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ON THE NON-COMMUTATIVE NEUTRIX PRODUCT OF
THE DISTRIBUTIONS §()(z) AND z~%In™ |z|

BRIAN FISHER, INCI EGE AND EMIN OZCAG

ABSTRACT. It is proved that the non-commutative neutrix product of
the distributions 6" (z) and z~* In™ || exists and

s (z)oz *In™|z| =0
forrym=0,1,2,...and s =1,2,....

In the following, we let D be the space of infinitely differentiable functions
with compact support and let D’ be the space of distributions defined on D.

We now let p be a function in D having the following properties:
p( ) Ofor\x|>1

p( ()

/ p(x)dr = 1.
1
]

Putting 4, (z) = np(nx) for n = 1,2,..., it follows that {d,(z)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-
function §(z).

If now f is an arbitrary distribution in D', we define

fa(@) = (f % 0n)(x) = (F(t),0n(z — 1))
forn =1,2,.... It follows that {f,(z)} is a regular sequence of infinitely
differentiable functions converging to the distribution f(x).
A first extension of the product of a distribution and an infinitely differ-
entiable function is the following, see for example [2].

Definition 1. Let f and g be distributions in D’ for which on the interval
(a,b), f is the k-th derivative of a locally summable function F in LP(a,b)
and %) is a locally summable function in LI(a,b) with 1/p+1/q=1. Then
the product fg = gf of f and g is defined on the interval (a,b) by

k
ro= 3 () vt
=0
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The distribution ! In" |2| is defined by

(In™* ||
m—+1
for m =0,1,2,.... The distribution ~* is then defined by

(=1)*(In |z )

e In™ || =

—s _

(s —1)!
for s = 1,2,... and the distribution =% In™ |z| is then defined inductively
by the equation
(275 In™ |z]) = —(s — 1)z~ * In™ |z| + mz ¥ In™ ! |z

for S’m:0’1’27....
It follows that
o0
<x72s+1 In™ ‘1‘|, QD(HZ)) _ / x725+1 In™ z [90(‘73) — (p(—ﬂf)
0
T2 ot (0)

_9 2i+11|d
; @i+ 1" “

(@ " alpla)) = [P [ple) + o(-a)

(20)!
for s =1,2,... and m = 0,1,2,..., where ¢ is an arbitrary function in D,
see Gel'fand and Shilov [4].

The next definition for the non-commutative neutrix product of two dis-
tributions was given in [3] and generalizes Definition 1.

s—1 i
_9 Z 90(2 )(0)3:21'] da
i=0

Definition 2. Let f and g be distributions in D' and let g,(x) = (g*d,)(x).
We say that the neutriz product f o g of f and g exists and is equal to the
distribution h on the interval (a,b) if

N=lim(f(2)gn(2), p(2)) = (h(z), p(2))

for all functions ¢ in D with support contained in the interval (a,b), where N
is the neutriz, see van der Corput [1], having domain N' = {1,2,...,n,...}
and range the real numbers, with negligible functions finite linear sums of
the functions

n*l

nn, In"n: A>0, r=12,...

and all functions which converge to zero in the normal sense as n tends to
infinity.
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It is obvious that if the product fg exists, then the neutrix product fog
exists and fg= fog.
The following theorem is easily proved.

Theorem 1. Let f and g be distributions in D' and suppose that the neutriz
product fog' (or f'og) exists. Then the neutriz product f' og (or fog')
ezists and

(fog)=fod + [ og (1)
Using the neutrix product, the next theorem was proved in [3].

