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BANACH-MAZUR DISTANCE BETWEEN TWO
DIMENSIONAL BANACH SPACES

S. A. AL-MEZEL

ABSTRACT. The purpose of the present paper is to investigate geometric
properties of two-dimensional Banach spaces. We are also concerned
with the Banach-Mazur distance between Banach spaces. For real or

complex spaces d(l%,lg) = 217%, ifl<p<2andifl <p<ooand lf)

1
is two-dimensional real space, then d(I3,13) = 27.

1. INTRODUCTION

For isomorphic Banach spaces E and F, d(E, F') measures how far the
unit ball of E is from an image of the unit ball of F.

In general, it can be rather difficult to compute the Banach-Mazur dis-
tance between two given spaces. The main problem lies in finding isomor-
phisms with small norms. Let us recall the definition of the Banach-Mazur
distance.

Definition 1. Let E and F' be Banach spaces . We define the Banach-Mazur
distance between E and F' by

d(E,F) = inf { IT| | T | : T:E — F isomorphism } (1)

Geometrically, let Bg and Br denote the unit balls of the spaces E and F
respectively. Then d(FE, F') < d, if there exists an isomorphism 7' : E — F
such that

Bp C T(Bg) C dBp.
Obviously, for Banach spaces FE, ' and G one has
A(E, F) < d(E,G) d(G, F). 2)

If E and F are finite-dimensional and dim F = dim F', then there exists
an isomorphism T : E — F such that |T||||T~}!|| = d(E, F). For infinite
dimensional spaces this may not be true.
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If E and F are not isomorphic, then one defines their Banach-Mazur
distance to be infinity.

Example 1. If £ = (V|| .||) is an n-dimensional normed space, then
d(E,IT) <n.

In 1948 for finite dimensional spaces Fritz John [2] proved an essentially
best-possible upper bound for d(E, F') by first bounding the distance of an
n-dimensional space from [3. The following theorem of John shows that
one can obtain a good upper bound for d(E,[}) be taking the ellipsoid
D of minimal volume containing Bg. An ellipsoid is the set of the form
{z: (x,z) <1} for some inner product (.,.) on R™.

Theorem 1 (John’s theorem). Let E be a normed space with unit ball Bg.
Then there is a unique ellipsoid D of minimal (Euclidean) volume containing
Bpg. Furthermore,

n"3D C By C D.
In particular, d(E,15) < ne.
Let E and F' be n-dimensional normed spaces by Theorem 1. Then
d(E,F) < d(E,1})d(I}, F) < nzn? = n.
The following lemma was proved by J. Lamperti [3].
Lemma 1. If x and y are complex numbers, then if 2 < p < oo, then
[z +yl” + |z — y” = 2[z” + 2[y[". (3)
If 1<p<2, then
[z 4+ yl” + |z — yl” < 2[zP + 2[y[". (4)
For p =2, of course, we get equality for any x and y .
The two-dimensional real spaces [2, and [? are isometric because the unit

balls in both 2, and I3 are square. We can see that by rotating 13 into I%.
Define a map 7T : I3 — 2, by

T(x,y) = <(fv + y)) '

(z —y)
Then T is an isometry, since max(|z +vyl|, | —y|) = |z|+ |y|, for all z,y € R.
But in three-dimensional spaces I3, and I3 are not isometric because the unit
balls in both {2, and I3 are different, the unit ball in I$ is octahedron while
the unit ball in I3, is a cube. From these results we calculate the Banach-
Mazur distance between [? and lf, for the real (complex) two-dimensional
spaces.
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Theorem 2. Let lf, be the real or complex two-dimensional space. Then
2 12 -2
d(li,l,) =27, forl <p<2. (5)
Proof. Let T': lg — 12 be the identity map
T : (z1,22) — (1,22).
By Holder’s inequality:
1 1
1] 4 |22 < (1T +19) 7 (Jza[” + [22]") 7
1—1
=27 7[(z1, 22) lp- (6)
1
But if 2y =22 =27, |z| =1. Then
1-1
IT@)| = (@1, x2)ll1 = |2a] + [o| = 27 7. (7)

Hence, ||T|| = 2175, Next, we show that | 77! = 1.
Let T71: 1§ — 12 and let y = (y1,y2) € I3, then [|yll1 = |y1] + |y2|. Since

1 .
(ly1]P + ly2P)? < |y1| + |y2], then HT_1|| < 1. Butify; =1 and y» = 0, then
T~ y|l1 =1 = ||y|l1. Therefore | T~!|| = 1. Hence,

(13, lg) < 21_%, for all p. (8)
Let T = <CCL Z) € L(17,12) be an isomorphism with [|77!|| = 1 such that

a,b,c,d € R or C and (e;) be the unit vector in I2, for i = 1,2,
1
We show that || T]| > 2%, when1<p<2.

