obey the identities
Aggy1 = BQkC;leka-i-l (k=0,1,2,...).
Theorem 4.4 (see [24]). Let {Ar}y", {Br}>y, {Ck}Z, be arbitrary ma-
trices satisfying conditions (1)—(iv). Then there exists a unique positive
and normalized bisequence of moments {Sk}fz such that the correspond-

ing Laurent polynomials {Py(2)}" and {Qr(2)}g" obey (20) with the given
coefficients.

The sequence
{Pi(z)ej}?fo ={Py(2)e1,..., Po(2)en, .., Pom(2)e1,..., Pomm(2)en}

forms an orthonormal basis in the space $). Any element f € $ can be
uniquely represented as a finite sum

2m
12) = Pul2)én. (22)
k=0
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Recall that the linear operator A was given by

domA:span{¢zk: ¢ e CV, k:—m,—m—f—l,...,m—l},
Af(z) = zf(2) (f € dom A).

In the basis {B(z)q}2m the operator A has the following block-matrix

i=0
form
Ay B Cp
By A, Bj
Co Bi1 A

Aom—2 B3, o
Bopm—o  Agm—1
Com—2 Bom—1

*

*

By the symbol x we denote undefined values.
Denote by A; the self-adjoint extension of A in § given by

AVIPQm(Z)g - PQm—Q(z)Cékm72§ + P2m—1<2)B>2km71§ + P2m(z)A2m€'

The operator Al has the following block-matrix form

A B C
By A1 B}
Co B1 A

5. SOLUTIONS OF THE MOMENT PROBLEM

(23)

In this section we continue to study the Hermitian operator A in the
Hilbert space $), which was defined in Section 3, assuming that the bise-
quence {Sy} % is strictly positive and normalized. Since § is finite dimen-

sional, the deficiency indices of A are equal to dim($ © dom A) = N.

Theorem 5.1. The adjoint relation A* has the form

A*:{{f,ﬁlerPde}:fef), 562},

(24)
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where Ay is the self-adjoint extension of the operator A defined by (23). The
deficiency subspaces of A has the form

2m
M = {fA,¢>(Z) =Y P(2)P(N): ¢ € 2} (A e C\ {0}),
= (25)

Noo = {Pom(2)p: ¢ € L£}.
Proof. A vector f = {f, '} belongs to A* if and only if it obeys the equalities
(f(z)aAPk(Z)Ej) = (f/(Z),Pk(Z)Ej) (k =0,1,....,2m -1, 5=1,... aN)

(26)
Suppose the Laurent polynomials f(z) and f’(z) have the form

2m 2m
f) =D P fe. f(2) =D Pel2)fi
k=0 k=0

Then the equalities (26) can be expressed as
for = Cop—afar—2 + Bor—1for—1
+ Ao for + Bag for+1 + Cop far+2, (k=0,1,...,m—1), (27)
for1 = Borfor + Askg1 forr1 + Bog 1 forto

assuming that f_o = f_; = 0. Note that the leading coefficient f5,, is not
constrained by (27). Put

0 = fom — Com—2fom—2 — Bam—1fom—1 — A2m fom.
Then (27) can be expressed in the form

F(2) = ALf(2) + Pam(2)8. (28)

Conversely, any vector f = {f, f'} satisfying (28) for some § € CV
obeys (26), and hence it belongs to A*.

Now let us prove (25). The form of M is obvious, so we only need to
find My for A € C\ {0}.

Let us show that any Laurent polynomial fy 4 belongs to 91y = ker(A* —

A). In other words, it means that any vector f,\,d, = {fr¢: Afrs} belongs to
A*. Using (26), this condition can be expressed in the form of recurrence
relations

AP (N)* = Cop—_oPog—2(N)* + Bog_1Por_1(N)*

+ Ao Po(N)* + B3y, Pog1(N)* + C5 Pog2(N)",

AP 1(N)" = Bop Por(A)* + Ao 1 Pory1(N)* + By Porg2(N)*
(k=0,1,...,m—1),
which follow from Theorem 4.2. Therefore f 4 € N,.
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Since the set {f\4(2) : ¢ € £} is an N-dimensional linear subspace in $),

it coincides with ). O
Corollary 5.1.1. The operator A is simple, i. e.,
() 2 = {0}.
AEC\R

Proof. Let f € $ be a Laurent polynomial satisfying

(f,fae) =0  (AeC\R, ¢ €l). (29)
Suppose that f has the form

2m
@) =>_P)f  {fe}g" cCV).
k=0

Then (29) is transformed to
PN fk=0 (AeC\R, k=0,1,...,2m).
Hence fr, =0 for k=0,1,...,2m, and f = 0. O
Proposition 5.2. The following condition holds:
L£Nran(A—\) = {0} (A e C\{0}).