Theorem 2. The neutriz products 67)(z) o = and =% 0 8 () exist and

6" (z) o™ =0, (2)
x50 (r) ) = (_1)ST! (r+s) I~
(a) = (00 ) ®)

forr=0,1,2,... and s =1,2,....
We first of all prove the following theorem.
Theorem 3. The neutriz product 57 (z) o In™ || exists and
M (x) o In™ |z = 26,6 (2), (4)

forr=0,1,2,... and m=1,2,..., where

1
Cm :/ In"™ ud(u) du
0
form=1,2....
Proof. Putting

(1nm\x|)n_1nm\xy*5n(x)_/ W™ & — 1]6, (¢) dt,

—1/n
we have

(8" (@), 2* (W™ |a])n) = (=1)"(8(2), [* (™ |2])) ")
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for k=0,1,2,...r — 1. It follows that
N—1lim(6") (), 2*(In™ |z]),,) = 0, (5)
for k=0,1,2,...,r— 1.

When k = r, we have

1
(87 (@), 2" (In"™ |z])n) = (—1)”“!/ ™ fu/n|p(u) du

—1
and it follows that

1
N—1lim(6") (z), 2" (In™ |z])n) = (—1)%!/_ In™ |ulp(u) du = 2(—=1)"rlep.

n— o0 1
(6)
When k = r+1, we have for an arbitrary infinitely differentiable function

¥,
(60 (@), 2™ (™ |2t (2)) = (=1)7 (S (), [&" (1™ 2] )np(2)] )
= 0. (7)

If now ¢ is an arbitrary function in D, we have

" k) (r+1)
_ e"(0) (§x) r+1
‘p(x)_kz I ) TR
=0

where 0 < £ < 1. It follows that

" k)
(50 @)™ e, o)) = 32 T (50 (@), 4w )
k=0

1 T T m r+1
@) am " e ()

and it now follows from equations (5) to (7) that
N—lim(61") () (In™ |z}, () = 2(=1)" e (0)
= 26, (60 (), (),

proving equation (4) for r =0,1,2,... and m = 1,2,.... This completes the
proof of the theorem. O

We now prove
Theorem 4. The neutriz product 6 (z) o (z=%In™ |z|) ezists and
6T (x) o (x5 In™ |z]) = 0, (8)
forr=0,1,2,... and s,m=1,2,....
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Proof. We first of all prove that
87 (z) o (z~ ' In™ |z]) = 0 (9)

forr,m=20,1,2,....
Differentiating the equation

5 () o ™ 2| = 2¢,410) (1)
and using Theorem 3, we have
SV () o ™ [z + (m + 1)) () o (27 In™ |z|) = 2¢1 1167 (2)

and equation (9) follows.
Next, suppose that 6 (x) o (z=2In™ |z|) exists and

(S(T)(CC) o(z2In™|z]) =0 (10)
forr=0,1,2,... and some m. This is true when m = 0. Differentiating the
equation

5 () o (z~ ™+ [a]) = 0
we get

ST () o (27 ™ |z]) — 60 (2) o (272 ™ |2]) + (m + 1)0) (2)
o(z 2™ |z]) = =60 () o (z 2™+ |z]) = 0

on using equation (9) and our assumption. Equation (10) follows by induc-
tion for r,m =0,1,2,....
We have therefore proved that

M (x) o (27 In™ |z]) = 0 (11)

fori=1,2and r,m=0,1,2,....
We can now prove similarly that

") (z) o (23 In™ |z]) =0

for r,m=20,1,2,... and so on.
In general, suppose that equation (11) holds for i = 1,2,...,s and some
sand r,m =0,1,2,.... This is true when s = 1 or 2. Then suppose that
5 () o (275" In™ |z|) = 0, (12)
forr =0,1,2,... and some m. This is true when m = 0. From our assump-

tion on equation (11) with ¢ = s and m + 1 for m, we have

8 (x) o (x5 ™ |z]) = 0. (13)
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Differentiating equation (13), we have
(5(T+1)(x) o (z7%In™H |z|) — S(S(T)(.T}) o (z75 ™ |z))
+ (m+ 18" (2) o (75 In"™ |z]) =
and it follows from our assumptions that