_ (ax + bz . .
Then T(z1,z2) = <le + dey and in particular
a b
T(e) = <c> and T'(eq) = (d) (9)
_(a+D _(a—D
T(1,1) = <C+d> and T(1,—1) = (c_d>.
Since | T~ =1, ||T(1,1)]| > 2 and ||T(1,-1)|| > 2 i.e.,

@+ b7 + |+ d” > 27, (10)
la —b|P + |c — d|P > 2P. (11)

Adding (10) and (11) we get that

la +b|P + |a — bP + |c + dP + |c — d|P > 2PTL,
Therefore,

2|al? + 2|bfP + 2[cP + 2|d[P > 2P ( from (4) )
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|a]” + (b + [el” + |d[” = 2"
Then either |a|P + [c[P > 2P~1 or [b|P + |d[P > 2P~ 1.
1 1 _1
In the first case || T(e1)]| = (Ja[P + [c[P)? > (2P71)> = 27w,

1
Similarly, the second case gives ||T'(e2)|| > 2'"#. Hence

IT| > 2" 7. (12)
Therefore, d(13, lg) = 217%, when 1 <p < 2. O

In the next theorem, we calculate the Banach-Mazur distance between
the real spaces [? and lg, when p > 2.

Theorem 3. Let l£(2 < p < 0) be two-dimensional real space. Then
d(i2,12) = 27.

If lf,(p > 2) is the complex two-dimensional space. Then
d(13,12) = V2.

Proof. Since d(E, F') = d(E*, F*) we have that

o 7qg

1 1
dU%J;%) = d(12 l2) where 5 4 p -1

. . -1 .
But /2 is isometric to li and 1SO d(i2,,12) = d(13,12) = 2774 since ¢ < 2.
Therefore, d(I2, lg) =274 =25, for p > 2.
In the complex case, if we define T': [ — lf) by

(o, 8) = (a + B, apB).
Then

RS

IT(ev, B)llp = I+ B, = B)llp = (J + BIP + | — BI)
< (2ol + 87
=25 |(@. D)l
Hence, ||T|| < 27, But if & = 1 and B =0, then ||T'(c, B)|lp, = 2. Therefore,
IT|| = 27 (13)

Now, T71: l; — 1% and (u,v) — (3(u+v), 3 (u—v)).

_ 1 1 1 1
1T~ (u, 0)|11 = Jlutol+Slu—vf<(2)72 (lu+v* + |u—v[?)?
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1
P P\ p
< (up + oy} < b (MR
Hence, || T} < 2275, But if (u,v) = (1,4), then
. 1 41 . 1 1
1T = S+l + 5t =il = 5V2+ V2= V2

and ||(1,)||, = 27. Therefore,

B =

1
1T = 227%. (14)
From (13) and (14) we deduce that ||T||||T~}| = 23 O

This suggests that d(I3,12) = V2 for all p > 2. Estimates for d(i2, 12) are

given in [5], but there the precise values in the complex case are not given.
Now, we will estimate the Banach-Mazur distance between the spaces lz
and lg.

Lemma 2. Let 1 <p<g<2, 0or2<p<q<oo, then d(lg,lg) = 2%_4.
Proof. Let id: lf, — lg denotes the identity operator. Then
2 72 1 1_1
d(ly, lg) < |lid [} id™7 [} = 2779, (15)
Now we need to show that
d(12,12) > 257 a.
First, if 1 <p < ¢ < 2, from Theorem 2 we have that
d(2,12) =25 and d(2,12) = 2" 0.
Next using the property (2) one gets
2170 = d(12,12) < d(12,12) d(I2,12)
2173 < d(12,12)2" .
It follows that

1_1

We have proved d( lg, lg) =2v 4,
Second, if 2 < p < ¢ < o0, from [5] we have
d(13,12) =275 and d(13,12) = 271,
Then

N|=

2570 = d(12,12) < d(i2,12) d(I2,12)
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1

1< 2 Trd(I2,12).

N|=

2

Hence d( lg,lg) > 2%_%, if 2 <p < q < oo. From (15) we deduce that
d(12,12) =257,
]
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