Proof. Suppose that « is the angle between the subspaces £ and ran(A — \).
We claim that a > 0. Indeed,

sina = inf — (A -\ = inf — = inf h
Jnt o= (A= X1y = int (6=l = nt (Al
fedom A g(A)=0 h(N)=¢

. f{ [ } - (Ei@ol\thst

p— - 1 )
o (e | (|3 P

1RVl

Using Cauchy’s inequality, we obtain

1
sino > > 0. O

1
(S22 I2)?
The operator A is a simple Hermitian operator with deficiency indices
(N, N), the decomposition
H=mM\+ £ (A e C\{0})

holds, and the set of £-regular points of A coincides with the domain C\ {0}.
Let us construct the representation of A with the module £. Denote by P(\)
the skew projection onto £ parallel 91, in the space $. Put

Q(A) = Pe(A=XN)~(I = P(N).
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Then any vector

ZPk )fkEH

obeys
2m
P(A) ZPk Vi QNS = Qr(Nfx
k=0

Proposition 5.3. The followmg equalities hold:

2m

(POV)0) (2) = D Pu(2)Pu(N)* ¢,
k=0
2m

Q™) (2) = Y Pr(2)Qu(N)*¢
k=0

Proof. Let us prove the first equality, the second equality can be proved
similarly. Expand the vector P(\)*¢ as a Fourier series

2m
N6 =3 Pul2)fr
k=0
Then the coefficients fi are determined from the equalities

€ fr = (P(N)"¢, Pr(2)€j) = (¢, P(A) P (2)€;)
— (6, PsVej)ey = EPN'G  (k=0,1,....2m, j=1,...,N).
O

(¢ € £).

Now let us introduce a boundary triplet of A*.

Theorem 5.4 (cf. [7, Proposition 10.1]). Let

2m
f={rAf+Pmsbea, =3 Pfien
k=0

The triplet I1 = {£,Ty,T'1} given by
Tof = fom, Tif=0
is a boundary triplet of the operator A*.
Proof. The proof is a straightforward check of the Green formula (4). O

The boundary triplet I = {£,T0,T1} defines two self-adjoint extensions
AO = kerT'g and A1 = ker I'1. Note that the extension Ao = ker 'y obeys
the condition A(] =A® ‘ﬁoo and the extension A1 = kerI'y coincides with
the extension A; defined by (23).
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Theorem 5.5 (cf. [7, Proposition 10.1]). Let IT = {£,T5,I'1} be the bound-
ary triplet of A defined in Theorem 5.4. Then the matrix function

(w1t (A) wiz(N)
wo = () wel)

_ <_Q2m()\) —Q2m+1(N)Bam — Q2m+2()\)02m> (30)
Py (M) Popt1(N)Bam + Pomy2(N)Copy

s the corresponding I1L-resolvent matrizx.

Proof. 1t is easy to check that

=AY Pu(2)P(N)*¢ — Pomn(2)(Pom+1(N) Bam + Poami2(N)Com) o,

=AY Pu(2)Qr(N) ¢+ ¢ — Pom(2)(Qam+1(N) Bam + Qam+2(N)Com ) ¢

for any ¢ € £. Therefore

{ ZPk )Pe(\)* 0, )\ZPk(z)Pk(A)*¢} -
2m
{ > Pu(2)Pe(N)6, ALY Pr(2)Pu(\)*¢
k=0 k=0
+ Pom(2)(Pam+1(A) Bam + P2m+2()‘)c2m)*¢}a
2m
={2Pk(z> ZPk ¢+¢>}
k=0
2m
- {Zmz)@k(x)w, 5 PG
k=0 k=0