5(7’)(1,) o (l‘_s_l lnm—I—l |33‘|) -0

Equation (12) follows by induction for r,m = 0,1,2,.... Equation (11)
therefore holds ¢ = 1,2,...,s+ 1 and r,m = 0,1,2,... and so follows by
induction for r,m =0,1,2,... and s = 1, 2,.... This completes the proof of
the theorem. O

In the next theorem we put

1
Crom = / u" In™ up™ (u) du
0
forr=0,1,2,...and m=1,2,....
Integrating by parts, we have
1
Crom = — / [ma” ' In™ Py + " In™ ] pU Y (u) du
0

= —MCr—1,m-1 — TCr—1,m,
Clym = —MCym—1 — CO,m»

= —MCm-1 — Cm-

It follows by induction that

erm=—(—1)"rle —mr‘z J'erim-1
nm " (r—i+1)!
r—1 ]
(_1)167“71' m—1
= (=1)"rle,, + (=1)"'mrlcp—1 —|—m7‘!z,—’
(=1)rlem +(=1) " , (r—i+1)!
1=
and so each ¢, ,, can be expressed as a linear sum of ¢, ¢, ..., ¢y, for r,m =

1,2,....

Theorem 5. The neutriz product In™ || o 67)(x) exists and

In™ |z 0 60 () = wém (z) (14)
T

forr=0,1,2,... and m=1,2,....
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Proof. We have

1/n
(0™ ], 260 () = / ™ [2]2%60) (2) dar
—1/n

1
= nTk/ In™ |u/n|uf o) (u) du
-1

for k=0,1,2,.... It follows that
N—lim(In™ |z|, z*6() (z)) = 0, (15)

n—oo n
for k=0,1,2,...,r— 1.
When k = r, we have

1
(In™ ||, 2”6 (x)) :/ u" In™ |u/n|p") (u) du

" 1
and it follows that

1
N—lim(In™ |z|, 2”6 () = / u" ™ |ulp™ (u) du = 26, . (16)

n—oo -1

When k = r+1, we have for an arbitrary infinitely differentiable function

¥,

1
(In™ [a], 2" 18 (@)y () = n™! / u " Ju/nlpt (u)g(u/n) du

-1
=O0(n 'In™n). (17)

If now ¢ is an arbitrary function in D, we have

" k) (r+1)
o ® (0) E, ¥ (595) r+1
pla) =3 it + CET
k=0

where 0 < £ < 1. It follows that

"L o)
e, 60 @)p(a)) = 37 F O ], 4500 )
k=0

1
In™ r+1 g(r) (r+1)
i e a0 @), o En)
and it now follows from equations (15) to (17) that
N —lim(in™ ], 67 () p () = =" ol7)(0)
2(-1)
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proving equation (14) for r = 0,1,2,... and m = 1,2,.... This completes
the proof of the theorem. O

We finally prove the following generalization of equation (3).

Theorem 6. The neutriz product (z=° In™ |z|)od") () exists forr = 0,1, ...
and s,m=1,2,....
In particular,

— m r 2 _1)T+ICT,m r
forr=0,1,2,... and m=1,2,....
Proof. We first of all prove equation (18). We have

1/n
(m+ 1)z~  In™ |z|, 2860 (2)) = — / ™+ 2 |[2*60) (1)) da
—1/n

1
— gk / (0[] — o)™k o) ()] du - (19)
—1

on making the substitution nx = u. It follows that

N—lim(z ™" In™ |z|, z*6() (z)) = 0 (20)

n
n—oo

for k=0,1,2,...,r,

1
N—lim(z~ ' In™ |z, 2" 160+ (2)) = —(m + 1) ! / In™ ! | [u" ™) (w)) du

n— o0 —1

= 2Cr.m (21)
when k£ =r + 1 and

N—lim(z ™' In™ ||, 2" 160 (2)ep(z)) = 0 (22)

n—oo

for any infinitely differentiable function ¢ (x), when k = r + 2.
If now ¢ is an arbitrary function in D, we have

k) (r+1)
_ '™ (0) E, ¥ (§x) r+2
pla) =D et S
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where 0 < £ < 1. It follows that

(@™ ™ |z, 60 (2) () = Y i (z™ ™ |z, %57 (2))

1
(r+2)!

and it now follows from equations (20) to (22) that

+ (In"™ [a], 2" 257 (@), U2 (€2))

) _ m . QCr,m
anlgom<$ 'n ’$|,5£L)(I)‘P(33)> = m

2(71)7‘—&-16 7
== @, e,
proving equation (18) for r =0,1,2,... and m = 1,2,....
Next, suppose that (z~2In™|z|) o 67 (z) exists and

(272" [z]) 0 67 (2) = romd" 2 (z) (23)

S0(7"—1—1)(0)

for r = 0,1,2,... and some m. This is true when m = 0 with ¢, 20 =
r!/(r 4+ 2)!. Differentiating the equation

- m T 2(—1 T+1Crm r
(z~ ™ |z)) o6t )(33) - wé( +1)(m)
we get
(™ z)) 0 60T (@) — (272 ™ [z]) 0 60 ()
: 2(_1)r+1c
21,m (r) _ Tm ¢(r+2)
+ (m+1)(xz *In™ |z|) 0 6\ (2) ] J (x)
2(_1)T+2cr+1,m

= 1Y) S0 () — (272 ™ z|) 0 6T ()

+ (m+ 1)eramd " (x)

on using equation (18) and our assumption. This proves the existence of
(27210 |z]) 0 60 () and

(2™ z]) 0 67 (2) = ¢romy10U T ()

with

2(=D)"¢crm  2(=1)"¢r1m
(r+1)! (r+2)!

Therefore (=2 In™*! |z|) 0 6(") (z) exists and equation (23) follows by induc-

tion for r,m =0,1,2,....

Cr2m+1 = + (m + l)Cr,Q,m-
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We have therefore proved that
(7 ™ |z]) 0 60 (2) = ¢4 8" () (24)

fori=1,2and r,m=0,1,2,....
We can now prove similarly that

(273" |z]) 0 67 (2) = ¢ 3.m0 "+ (z)

for r,m =20,1,2,... and so on.

In general, suppose that equation (24) holds for i = 1,2,...,s and some
sand r,m = 0,1,2,.... This is true when s = 1 or 2. Then suppose that
(275 In™ |z|) 0 6 (z) exists and

(= ™ [2]) 0 60 (2) = ¢p o1, md T (@), (25)
for r=0,1,2,... and some m. This is true with
(—1)5*1p!
Crs+1,0 = ma

when m = 0. From our assumption on equation (24) with i = s and m + 1
for m, we have

(=5 In™ 1 z)) 0 60 (2) = g ma10T ) (). (26)

Differentiating equation (26), we have

(z7° ™+ |z]) 0 60D (2) — (2™ In™ ! |z|) 0 6 (2)
+ (m4+ 1)z ™ |z|) 0 60)(z)
= [erLsmi1 + (M4 Dep a1 m]dTH 0 (@) = s(@* 7 ™ [a]) 0 60 ()

= Cr,s,m+15(r+s+1) (ZE),

from our assumptions and it follows that
(x_s_l In™+1 |z|) o 5 (x) = S_I[CT+1’s,m+1 + (m+1)crsi1,m
— Crsm 1|00 ()
= Crop1,m+100 T ().

Equation (25) therefore holds for m + 1, with

Crs+1,m+1 = 3_1[Cr+l,s,m+1 + (m + 1)Cr,s+1,m - Cr,erl,m]a
and so follows by induction for r,m = 0,1,2,.... Then equation (24) holds
fori =1,2,...,s+1. Equation (24) follows by induction for r,m = 0,1,2, ...
and s = 1,2,.... This completes the proof of the theorem. O
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