+ Py (2)(Q2m+1(N) Bam + Q2m+2()\)02m)*¢}'
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Thus
wit(A)* = ~ToQ(\)* = —Qam(\)*,
wlZ()‘)* =-In /Q\()‘)* = _(Q2m+1()\)32m + Q2m+2()\)02m)*7
w1 (A)* =ToP(A)* = Pom (N,
Wa(\)* = T1P(A)* = (Pams1(N)Bam + Pomaa(A)Com)*. 0

Corollary 5.5.1. Let IT = {£,Ty,I"1} be the boundary triplet of A defined
in Theorem 5.4. The corresponding Weyl function M(X) has the form

M(/\) = <P2m+1()\)BQm + P2m+2()\)02m) Pgm(/\)_l. (31)
Using Theorems 2.5, 3.4, and 5.5, we obtain our main result.

Theorem 5.6. There exists a one-to-one correspondence between the set
of all the solutions d¥ of the moment problem (1) and the set of all the
functions T € Nen obeying

lim )
y—oo Y

=0, lim y(M(iy) + 7(iy)) "' =0,
y—)

where the function M(\) is defined by (31). The correspondence is given by
the following Nevanlinna type formula

/+°° ;lﬁ_(t; = (wi N7V + wiz(A)) (w21 W) T(N) + w22 (A) 7, (32)

where the functions (w;;(\))3 are defined by (30).

6. AN EXAMPLE

In this section we consider a simple example, which illustrates the ap-
proach developed in the previous sections.

Denote by {Ui(2)}7° the sequence of Chebyshev polynomials of the second
kind on [—1,1]. The polynomials {Uy(z)};~ obey the recurrence relations

Uo(z) =1, 22Uk(z) = Uk_1(2) + Ugy1(2) (k=1,2,...)
and can be expressed explicitly in the form

sin(n + 1)0

- when z = cos®.
sin

Uk(x) =
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The polynomials {Uy(z)}g° are orthogonal polynomials of the first kind cor-
responding to the Jacobi matrix

= O
N[—= O o=
(e NI

Now consider a generalized Jacobi matrix for the strong moment problem

0 I I
I 00
I 00 I I
I 0 0 - (33)
I 0 0

with the coefficients
A =0, Bogp1 =0, Copq1 =0,

In view of Theorem 4.4, the matrix (33) uniquely determines a bisequence
of moments {S;} 7.

The Laurent polynomials of the first kind { Py (z)},” corresponding to (33)
satisfy the conditions

P,Q(Z) :Pfl(z) :0, Po(Z):I,

X (k=0,1,2,...).
Pok1 = ;P%(Z)
Therefore,
1 1
- (3(-2).
z
(k=0,1,2,...).

Poj11(z) = %Uk <; (Z - i))

The sequence of Laurent polynomials of the second kind {Q(2)}g~ coin-
cides with the sequence {Py(2)}," shifted left by 2 positions, that is,

Qr(z) = Py_2(2) (k=0,1,2,...).
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Now using Theorem 5.5 we can obtain the resolvent matrix W (\) and the
Weyl function M (\) corresponding to the strong truncated moment prob-
lem (1) with the moments {S;}* determined by the generalized Jacobi
matrix (33). They have the form

_ (wn(A) w (\) _ [~ Unm- (w) _lUm— (W) = Un(w)
W) = <w;(x) me) —< U (o) ;%m<w3+Um+l<w)>
(34)
1

M) = 5

I + Uny1(@0)Un(w) 7,

1 1
where w = 3 ()\ — )\). It is easy to check that the point A = 0 is a regular

point of M(X) and M (0) = 0.

Finally we can describe the set of the solutions d¥ of the moment problem
using Theorem 5.6. The formula (32), where w;;()\) are elements of the
resolvent matrix (34), gives a one-to-one correspondence between the set
of the solutions d¥ of the strong truncated moment problem given by the
Jacobi matrix (33) and the set of matrix functions 7 € Ng~ obeying the
conditions

lim y~'7(iy) = 0, liII[l)yT(iy)_l =0.
y;,

Yy—00
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